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Abstract

This paper sets forth a tractable incomplete markets monetary model with money
and other nominal safe assets including a long-maturity government bond. Money
serves as a medium of exchange whereas all safe assets allow agents to self-insure
against risks. Portfolio demand for these assets can serve as a nominal anchor that
determines the price level. The paper examines and contrasts monetary transmis-
sion mechanisms involving different monetary policy instruments and links it to
classic monetary results, including the Tobin effect, the Friedman rule, Sargent-
Wallace unpleasant monetarist arithmetic, Wallace-Neutrality of open market op-

erations, and Sims’ stepping on a rake effect.
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1 Introduction

Monetary economics identifies three fundamental roles of money. Money serves as
a medium of exchange, a store of value, and a unit of account. Over the past decades,
the mainstream of monetary macroeconomics literature, which is dominated by New
Keynesian models, has almost exclusively focused on the unit of account role. Fol-
lowing Woodford (1998, 2000), it has largely removed money from monetary models.
Outside of this mainstream, there is a rich literature, both classic and recent, that em-
phasizes the remaining two roles of money, which are both closely linked to the nature
of money as a financial asset. This literature offers a wealth of insights for monetary
policy analysis beyond New Keynesian conclusions, typically illustrated through spe-
cific models emphasizing a specific role of money and tailored to specific transmission
channels and effects of monetary policy.! In models of money as a medium of exchange,
money overcomes (intratemporal) frictions in exchange (“monetary frictions”) such as
the double-coincidence of wants problem. Models of money as a store of value come
in different flavors. A strand of literature called the Fiscal Theory of the Price Level
(FTPL) emphasizes money as a fundamentally valued asset due to fiscal backing in
frictionless settings. Another strand models unbacked fiat money as an asset that helps
to overcome frictions in intertemporal exchange. For example, in macrofinance models
with idiosyncratic and aggregate risk, safe assets (which includes money and typically

government bonds) help to overcome financial frictions.

The objective of this paper is to develop a unified and tractable framework that
incorporates both types of frictions, monetary and financial, as well as possibly fiscal
backing. Within this setting, money plays a role in mitigating monetary frictions, while
money and government debt serve as safe assets that alleviate financial frictions arising
from incomplete markets. Idiosyncratic risk remains uninsurable, whereas aggregate
risk can be traded, and the supply of safe assets is strictly positive. This framework has
rich implications for monetary policy, even in the absence New Keynesian price setting
frictions. The model further emphasizes the interlinkages between monetary and fiscal
policy. An additional aim of this paper is to replicate, within a single tractable environ-
ment, a broad spectrum of classic, recent, and novel results. These include the Tobin

Iavys

effect, Wallace neutrality of open market operations, Sims” “stepping on a rake” effect,

the Friedman rule, Sargent-Wallace unpleasant monetarist arithmetic. More broadly,

1Lagos (2025) recently re-examined Woodford'’s cashless limit result.
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our approach helps bridge diverse strands of monetary theory. Our framework not
only provides analytical clarity and identifies key conditions but also establishes con-
ceptual linkages among these results. It can serve both as a building block for theoret-
ical and quantitative work and as an effective pedagogical tool for teaching monetary

(macro)economics.

More specifically, we consider a continuous-time dynamic environment in which
each agent operates physical capital subject to uninsurable idiosyncratic risk, the mag-
nitude of which may vary over time. Agents choose the degree of capital utilization,
which, analogous to labor effort, entails a disutility cost. Production requires sufficient
nominal money holdings, introducing a monetary friction. The government issues both
money and government bonds, potentially across different maturities. A key reason for
the tractability of our framework is that most real variables can be expressed as static
functions of two endogenous equilibrium quantities—the fraction of nominal wealth
of total wealth and the share of money as a fraction of nominal wealth—alongside an
exogenous process that may be subject to aggregate shocks. This structure allows for

analytical clarity while preserving economic richness.

We replicate and derive numerous results. The real allocations are determined sep-
arately from nominal quantities, i.e., classic dichotomy arises as long as higher inflation
is compensated with higher nominal interest rates and price level jumps do not alter
market completeness. This occurs even though, in our framework, money and nominal
bonds—both supplied in strictly positive amounts—affect real allocations by mitigat-
ing monetary and financial frictions. A central result is the government debt maturity
irrelevance theorem, which states that the maturity structure of government debt does
not influence real variables as long as it does not affect the degree of market incom-
pleteness. Consequently, the model can be solved for any given maturity structure in
two steps: first, determine the real side of the economy, and then solve for nominal

dynamics, which may depend on the maturity structure.

The real value of government liabilities can be decomposed into three components.
The first derives from fiscal backing through future primary surpluses, consistent with
the FTPL. The second reflects the future provision of safe-asset services: holding and re-
trading safe assets partially alleviates incomplete-market frictions. The retrading strat-
egy yields payoffs linked to individual idiosyncratic risk. The third component arises
from medium-of-exchange services: money holdings (but not bonds) relax monetary

frictions, making money more valuable than short-maturity bonds by an amount cor-
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responding to the marginal benefit of liquidity. The discounted stream of interest rate

spreads between money and bonds constitutes the third value component.

Importantly, the model enables a systematic classification of monetary policy mea-
sures and their fiscal implications in an economy with a positive supply of government
debt and money—rather than a cashless setting. We first examine interest rate policies,
then quantity and balance sheet measures, and finally turn to optimal policy consid-
erations. Interest rate policy involves more than one rate: the nominal rate on bonds
with instantaneous maturity, the rate on money—which is lower by a spread because
money relaxes the monetary constraint at the margin—and the average rate the govern-
ment pays, which is a weighted average of the two based on the shares of money and
bonds. Focusing initially on this average nominal rate while holding the spread fixed,
a rate increase funded by debt expansion does not alter real allocations; inflation rises
one-for-one with nominal rates, consistent with superneutrality and the neo-Fisherian
effect. In contrast, if higher interest payments are financed through fiscal tightening
rather than debt issuance, investment and capital utilization decline, causing an initial
drop in the price level. Thus, whether an interest rate hike raises or lowers the price

level depends critically on the fiscal response.

Next, we consider an increase in the spread between the rates on bonds and money
that leaves the average interest rate unchanged. This can be achieved by reducing the
money share of nominal liabilities—making money scarcer—and lowering the rate paid
on money. A higher spread raises the nominal wealth share while reducing investment
and utilization, and initially lowers the price level. This monetary contraction resem-
bles a tax-funded interest rate hike but differs in two key respects: unlike the latter, it

requires no fiscal contraction but it entails a larger output contraction.

To obtain a price-level decline from an interest rate hike without a rise in the real
value of nominal assets, one must introduce long-term, non-floating-rate government

s

bonds. This mechanism reflects Sims (2011)" “stepping on a rake” insight: announcing
a rate hike reduces the nominal value of long-term bonds. Since government liabili-
ties remain backed by the same real fiscal surpluses, safe-asset services, and monetary
services, the price level must fall to match the lower nominal value of bonds. Conse-
quently, an interest rate hike exerts an initial deflationary force. But its impact on the

price level is transitory, and eventually inflation is larger than with short-term bonds.

The theme that monetary tightening may lead to more inflation in the long run is a



recurrent thread in monetary economics and has also been emphasized by Sargent and
Wallace (1981), who emphasize a different channel that operates via seigniorage financ-
ing of fiscal deficits. Our analysis clarifies their “unpleasant monetarist arithmetic” that
a monetary authority seeking lower inflation must eventually accept higher inflation
if the fiscal authority refuse to cooperate. This arithmetic holds precisely only under
special conditions, including a technologically fixed nominal rate on money, no finan-
cial frictions, no output effects from the monetary friction and no initial revaluation
of nominal government debt. More generally, even if the unpleasant arithmetic holds,
seigniorage from money creation does not necessarily play the same pivotal role that it
plays in Sargent and Wallace (1981).

Monetary policy can also operate through open market operations and quantitative
easing (QE) or tightening (QT), which alter the money share of nominal assets. QE in-
volving purchases of short-term bonds in exchange for money. This lowers the spread
between the bond and money rate, affecting seigniorage income. QE targeting long-
term bonds changes the duration of government liabilities, influencing the impact of
subsequent interest rate moves via the stepping on the rake effect. More broadly, Wal-
lace (1981) neutrality holds: asset purchases are neutral (for real allocations) if they do
not affect fiscal policy, idiosyncratic risk exposures, or real money balances. Neverthe-
less, asset purchases affect nominal price level dynamics and this may allow the central

bank to exert a greater level of control over nominal prices than with rate policy alone.

Having analyzed interest rate and quantity-based monetary policy measures, we
turn to the question of optimal, welfare-maximizing monetary policy. In our tractable
framework, total welfare can be decomposed into two components: one that depends
solely on capital utilization and another that depends only on the nominal asset wealth
share. Equilibrium capital utilization falls short of the constrained-efficient level for
two reasons. First, when the monetary friction binds, agents economize on money
holdings. Second, the wealth effect from nominal assets crowds out utilization effort.
Whether the nominal asset share in equilibrium is higher or lower than in the Ram-
sey planner’s solution depends on parameter values. A “Modified Friedman Rule”
emerges in this setting: it is inefficient to induce agents to economize on money hold-
ings, so long as the government could replace bonds with money, implying that a gov-
ernment should fund itself exclusively with money, except if the spread between money
and bond rates is zero. However, optimality of this rule may not survive the introduc-

tion of additional tax distortions that are absent from our model, as then seigniorage



revenue may substitute for distortionary taxes.

Related Literature. Safe assets and money play a distinctive role in economies char-
acterized by frictions. The retrading of safe assets helps alleviate intertemporal financ-
ing constraints (Brunnermeier et al., 2024a). In overlapping-generations (OLG) models,
such as Samuelson (1958) and Asriyan et al. (2020), safe assets enable trade across gen-
erations. In Bewley (1977, 1980), and Brunnermeier and Sannikov (2016b), retrading
partially mitigates incomplete-market frictions. Technically, our model builds on Brun-
nermeier and Sannikov (2016a), Merkel (2020), and Brunnermeier et al. (2024a).

Intratemporal monetary frictions emphasize the transactional role of money as a
special asset that facilitates exchange. Like Clower (1967); Lucas (1982); Lucas and
Stokey (1987) we opt for the cash-in-advance constraints approach. Alternative ap-
proaches include models with transaction costs, money-in-the-utility-function (as, e.g.,
in Sidrauski, 1967; Di Tella, 2020), shopping-time models (Lucas, 1980), and search-
based models (e.g., Kiyotaki and Wright, 1989; Lagos and Wright, 2005).

The FTPL literature models money as a store of value that has fundamental value
due to fiscal backing (e.g., Leeper, 1991; Sims, 1994, 2013; Woodford, 1995; Cochrane,
2023). This literature typically abstracts from financial frictions and, in more recent

contributions, also from monetary frictions.

The results in this paper are linked to many classical findings in economics, with
references provided in the main sections of the paper.

2 Model

2.1 Setup

Overview. The model is based on the safe asset framework of Brunnermeier et al.
(2024b),?> augmented by a role for money as a medium of exchange as in Merkel (2020)
and Di Tella (2020). The aggregate production technology is linear in a single produc-
tion factor, capital. But for individual agents, operating capital is subject to two key

frictions that give rise to demand for monetary assets. Agents face uninsurable id-

2See also Angeletos (2007) and Brunnermeier and Sannikov (2016a,b) for foundational contributions
on this specific framework.



iosyncratic return risk, which generates demand for a safe store of value, in the spirit
of Bewley (1980)’s model of money, and a monetary friction in production, which gen-

erates demand for money as a medium of exchange.

Despite the richness of the framework, the model remains analytically tractable in
the presence of ex-post heterogeneity of agents and a rich structure of aggregate shocks.
This is achieved by specific assumptions about the environment that ensure aggrega-
tion of individual decision rules. The price to pay for this tractability is that the wealth
distribution is irrelevant for the evolution of aggregates, in contrast to a large strand
of incomplete markets literature based on uninsurable income risk and borrowing con-
straints a la Huggett (1993), Aiyagari (1994), and Krusell and Smith (1998).

Environment. Time is continuous. The economy consists of a continuum of agents,
indexed by i € I := [0, 1], with preferences over consumption {c}} and entrepreneurial
effort {ul} (“capital utilization”) described by the utility function

. 00 ) i\14+¢
Vi:=FE / e P [logcl — (G dt
0 1+ ¢

with parameters ¢,p > 0. Each agent faces a portfolio choice between productive

capital and two nominal assets issued by the government, money and nominal bonds.

Physical capital k} operated by agenti € I generates an output flow of a;ulkidt units
of output goods, where 4; is an exogenous productivity process common to all agents
and u! is the agent’s capital utilization choice.? In the aggregate, the output flow is

Y,dt = a; / wikididt,
I

In order to produce, each agent i € I must have sufficient nominal money holdings,

mi, to satisfy the cash constraint
Ptatuiki S Vtm;., (1)

where P; denotes the nominal goods price and v; is an exogenous velocity process.
The constraint (1) is a reduced-form device to model the medium of exchange role of

3We borrow this formulation of variable capital utilization from Li and Merkel (2024). It is particularly
tractable as it results in all agents choosing the same utilization rate in equilibrium.



money. Our specific approach may be interpreted as capturing payment frictions in an
unmodeled supply chain.*

Capital holdings of agent i evolve according to
dki = (4 - 5) Kidt + gkidZi + dAK, )

The dt-term in this equation describes physical investment and capital depreciation.
The flow of investment expenditures, measured in output goods, is //kdt. The param-
eter § denotes the capital depreciation rate. The dZi-term captures idiosyncratic capital
risk: Z! is a Brownian motion specific to agent i and independent across different i € I.
The scaling factor &; describes the volatility of idiosyncratic shocks and is an exogenous
stochastic process common for all agents. Importantly, asset markets are incomplete,
so that agents are not able to share the idiosyncratic risk from operating physical cap-
ital. This feature introduces a demand for safe assets. Finally, installed capital can be
(frictionlessly) traded between agents. The dAf’i-term captures these capital trades. In
the aggregate, [; dA;'di = 0.

Nominal assets, money and bonds, are issued by the government. We denote by
M; > 0and B; > 0 the outstanding nominal quantities of money and bonds, respec-
tively. For now, we assume that both money and bonds have infinitesimal duration,
that is they make floating nominal interest payments, at rates i*! and i?, respectively,
while their nominal market value remains always stable at 1. The government funds
interest payments from two sources, by issuing additional liabilities and by imposing
proportional capital taxes T/kidt on all agents i € I. The government’s flow budget

constraint is

d (Mt + Bt) = (l{MMt + Z?’Bt — PtTth> dt. (3)
t_/\/ﬁ_/

Here, K; := [} kidi denotes the aggregate capital stock and, as before, P; the nominal

price level. Denoting by u := % the growth rate of nominal government liabili-

ties and by gPK; := % their real value, we can rewrite equation (3) equivalently in

“The specific formulation chosen here, following Merkel (2020), of adding the constraint to the pro-
duction side instead of the consumption side offers advantages in terms of tractability because it only
distorts the agent’s portfolio choice but not the consumption-saving choice. Aside from this detail, im-
plications are the same as for other common approaches to reduced-form monetary frictions.



the form

Hi Mt i Bt qat (4)

N J/
-
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where the variable ;P represents the growth rate of nominal liabilities in excess of

what is required to make interest payments out of new issuances.

The exogenous processes a, v, 0t are assumed to satisfy
ar = ll(Xt), Vs = V(Xt), (7} = 5'(Xt), (5)

where a,v,0 are twice continuously differentiable functions and X; is an exogenous
state process that takes values in a set X C IR“X, We assume further that X; is a Markov
diffusion process with evolution

dXt = ]/lx(Xt)dt—f-Zx(Xt)dZt, (6)

where Z; is a dz-dimensional Brownian motion and p; : X — R, ¥y : X — Rxxdz
are continuous functions that satisfy sufficient regularity assumptions such that equa-
tion (6) has a unique solution for any initial condition Xy = x € X.

Agent Decision Problem. Let K be the market price of capital in units of the output
good. Denote by
mj + 6;

P

the net worth of agent i € I. Here, m!, 6. > 0 denote nominal money and bond holdings,

n 1= qiki +

respectively. Net worth evolves according to
dni = —cidt + n} (9;’ <9tM'idrtM +(1- etMﬂ')dr?) +(1- eg)drffi(ﬂ;,ui)) , @)
where

(mi +61) /Py oM . _ 'mi |
’ ! mj + 6;

i
0; == o
t
are the fraction of wealth allocated to nominal asset and the share of money holdings
in the nominal asset portfolio, respectively, and dr{\/l, dr?, and drf’l(t,u) denote the

real returns on money, bonds, and capital (conditional on choosing u} = u, ; = 1),



respectively.

The return on capital for agent i is given by

) o o i K,i K,i K
drf’l(t,u) _ lhay I;ft Ldt-l— d(‘lt (k AtK )) + A dg;
q q; ki
t t ™Mt
- “MB _MB
S [ L Y, dt+dqf +5dZ}, (8)
q; qy qt

where the second line uses the capital evolution (2) and the government budget con-

straint (4). The (real) return on money and bonds are

. d(1/Py) - d(q Kt)

M _ M _ M _ M S\Hy ™M)
dr; = iy dt + 1P = <zt Ui ) dt + VB, 9)

) d(1/P%) - d(q K})

B _ B B __ M STy ™M)
di”t — lf dt + —1/Pt <Zt ‘ut ) dt - q}/\/BKt 7 (10)

respectively. In both lines, the last equality follows from 1/P; = %—

t
g M

Using the definitions of the portfolio weights 6, 6;"", we can rewrite the cash con-

straint (1) equivalently as

Qt

1—6)) < v, (11)
t

The decision problem of agent i € I is to choose consumption ci, investment ¢,
capital utilization u!, and portfolio weights 6:, GtM’i to maximize utility V{ subject to the
net worth evolution (7), the return expressions (8), (9), and (10), the cash constraint (11),
and a solvency constraint ni > 0 that rules out Ponzi schemes. We remark that the
choice of the capital trading process dAf”T from equation (2) is implicit in the portfolio

weight 0! and can be backed out ex post.

Market Clearing. The goods market clearing condition is
/H cidi + /H dkidi = Y, = a; /H wikidi. (12)

The market for all government liabilities (the MB;-aggregate) clears if

/ tht

= q{PK, (13)



and the money market clears if

M;
/QMZtht 73 = ‘Jt (14)

When these conditions are satisfied, the capital market clears by Walras’ law.

Equilibrium. A competitive equilibrium is defined in the usual way as a set of al-
locations and prices such that all households maximize utility and all markets clear.
Here, prices and aggregate variables may depend only on aggregate exogenous histo-
ries, which are summarized by the filtration F; generated by the aggregate Brownian
motion Z;. In contrast, individual outcomes for household i € I can depend on both
aggregate and individual idiosyncratic histories, that is on any information in the finer
filtration F! that is generated by both F; and the idiosyncratic Brownian motion Z:.
Throughout this paper, we make the additional technical assumption that all stochas-
tic processes in an equilibrium are Ito processes, unless explicitly stated otherwise.

Formally, we define an equilibrium as follows.®

Definition 1 (Equilibrium). Given an exogenous process Xy, functions as in (5), initial stocks
of capital and nominal assets, Ko, MBy, and an initial cross-sectional wealth distribution
{1} icx satisfying IE nidi = 1, a competitive equilibrium consists of aggregate (Ito) stochas-
tic processes Ky, MBy, Py, q{\/‘, q{VB, qf, ﬁ{VB, i{\/_‘, ifg adapted to F; and, for each i € 1,
individual (Ito) stochastic processes ci, 1}, uj, 6}, GtM", nj adapted to F{, such that

1. For each agent i € 1, ci, ii, ul, 6}, GtM’i solve i’s optimization problem for initial wealth
ni = 1t (g5 + q{"®)Ko and nl is as implied by the net worth evolution (7). In the opti-

mization problem, u*® is defined as u*® = M +iB + qf ('M —iB).

SFormally, an Tto process A adapted to ! is a stochastic process that has a differential representation
dA; = ppdt +04,dZ; +54,dZL,

where g, 0ap, T4y are Fi-progressively measurable processes that satisfy suitable integrability con-
ditions for the stochastic integrals to be defined. The requirement of an Ito process is not particularly
restrictive. Because the filtrations J; and F; are generated by Brownian motions, the martingale repre-
sentation theorem implies that all (sufficiently regular) martingales can be written as stochastic integrals
with respect to Brownian motions. Therefore, the added restriction of the Ito process assumption is
primarily that the expected components (compensators) of processes must be absolutely continuous.

®We do not include taxes 7 in the equilibrium definition as we have substituted them out from all
equations. 7; can be recovered from equation (4).
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2. K satisfies the aggregate capital evolution’

dK; = < / dkidi — 51@) dt
I

with the given initial condition K.
3. MB; satisfies the evolution
qM
AMB = | P +if + qt_w(itM —iB) | MBydt
t
with the given initial condition MB,.

4. q/BK; is the real value of government liabilities: for all t,

MB
M3 t
Ki = .

t ,Pt

5. All asset values are nonnegative, g, g := g% — gM,qK > 0 for all t.

6. All markets clear: for all t, equations (12), (13), and (14) hold.

2.2 Characterizing Equilibrium

In this subsection, we provide a characterization of competitive equilibria. Through-
out, we focus on economic interpretations and the logical steps in the model solution
procedure. Formal details, algebraic derivations, and all proofs can be found in Ap-

pendix A.1.

Solving the Agent Problem. Our setup leads to a tight analytical characterization of
the solution to the agent decision problem.

Lemma 1 (Agent Choices). The optimal choices ci, ii, ui, 0", 61 of agent i € 1 solve

ct: ¢t = pnj (15)
I gk =1 (16)

’This equation follows from the individual evolution (2) by integrating over all i € T and using the
fact that both idiosyncratic shocks and capital trades average out in the aggregate.

11



. ui ¢ - a
b : plu)? _ (g _ A= (17)
1—6; qt
oM i —iM =AMy, (18)
diny,qf) _ dlny,a?)
) IE; drf"'fdrt/\/g'i] Ey qtft - qt{\/é . QM/i M
0. : - = : + (1-0)5F + =AMy (19)
nidt ——— 1-06;
~ —~—— < idio. risk premium —
aggr. risk premium liquidity premium

where AM > 0 is a Lagrange multiplier that satisfies the complementary slackness condition
t grang P p Y

A{Vl’i = 0 or constraint (11) holds with equality

and drf’i, drl{\/B  are defined by

drft = arfi (i, ul), drB = oMigrM (1 — M) drB.

These conditions have intuitive economic interpretations. Equation (15) is the stan-
dard permanent income consumption rule for logarithmic utility. Equation (16) is a
Tobin’s g relationship between the market value of capital and the marginal cost of cap-
ital investments. The utilization effort choice, equation (17), is akin to an optimal labor
supply condition in models with labor. If )\f\/l’i = 0, it equates the resource value of
the marginal disutility from utilization per unit of capital investment to the marginal
effect of higher utilization on the return on capital. More generally, the right-hand side
is multiplied by a wedge 1 — Af\/t’i that induces lower utilization when the cash con-
straint (11) is binding. Equation (18) relates the Lagrange multiplier on the binding cash
constraint to the opportunity cost of holdings money instead of bonds, i — i. Finally,
equation (19) captures the optimal portfolio choice between capital assets and nominal
assets. It equates the expected premium earned on capital to the sum of three required
premia, an aggregate risk premium, an idiosyncratic risk premium, and a liquidity pre-
mium. These required premia vary with the agent’s portfolio weight 6i: reducing 6!
(i) shifts the agent’s risk exposure from g{*® price risk towards gK price risk, (ii) in-
creases the agent’s idiosyncratic risk exposure, and (iii) tightens the cash constraint by

simultaneously raising the need to hold money and reducing money holdings.

The choice conditions (15)-(19) have a symmetric solution for which all agents choose

identical consumption-wealth ratios, investment and utilization rates, and portfolio

12



weights. In the following, we will always restrict attention to such symmetric equi-
libria and drop i-superscripts from now on.® In particular, agents are homogeneous up

to scale, which allows us to aggregate individual decision rules analytically.

Static Equilibrium Conditions. We show next that we can represent most real vari-
ables of interest as static functions of a limited set of endogenous equilibrium quan-
tities. Recall that gXK;, g/ K;, gPK; represent the three components of aggregate net
wealth: capital wealth, money wealth, and bond wealth. Recall also that g/*® = gM +
g8 denotes total wealth from nominal assets per unit of capital in the economy. We
define g; := g/F + gX as total wealth per unit of capital and the two ratios

Qt, ! ._C[{\/B_-A/Bt’

g 0 g I M

of nominal wealth as a fraction of total wealth and of money wealth as a fraction of
nominal wealth. The shares ¢; and 9! will play a key role in the following.

By aggregating individual consumption and investment choices and using that ¢} /ni

p, it = 1y do not depend on i, we obtain for aggregate consumption and investment,

Cr = /cidi = /pn’t'di = pq:K;
I I
It = /Likltdl = lt/kidl = Lth.
I I
Using further that all agents choose the same capital utilization rate, u! = u;, aggregate

supply simplifies to
Yt = dy / utk;dl = atuth.
I

Substituting these expressions into goods market clearing (12) and canceling K; yields
Pqt + Lt = aguy.
In addition, the optimal investment condition (16) implies

(1-0)g=qf =1

8Because agents are indifferent to any investment rate choice ¢, there are certainly also asymmetric
solutions to these equations. But these solutions feature the same consumption allocation and behavior
of aggregates.
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Solving these two equations for g; and 1, we can express aggregate wealth, consump-
tion, and investment as a function of utilization u; and the nominal wealth share ¥;:

Lemma 2. In equilibrium,

_ 1 G _ lzﬁz(l—l‘}t)ﬂtut—p
=1 s, K, P tT K, 1—0

Next, we will express also u; in terms of ¥; (and the money share 19{”). To do so,
we turn to the optimal utilization condition (17). By market clearing for government
liabilities, equation (13), and the fact that all agents choose identical portfolios, we ob-
tain 0! = ;. In addition, condition (18) tells us that the Lagrange multiplier A{Vl’i is not

i-dependent. These observations permit us to simplify condition (17) as follows:

at

puf = (1-AM)
qt

Analogous replacements in the cash constraint (11) lead us to the conclusion that this
inequality is in equilibrium equivalent to

asu
i < th%\/l l9t.
qt
Next, we can use Lemma 2 to replace g; in the previous two conditions as a function of
¢ and u; and combine these conditions with the complementary slackness condition

from Lemma 1 to express #; and AM in equilibrium as functions of ¢; and 9M:

Lemma 3. The equilibrium utilization rate u; and liquidity premium multiplier AM satisfy

Cpuf 1

up = min{uo(ﬂt;xt),uc(ﬁtr l‘%M;Xt)}, /\i\/l =1 a 1 -9

where

o
v(X) oMo
a(X)1-90

u0(8; X) = <—“ - 19)”<X>>1/¢,

u¢(9,9M; X) :=

Lemmas 2 and 3 express most equilibrium variables of interest as static functions of

14



%, 19{\4, and the exogenous process X;. All remaining real variables can be backed out
easily from static conditions stated previously in the model setup.

Characterizing 9-Dynamics. Due to asset market clearing, 9; = 0;, so the dynamics
of the nominal wealth share are determined by the portfolio choice of agents between
capital and nominal assets. Substituting the explicit return expressions, equations (8),
(9), and (10), and the net worth evolution (7) into the portfolio choice condition (19), im-
posing market clearing and rearranging, we arrive at the following dynamic equation
for the evolution of 9;:

Lemma 4 (Evolution of the Nominal Wealth Share). In equilibrium, ¢; must satisfy the
equation
Eifdo] = (p+ 8 — (1— 9)%7 — 9}MAMu; ) 0udt (20)

Mathematically, equation (20) is a backward stochastic differential equation (BSDE),
an equation that restricts only the expected change of a process with a free initial con-
dition. Economically, this means that equation (20) is forward looking and determines
the current nominal wealth share ¢; as a function of the expected future evolution of
the terms on the right-hand side. We defer a more in-depth discussion of this equation
to Section 3, where we provide a detailed analysis of the sources of the value of money
and bonds in this economy.

We remark that the lemmas stated in this subsection fully characterize the restric-
tions imposed on real variables from the behavior of the private sector. The remaining
unknowns, 8 and 9, that appear in some of the equations are tightly linked to the

government’s policy instruments and, hence, determined by government policy.

2.3 Classical Dichotomy

Because prices are flexible, our model exhibits a form of classical dichotomy whereby
real allocations are determined separately from nominal quantities. We first formulate

a precise statement in the absence of aggregate shocks:

Proposition 1 (Classical Dichotomy, Deterministic Case). Suppose that X; is deterministic
and consider a competitive equilibrium with nominal price level path Py. Let P{ be any arbi-
trary positive and absolutely continuous path that satisfies Py = Py. Then there is a second

equilibrium for the same initial conditions and with the same real allocations (all variables in
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Definition 1 other than MB, P, iM and iB) as the original equilibrium but with price level

path P'. The nominal interest rate paths in this second equilibrium, iM’, iB’, are related to the
those in the original equilibrium, i}, iB, as follows:
M BdP] v EddP] B BldP ., EddT]
Prdt ! Pldt L Pt ! Pldt

The intuition for this result is simple. First, due to Py = 77(’), there is no revaluation
of nominal assets at the initial date, MBy/Py = MBy/Pj, compared to the original
equilibrium. So changing the price level path to P’ at most changes the dynamics
of (expected) inflation. Second, adjusting nominal interest rates to i/, iB’ as in the
proposition ensures that the real return on nominal asset is not affected by the change in
inflation dynamics. This neutralizes the effect of inflation changes on agent’s portfolio
demand for nominal assets. Finally, there are also no fiscal side effects from nominal
interest rate changes if these changes are fully funded by altering the growth rate of the

nominal asset stock MB5;.

A similar result also holds in the presence of aggregate shocks. However, in this case
we do not only need to rule out initial revaluations of nominal assets but also changes
in inflation/deflation surprises in response to aggregate shocks across equilibria, as
these would affect the real return on nominal assets in a way that cannot be neutralized

by adjusting nominal interest rates.

Proposition 2 (Classical Dichotomy, General Case). Consider a competitive equilibrium
with nominal price level path Py. Let P} be any arbitrary positive Ito process that satisfies
Py = Po and, forall t > 0,

APy — E(dPy]  dP] —E,[dP]]
Py - Pl

i.e., both price level processes feature identical inflation surprises. Then the conclusions from
Proposition 1 continue to hold.

We remark that the previous propositions do not imply that money does not matter
for real allocations or that money is necessarily neutral. In general, the presence of
money and nominal bonds always affects real allocations. This is evident from the
presence of the nominal wealth share ¢; in many equilibrium relationships derived
in the previous section. Furthermore, the previous propositions show that also the
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dynamics of nominal prices P; matter to the extent that they affect the real returns on
nominal assets. In particular, expected inflation is only neutral if all nominal rates,
including the rate on money i{"!, are adjusted to neutralize its effect on real rates. If this
rate is fixed for technological or institutional reasons (e.g., i*! = 0 if money is assumed

to be cash), then changes in expected inflation do have real effects.

2.4 Extension: Long-Duration Bonds

Our baseline model assumes that government bonds have infinitesimal duration.
It is relatively straightforward, albeit notationally involved, to generalize the model
to allow for arbitrary debt duration. In Appendix B.1, we outline such a generalized
model in detail. Here, we provide a summary and show that the extended model is, in

a certain sense, equivalent to our baseline model.

To keep the notation simple, we present here only a special case of the model with-
out money (and no monetary friction), so that M5; = B;. Appendix B.1 presents the full
setup with money. We remark that all conclusions remain valid in the general model.

We assume that the government bond stock consists of zero coupon bonds of arbi-
trary duration A > 0. For each A > 0, denote by X;(A) the face value of zero coupon
bonds outstanding with time to maturity A. We define the nominal zero coupon bond

price for a bond with time to maturity A as

PE(A) == [%} , (21)

where (; is any real SDF that prices aggregate claims. The nominal value of all out-

standing government bonds at time ¢ is therefore

B; = /Ooo PE(A) X, (A)dA. (22)

Over a small time interval [t, t + dt], the value of bonds outstanding at ¢, inclusive

of cash flows bond holders receive from bonds maturing in [t, t 4 dt], changes by

| PEaa - anx(a)as - B = [ 4(a) (PRa(a - dn) — PE(8)) da,

-~

~dPB(A)—PF' (A)dt for small dt
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where we use the convention PP(A) = 1 for A < 0 to include principal repayments
from maturing bonds. In general, B;, 4; — B; differs from the previous expression due to
bond issuances and repurchases. In total, the flow budget constraint of the government
is therefore

dB:— [ 2(8) (APF(8) — PP!(8)dt) dB = ~PrKdt.

NV
new debt issuance

The previous equation replaces equation (3) from the baseline model. Recall that we
have set M; = 0 for the presentation in this section. To connect this model with the
baseline model, we continue to denote by i® the nominal short rate, that is the nom-
inal interest rate on a hypothetical zero net supply nominal bond with infinitesimal
duration. This rate can be formally defined by i? := —P5’(0).”

The remaining model setup is unchanged, except that the return on bonds is no
longer given by equation (10), but instead by

Jy7 (8 (d(PE(8)/Pr) = PE'(8)/Pdt) da
- B/ Py '

We can bring this return expression into a form that more closely mirrors the re-
turn on bonds in the baseline model. Specifically, we show in the appendix that the

government budget constraint and Ito’s lemma imply:

Lemma 5. The return on nominal assets satisfies in any equilibrium

drMB = — Mt + —d(q{VBKt),
S
where the notation ji*® := _qLWtB is defined in a way that the government budget equation (4)

from the baseline model continues to hold.

Observe that the maturity structure {X;(A) } >0 of government bonds does not en-

ter the previous expression for the real return on the nominal asset portfolio dr/*B. In-

deed, the exact same equation also holds in the baseline model with short-term bonds.

9The nominal yield of a A-bond, i®(A), is related to the bond price by the equation emiP (8D = PB(A),

s0 PB/(A) = —e ¥ (A)B(iB/(A)A 4 iB(A)). Evaluating this at A = 0 yields i8 := i8(0) = —P5’(0).
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Because the remaining model equations are also the same, we arrive at the following

irrelevance result.

Proposition 3 (Irrelevance of Maturity Structure). For any equilibrium in the extended
model with long-term bonds, there is a unique equilibrium in the baseline model that features
the same real allocation (all variables in Definition 1 other than MB, P, iM and iB) and the
same nominal short rates on money and bonds, iM and iB. In addition, Lemmas 2—4 remain
valid in the extended model.

This proposition is akin to the Modigliani and Miller (1958) capital structure irrele-
vance theorem, but for government debt maturity structure instead of the capital struc-
ture of a private company. The intuition is the same: the fundamental sources of value
of nominal assets (cash and service flows), which we will discuss in detail in the next
section, do not depend on the nominal payoff structure, so that it is irrelevant how
they are packaged into individual financial claims.!® Proposition 3 allows us, without
loss of generality (w.l.0.g.), to restrict attention to the baseline model for the purpose of

studying the real effects of money and monetary policy.

That being said, the proposition does not apply to nominal variables, whose joint
evolution typically depends on the maturity structure of debt. Specifically, the nom-

inal price level is Py = qj\fg[i . Whereas the denominator, §/"PK;, is unaffected by the
t t

maturity structure,'! the joint evolution of the numerator, M3; = B; + M);, and nom-

inal interest rates does depend on the maturity structure. Specifically, we show in Ap-

pendix B.1 that the nominal bond prices P5(A) satisfy

O

O :=exp (/Ot ((Ttl? - UM) dZy — % Ot (0’;2 - (Tt//VB>Zdt’) .

t+A
PE(A) = E; %exp (—/ i?dt') , (23)
t

Without aggregate shocks, PP (A) simply depends inversely on the path of future nom-
inal short rates over the interval [t,f + A], in line with the expectations hypothesis.

19Tn the full model with money, the maintained assumption is that bonds can never be used for pay-
ments, regardless of their maturity. If short-term bonds could be a substitute for money in some transac-
tions but not long-term bonds, the irrelevance proposition would break down, of course.

This also implies that any variation in nominal bond prices is offset by variation in the price level.
It clarifies that Proposition 3 relies on nominal debt and flexible prices. With real debt, as in Angeletos
(2002), the maturity structure would affect the asset span and Proposition 3 would no longer hold.
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More generally, covariation with ®; may generate term premia, but keeps the inverse
relationship between the i5-path and bond prices intact. Note that @; is a martingale,
E([@;12/@:] = 1, so that PP(A) is only affected by its presence in equation (23) if

o iBar).

O¢1a/O; covaries with exp (— ;

3 Understanding the Value of Nominal Assets

One of the most fundamental issues in monetary economics concerns the question
what determines the value of money, or, equivalently, the general price level. This ques-
tion has two interrelated aspects. The first concerns the valuation of nominal assets in a
given equilibrium. Specifically, what are the motives for individual agents in this equi-
librium for holding these assets and how do these motives quantitatively determine
the equilibrium value of nominal assets? In this section, we analyze this first aspect by
characterizing the determinants of the portfolio demand for nominal government lia-
bilities. We show that this demand arises from three sources, (i) fiscal backing, (ii) safe
asset services, and (iii) medium of exchange services, and provide a decomposition of

the total value into these three components.

The second aspect is concerned with determinacy of the monetary equilibrium: un-
der which condition is there a unique equilibrium or at least a unique prediction for
the value of money across equilibria? This aspect is related to the first in that each of
the sources of value of nominal assets may impose restrictions on the equilibrium dy-
namics for the value of money. Whether these restrictions are sufficient to determine
the latter uniquely depends on a number of other considerations, including on how
government policy is adjusted off-equilibrium. A comprehensive determinacy analysis
is technically involved and beyond the scope of this paper. We pick up this issue in
a companion paper, Brunnermeier and Merkel (2025). To keep the present paper self-

contained, we summarize a simple uniqueness result from that paper in Section 3.3.

3.1 Key Valuation Equation

M
Recall that ¢; = q;t—Kth expresses the value of nominal government liabilities as a

fraction of total wealth. Our key equation decomposes & into three components:
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Proposition 4. In any equilibrium, the nominal wealth share O; satisfies the equation

tax backing safe asset services
o\ o\

~

8 =T, { / e_P(t/_t)ft/dt’} + T { / e =D (1 — 8,)%5758,dt’
t t

+ IEt |:/ e_p(tl_t)ﬂi,//\/l)\{/\/lvt/ﬁt/dtl] , (24)
t

medium of exchange services

where T 1= [Z—Ilg denotes the ratio of tax revenues to total wealth.

Proof. The equation follows from integrating equation (20) for the evolution of ¢; for-
ward in time and using that limr_,, e (T-H ¥ = 0 because 97 is bounded. Additional
details are provided in Appendix A.3. O

Equation (24) can be thought of as an asset pricing or valuation equation that ex-
presses the value of all nominal assets in the economy, as a fraction of total wealth, in
terms of three sources of value. At this stage, the three labels are merely suggestive. In
the following, we utilize the dynamic trading perspective to asset valuation developed
in Brunnermeier et al. (2024b) to discuss the precise meaning of each of the terms in
equation (24).

3.2 Intuition: Dynamic Trading Perspective

To form intuition, let us for a moment switch to discrete time notation, denoting
the discrete time step by dt > 0. Consider an individual agent i who holds at time ¢
a fraction 171{\/8 7 of the outstanding stocks of nominal liabilities. In the period from ¢ to
t 4 dt, these holdings generate cash flows from three sources.

First, the holdings entitle the agent to a fraction of the total payments that the gov-
ernment makes to its liability holders in the period, which equals the primary surplus
7:K;dt (by the government budget constraint (3)).!> The agent is entitled to a fraction
17{\/8 7 of these payments, so receives a cash flow 77i7;K;dt from the government.

12Total payments to government liability holders as a collective equal interest payments net of funds
collected from issuing additional government liabilities, as the latter represent a negative cash flow to
government liability holders. That net payment is precisely the primary surplus.
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Second the agent may choose to change holdings at the end of the period to a frac—
tion 17 fdr " of the outstanding stock, not necessarily equal to the or1g1nal holdings 17
In this case, the agent also realizes a trading cash flow (17t — 17t dt )qt TarKirar from
selling government liabilities to other agents.

Third, in addition to these direct cash flows from the nominal asset portfolio itself,
there is an indirect cash flow that accrues to the capital return but arises from the con-
tribution of money to production via the cash constraint (1). Specifically, a fraction ;!
of the agent’s nominal asset holdings take the form of money and relax this constraint,
which increases productivity of the agent’s capital holdings. Let us define the “shadow
dividend yield” that money earns in production as the marginal contribution of money

holdings to production, that is

a(uéatki) _ AMy,
a(mi/Pt)

where the right-hand expression is a consequence of the envelope theorem. The agent’s

total money holdings at date t are 17/\/8 lﬂMqt K}, so the total “shadow cash flow” from

relaxation of the cash constraint is #; 119{\/1 AMy,gMPK,dt.

In sum, the total cash flows, both direct and indirect, generated by agent i’s nominal

asset holdings over the period from ¢ to t 4- dt are

MB,i MB,i MB,i g My M
1y ukedt (77t - ’7t+dt )thrdtKH-dt + O A vy tht
%,—/ N\
direct CF from government direct CF from trading indirect “shadow dividend from money

Denote by & = ¢ —pth 0 the stochastic discount factor that individual agent i uses to price
future cash flows. Assummg a transversality condition, which is a necessary condition
of optimal behavior, the value that agent i attaches to her own holdings of nominal
assets at time ¢, denoted by v, is precisely the expected present value of these direct
and indirect cash flows, discounted at the SDF Q:

Ut _ U%OV CF,i + U:rading CF,i + Z);noney dividend,i,
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where

ivgov. CF,i — ]Et

o0
i MB,i
£t Z€t+(j+1)dt17t+jdtTt+jdth+jdtdt ’

j=0

o0
i trading CFi i MB,i MB,i M3
G0y =y Z(,]’:t+(j+1)dt(’7t+jdt - 77t+(j+1)dt)qt+(j+1)dth+(]'+1)dt ’
]:

o
i money dividend,i , i MB,i g M M _MB )
G0y =Bt | Y G (r1)ais ar Ot M jarVi+jdeTi4ar K+ jardt
j=0

If we aggregate over the holdings of all agents i, then, in equilibrium, the total valuation
of all agents should equal the market value of government liabilities, that is,

q.t/\/BKt — /Ufgdl _ /v(;;OV. CF,ldi +/U:radmg CF,le- + /Urtnoney d1v1dend,zdl.. (25)

While the previous discussion and notation were kept suggestive to highlight the
economic ideas, everything can be made formally precise in our continuous-time en-
vironment at the expense of heavier notation. We do so in Appendix A.3. There, we
provide rigorous continuous-time definitions of v and its three subcomponents and

show that equation (25) is indeed satisfied.

It turns out that the decomposition in equation (25) is precisely the decomposition
in our key valuation equation (24), once we divide both sides of the former equation by
aggregate wealth q;K}:

Proposition 5. The terms in the decomposition of Proposition 4 are related to the terms in
equation (25) as follows:

f U%?ov. CF,i di

q:Ki

Z):maling CF,id
q:K¢

v;noney dividend,i di

“tax backing” term =

7

i

4

“safe asset services” term =

1" . . 7
medium of exchange services” term = X
qrit
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The previous proposition justifies the labels we have chosen in the decomposition
of Proposition 4 and allows us to attach a precise meaning to each of the terms. The first
term, “tax backing”, is the present value of future primary surpluses, the tax backing
of nominal assets, valued from the perspective of individual holders of these assets.
The second term, “safe asset services”, is the aggregate present value of the trading
cash flows agents receive from trading nominal assets with each other. As discussed in
Brunnermeier et al. (2024b), this value is related to the role that government debt plays
as a safe asset. The third term, “medium of exchange services”, is the aggregate value
of the liquidity services that money provides to agents by relaxing the cash constraint

in production.

Let us conclude this discussion with a remark on the second term that captures the

value of equilibrium trades. The presence of this term may seem puzzling to some read-
M di =
t+(j+1)dt -
0 for all j. However, the value of these trades for individual agents does not need to

ers because, in the aggregate, trades among agents wash out, | (qtj\ﬁ C’lit -7

wash out if buyers and sellers have different marginal utilities. For example, if a seller,
who realizes a positive cash flow, has a higher marginal utility than the buyer, who real-
izes a negative cash flow, then the net value of a marginal trade is positive. In complete
markets, this is impossible because the marginal gains from trading assets are zero.
Formally, all individual SDFs are aligned when markets are complete, 1 = ¢ for any
i1,1p € I. Indeed, if this was the case, then we could conclude that f v:rading CF’idi =0.
However, when markets are incomplete, then individual SDFs are not aligned and the
aggregate present value of equilibrium asset trades in government liabilities can be

strictly positive.'?

3.3 The Value of Nominal Assets and Determinacy

Monetary models are often plagued with indeterminacy, of nominal variables such
as the price level but possibly also of real equilibrium quantities. Indeterminacy is an
issue for analyzing the transmission of shocks and (monetary) policy actions. In models

with multiple equilibria, it is generally difficult to disentangle the effects arising from

13This remark also clarifies why only idiosyncratic risk appears in the second term of the decomposition
in Proposition 4. In this model, all agents are symmetrically exposed to aggregate shocks, so that aggre-
gate risk markets are essentially complete. In a richer model that features market incompleteness with
respect to aggregate shocks, such as Brunnermeier and Sannikov (2014, 2016a), Merkel (2020), Alexan-
drov and Brunnermeier (2025), also aggregate risk terms would appear in the safe asset services term.
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the internal propagation of the model from those arising from, possibly inadvertent,

changes in the equilibrium selection.

It turns out that all three sources of portfolio demand for nominal government li-
abilities uncovered in Proposition 4 can provide a nominal anchor that leads to price
level determinacy, as well as uniqueness of the equilibrium more broadly. We provide
a rigorous technical foundation and economic discussion of this claim in a companion
paper, Brunnermeier and Merkel (2025). For the purposes of this paper, the following
uniqueness proposition is sufficient (compare Brunnermeier and Merkel, 2025, Propo-
sition 8): For any given exogenous processes for taxes as a proportion of aggregate
wealth, ; € [0,p), interest paid on money, i{\/l € R, and the money share of nominal
liabilities, 9" € [0,1], there is at most one asymptotically monetary equilibrium. An
asymptotically monetary equilibrium is an equilibrium according to Definition 1 with
the additional property that ¢; remains bounded away from zero for large t. From now
on, we will always restrict attention to asymptotically monetary equilibria and assume

that policy variables %, i, and 9! are exogenously specified to ensure uniqueness.

We remark that the requirement that %, i, and 9 are exogenously given is, in
a certain sense, without loss of generality for the analysis of the effects of shocks and
monetary policy. There may be good reasons in some contexts to specify government
actions in terms of feedback rules that react to endogenous variables instead of an ex-
ogenous specification. However, given any equilibrium that arises under such a feed-
back rule, the very same equilibrium also arises under an exogenous policy rule that
simply sets each policy variable to its value in that given equilibrium irrespective of
other endogenous variables. We therefore do not restrict the set of possible equilibria

in any way by restricting attention to policies that specify %, i, and 9 exogenously.

4 Model Dynamics and Shock Transmission

4.1 Steady State

Let us suppose that exogenous processes 0; = 7, vy = v, and a; = a are constant and
that the economy is in a steady state with constant ¢;, 9", and %;. Imposing a steady
state in equation (20) leads to the equation E;[dd/| = 0, which can be reduced to an
equation in the single unknown ¢ by substituting in the equations from Lemma 3. The
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resulting equation may have more than one solution. However, if we restrict attention
to monetary equilibria, i.e., equilibria in which nominal assets have a positive real value,
then the steady state is unique. For the following proposition, we parameterize the
stance of fiscal policy by ji*® = —% /¢, which must also be constant in steady state,

instead of T as this results in a cleaner existence condition.

Proposition 6 (Steady State). For given 7, v, a, M and p”tMg, there is a monetary steady
state equilibrium if and only if

74 My > p+ M > 0.
If this condition is satisfied, the monetary steady-state value for O is unique and given by
® = max{d°, 0},
where 9° and O° are the unique solutions in [0,1] to the equations

p+ 8 = (1-8°)%2,

y 19/\/1 1+¢
pt i tp(8)? |~ ] = (-0 oM

The two cases in the proposition, (i) ¢ = ¢° and (ii) @ = ¢, correspond to the two
cases in Lemma 3 for the utilization rate equation. Case (i) obtains when the cash con-
straint is slack, so that there are no medium-of-exchange services from money. The
value of nominal assets derives then fully from their role as a store of value, either due
to tax backing or safe asset services. We therefore call this case the store-of-value regime.
In case (ii), in contrast, the medium-of-exchange role of money plays an important role.
While tax backing and safe asset services are still present, we will see in the following,
in the context of numerical examples, that demand for nominal assets is considerably
less sensitive to variation in these sources of the value of government liabilities.!* In-
stead, it is mainly determined by the monetary friction. We therefore call this case the
medium-of-exchange regime.

4In this paper, we content ourselves with this somewhat unsharp observation based on a numerical
example. For a related but slightly different specification of money demand, Merkel (2020) proves a
theoretically sharp dichotomy across the two regimes. We can approach this dichotomy here in the limit
@ — oo. See also Brunnermeier et al. (2020, Chapter 8) for additional details.
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Figure 1 depicts comparative statics with respect to changes in %, ¢, v, and a. Solid
lines in the first and second columns show how the nominal wealth share ¢ and utiliza-
tion u, respectively, depend on the four parameters. In the parameter range that falls
into the store-of-value regime, lines are colored blue. The red line segments correspond
to the medium-of-exchange regime. The third column shows the contribution of each
of the three components in our key equation (24), fiscal backing, safe asset services, and
medium of exchange services, to the total value of nominal assets.

Comparative statics for ¢ (first column) are qualitatively as one would expect from
equation (24): the nominal wealth share is strictly increasing in tax backing () and
idiosyncratic risk (7), which raises safe asset services, and it is weakly increasing in
any variable that tightens the cash constraint (1) and therefore increases medium-of-
exchange services. The latter means that ¢ is weakly decreasing in velocity v and
weakly increasing in productivity a, as both a lower v and higher a expand the need for
transaction media. These relationships are strict in the medium-of-exchange regime,
when the constraint binds, while the parameters v and a have locally no impact on ¢
in the store-of-value regime, when the constraint is slack. Even for parameters T and
7, in which @ is strictly increasing, there is nevertheless a notable change in the sensi-
tivity of ¢ to changes in these variables across regimes. ¢ is considerably more sensi-
tive to changes in these variables in the store-of-value than in the medium-of-exchange
regime. We therefore observe an approximate dichotomy that we have hinted at pre-
viously: parameters that affect the medium-of-exchange role of money (v and a) only
affect the value of nominal assets in the medium-of-exchange regime, whereas vari-
ables that affect components of the value of nominal assets that arise from the store of
value role (T and &), almost only affect ¢ in the store-of-value regime.

Comparative statics for ¢ translate into comparative statics for utilization u accord-
ing to the formulas from Lemma 3. The second column of Figure 1 visualizes this.
Parameter changes in the first two rows do not affect the optimal utilization decision
directly but only via their implication on ¢. In the store-of-value regime, u moves in-
versely to ¢. We will explain the economics of this in more detail in Section 4.3. In the
medium-of-exchange regime, in contrast, u changes in the same direction as ¢ because
a larger real value of nominal assets, expands available real money balances. The third
row concerns a change in maximum velocity v, which is only relevant in the medium-
of-exchange regime and moves ¢ and u in opposite direction for obvious reasons. The

final row shows that utilization is globally increasing in productivity, but the increase
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Figure 1: Steady-state values of nominal wealth share ¢ (left column), utilization u
(middle column), and decomposition of nominal asset value (right column) as a func-
tion of parameter values (7, 7, v, a). In the left and middle columns, solid lines depict
equilibrium quantities. For blue line segments, the economy is in the store-of-value
regime, for red line segments, it is in the medium-of-exchange regime. Blue dashed
lines depict the solutions ¥°, u° conditional on a non-binding cash constraint. Red
dashed lines depict the solutions ¢¢, u° conditional on a binding cash constraint.
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is somewhat muted in the medium-of-exchange regime as agents try to economize on

the need for additional media of exchange when there is more production.

The final column in Figure 1 shows how the relevance of each of the three compo-
nents of the value of nominal assets according to equation (24) shifts with parameters.
The picture that emerges is largely what one would expect from the equation and the
previous discussion. Changes in taxes T affect primarily the share of the total value of
nominal assets that is due to tax backing. For all other parameter changes, the share of
tax backing is inversely related to ¢ but quantitatively almost constant. Instead, these
parameter changes primarily affect the relative contribution of the two types of service

flows to the overall value of nominal assets.

4.2 Shock Transmission

Figures 2 and 3 depict impulse response functions in response to a one-time mean-
reverting shock to a; (“supply shock”), 7; (“safe asset demand shock”), and v; (“money
demand shock”). Parameters were chosen in a way such that the economy is always
in the store-of-value regime in Figure 2 and always in the medium-of-exchange regime
in Figure 3 but that the steady states in both model variants are otherwise comparable
quantitatively (same ¢, very similar u and /). In all experiments, we assume that the
tax-wealth ratio 7;, the money share of nominal liabilities 19{\4, and the reserve rate
iM are held constant throughout. For simplicity, the figures have been created under
the assumption that the exogenous state X evolves deterministically. The picture that

emerges in the presence of aggregate risk would be qualitatively similar.

The first column in Figure 2 shows the response of the nominal wealth share ¢;, the
capital utilization rate u;, the investment rate i;, and the nominal price level P; to a
positive supply shock (an increase in productivity a;) in the store-of-value regime. As
expected from the comparative statics discussed in the previous section, an increase
in productivity does not affect portfolio demand & and leads to a strong increase in
capital utilization in this regime. Investment also increases, so that capital and real
output grow at a faster rate. Because our assumption on policy implies here that the
growth rate of nominal assets #B is not affected by the shock,'® there is a transitory
reduction in inflation, so that the price level eventually settles at a lower trend.

15By the government budget constraint (4), u® = iM — g—i in the store-of-value regime and none of
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Figure 2: Impulse response functions in response to supply (left), safe asset demand
(middle), and money demand (right) shocks when the economy is in the store-of-value
regime. The first row in each column depicts the exogenous path fed into the model for
each of the three experiments. All other variables are held fixed at steady state. Panels
for a;, vi, uy, 11, Py show percentage deviations of these variables from steady state,
panels for ; and 9 show absolute deviations from steady state.
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Figure 3: Impulse response functions in response to supply (left), safe asset demand
(middle), and money demand (right) shocks when the economy is in the medium-of-
exchange regime. The first row in each column depicts the exogenous path fed into the
model for each of the three experiments. All other variables are held fixed at steady
state. Panels for a;, vy, us, 11, Pt show percentage deviations of these variables from
steady state, panels for ¢; and ¢; show absolute deviations from steady state.
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The first column in Figure 3 depicts responses to the same positive supply shock in
the medium-of-exchange regime. In this case, portfolio demand for nominal assets in-
creases, there is a drop instead of a rise in capital utilization, and the positive response
of investment is substantially attenuated. This is because the additional supply aggra-
vates the shortage of media of exchange, so that agents both demand more money and
economize on the need for it by reducing capital utilization. As a result, the price level
jumps down immediately, but eventually recovers as the money shortage eases. Once
again, because the overall impact on investment and capital growth is still positive, the
price level eventually settles at a lower trend.

The second columns in Figures 2 and 3 show dynamics in response to a positive
safe asset demand shock due to an increase in idiosyncratic risk &; in the store-of-value
and medium-of-exchange regime, respectively. As expected from the comparative stat-
ics analysis in the previous section, such a shock strongly increases portfolio demand
for nominal assets (¢;) when the economy is in the store-of-value regime but the re-
sponse is substantially weaker in the medium-of-exchange regime. Utilization and the
investment rate decrease in the store-of-value regime, but they increase in the medium-
of-exchange regime. The reduction of u; and  in the store-of-value regime is due to
the Tobin Effect, that we discuss in the following Section 4.3. While this effect is also
present in the medium-of-exchange regime, there is then an additional force arising
from the monetary friction: an increase in the real value of money eases the shortage
of media of exchange. This additional force always overcompensates the effect of the
Tobin Effect on utilization, so that u; unambiguously rises in response to larger safe as-
set demand in the medium-of-exchange regime. In contrast, the effect on investment ;
is ambiguous. Investment can rise, as depicted here, but it is also possible to construct
examples in which (; falls. In either regime, the increase in portfolio demand for nomi-
nal assets leads to a reduction in the nominal price level P; on impact that is followed
by gradual inflation as & reverts back to its steady-state level. The two regimes differ
with respect to the magnitude of the impact effect, which is bigger in the store-of-value
regime, and with respect to the eventual trend path on which P settles on, which can
be traced back to the different effects on capital accumulation across the two regimes.

The final columns in Figures 2 and 3 depict dynamics in response to a positive
money demand shock due to a reduction in velocity v;. This shock has only an effect

on the economy in the medium-of-exchange regime, as otherwise money is abundant

the variables on the right-hand side of this equation react to the shock.
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and marginal changes in velocity do not affect anything.'® Let us therefore focus on the
impulse responses depicted in Figure 3. As in the steady-state analysis, lower velocity
tightens the cash constraint, which raises demand for nominal assets (¢;) and reduces
capital utilization (u;) as agents economize on transactions. This is accompanied by a
sharp contraction in investment activity (i;). The nominal price level (P;) falls on impact

to accommodate the increased demand for nominal assets, but eventually overshoots.

4.3 Money and Growth: the Tobin Effect

Our model has interesting implications for the interaction between demand for
nominal assets and real investment, which is the driver of economic growth in this
model economy. Specifically, we observe from Lemma 2 that, given resource utilization
ut, the physical investment rate 1 is strictly decreasing in the nominal wealth share ;.
The intuition here is that, at least for given u;, a wealth effect from nominal asset wealth

raises consumption demand and crowds out real investment.

By goods market clearing (equation (12)), investment is the difference between goods

supply and consumption demand,
It = Yt — Ct = Eluth — PQth-

An increase in the portfolio demand for nominal assets (¢;) does not affect goods sup-
ply, except via changes in the incentives to utilize the capital stock, from which we
abstract for the moment by keeping u; fixed. But it increases private consumption de-
mand via a wealth effect: for fixed capital price X, a higher 9; raises total wealth per
unit of capital g; = gK + g/*P. Market clearing can be achieved by two margins of ad-
justment: (i) a fall in investment, or (ii) a fall in the capital price, which dampens the
increase in wealth g; and consumption demand. Only the first margin of adjustment
is possible in equilibrium as the Tobin’s q condition (16) prevents a fall in the capital

price.”

16Large reductions in velocity may of course cause a temporary transition into the medium-of-
exchange regime. The parameters in Figure 2 have been chosen deliberately to avoid this outcome.

171f we were to contemplate such a fall in gX, agents would aggressively react by lowering investment
activity ; due to the frictionless linear investment technology, which pushes K back to its equilibrium
value 1 and all the adjustment pressure into margin (i). In a model extension with capital adjustment
costs, some limited capital price adjustment would be possible, but marginal (i) would still be operative
except in the limit where capital cannot be adjusted at all.
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Our model thus formalizes an argument made by Tobin (1965) that portfolio choice
between monetary and capital assets is a key determinant of real investment. This link

between demand for monetary assets and investment is called the Tobin effect.'®

While we have held capital utilization u; fixed so far, a similar wealth effect logic
applies to utilization effort itself, magnifying the Tobin effect, so long as the degree
to which the monetary friction binds is held constant. Formally, we observe from
Lemma 3 that for fixed multiplier /\M, an increase in the nominal wealth share 9; leads
to a reduction in u;.!” The economics are again best understood in terms of wealth
effects from nominal wealth. In analogy to a consumption-labor choice, agents with
higher consumption c! require a larger real compensation per unit of additional utiliza-
tion effort ul to accept the associated disutility cost. The real compensation, the analog
to the wage in models with labor choice, is proportional to capital holdings ki. As nom-
inal wealth raises the aggregate consumption-capital capital ratio (C; / K; = pgq;), agents
find it optimal to reduce effort by scaling back utilization u;.

There can, however, be a countervailing effect on utilization from the role of money
as a medium of exchange, as we have previously observed in Figures 1 and 3. An in-
crease in nominal wealth for fixed money share 8} also makes media of exchange more
abundant and relaxes the cash constraint (1). As a scarcity of media of exchange acts
as a drag on economic activity, relaxing the constraint tends to increase both utilization

and investment, mitigating and possibly even overturning the Tobin effect.

5 Monetary Policy (and its Fiscal Implications)

5.1 Interest Rate Policy

Interest rate policy sets targets for the nominal interest rates i*! and/or i® and uses

the available policy instruments to achieve these target rates. Instead of describing
interest rate policy directly in terms of the pair (i,iP), it is conceptually useful to

parameterize the two dimensions of interest rate policy in terms of the overall level

8The previous explanation of the Tobin effect relies on a wealth effect from nominal liabilities in
positive net supply. The Tobin effect does not apply to inside money or safe assets created by the financial
sector, which are in zero net supply, see Merkel (2020).

YAM may remain fixed for an increase in 9; if either the monetary friction does not bind or if 9! is
reduced to prevent real balances from rising as well.
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of interest rates and the spread between the two assets, that is in terms of the two
variables,
iy = MM+ (1= 9B, Ajy =B —iM

The first variable, i, is the nominal rate of return on the total portfolio of nominal assets.
We refer to this variable as the level of nominal interest rates. The second variable, Ai;,
is the spread between bonds and money, which equals the liquidity premium, compare
equation (18): Aiy = /\tMvt.

Within limits, these two dimensions of interest rate policy, adjusting the level i;
and adjust the spread Ai;, can be implemented by adjusting the policy instruments i}
and 9M.?0 In the following, we will discuss each dimension separately, assuming the
other is kept unchanged. In reality, most monetary policy actions have effects on both
dimensions simultaneously. This observation notwithstanding, the separation serves

conceptual clarity.

Increasing Rate Level i; Funded by Debt Expansion. We first consider adjustments
to the level of interest rates, i;. Changing the level of interest rates has fiscal implications
via the government budget constraint (4), which we can rewrite equivalently as

’LA't + ,’l/l}/\/Bl% = itl9t.

Consider, for example, a rate hike. Increasing i; increases the nominal interest rate
burden on government liabilities (right-hand side), which can be funded either by an

increase in taxes (f;) or by an increase in the growth rate of government liabilities (1{%).

Let us first discuss the latter possibility of increasing the debt growth rate. This form
of interest rate policy turns out to be (super-)neutral:

Proposition 7 (Effects of Debt-funded Rate Level Policy). Consider a reference equilibrium
e with taxes Ty and nominal interest rates iy, Aiy. Let €' be an alternative equilibrium with
identical initial conditions, the same taxes Ty, and the same nominal interest rate spread Aiy, but
with a different process i} for the level of nominal rates.

1. Superneutrality: The real allocations (all variables in Definition 1 other than M3, P,
iM and iB) are the same in e and e’

20A central bank can set i/! by altering the interest rate paid on reserves, while it can use open market
purchases or sales of bonds to set 9!, as we discuss in Section 5.2.

35



2. Price level dynamics: The initial price level is unaffected, Py = Py, and the effect on
inflation is neo-Fisherian, i.e., inflation increases one for one with nominal rates:
dP{  dP;

Ft, = ?t + (Z; — it)dt.

3. Implementation: To implement i;, the government sets the reserve rate to i}!" = iM +
it — iy while keeping OM' = OM as in the reference equilibrium.

This proposition is the flip side of the classical dichotomy propositions that we have
discussed in Section 2.3 (Propositions 1 and 2). There, we have observed that we can
add any predictable process to inflation dynamics and still obtain an equilibrium with
the same real allocation. All we need to do is to add the same predictable process also
to all nominal interest rates, so that real rates of return on nominal assets are unaffected.
Because the interest rate changes are funded by growing government liabilities, there

are also no fiscal side effects.

Intuitively, hiking the interest rate and issuing more government paper to fund it is
like printing money and handing it out to existing money holders. Printing money di-
lutes existing holdings, but distributing the newly printed money exactly compensates
for the dilution in the sense that each holder holds the same fraction of the total money
stock as before. The only thing that has changed is the total nominal quantity of money
in circulation. But because the unit of account does not matter with flexible prices, the
real allocation is unaffected and nominal prices adjust one-for-one with the increase in
the outstanding money stock. Relative to this analogy, the only difference in our model
is that the government does not just print money to pay interest, which would raise
M and lower Ai;. Instead, it pays a fraction 9" of additional interest payments with
o

newly printed money and the remaining fraction 1 — with newly printed bonds.

Increasing Rate Level i; Funded by Fiscal Tightening. Let us now turn to the op-
posite extreme, that the nominal growth rate of government liabilities ¥ is kept un-
changed, and a change in the interest burden is fully absorbed by changes in taxes. For
concreteness, suppose the monetary authority hikes interest rates, i} > i; for all t.?! To
balance the budget, the government needs to raise the ratio of taxes to debt in all future

2IWe could relax this assumption and assume that interest rates are strictly raised only for some future
dates and states, but this would make the precise mathematical statements in the following proposition
more involved.
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periods, T/ /0, > 1/ ;. Increased tax backing leads to an increase in portfolio demand
for nominal assets by equation (24):

Proposition 8 (Effects of Tax-funded Rate Level Policy). Consider two equilibria e, e’ with
identical initial conditions and 8" = uMB, Ail = Aiy, %, % > 0, and i} > i; for all t.

1. Real effects of rate hike: Taxes and the nominal wealth share are higher in e than in e,

and capital utilization and investment are lower: for all t,

/ Al A / /
l9t > 19)}, Tt > Tt, ut < ut, lt < lt.

2. Initial price level: For small t, P{ < P%.

3. Implementation: To implement €', in any state with Ai; > 0, the money share of nomi-
nal liabilities must fall relative to e and the reserve rate rises by less than i} — iy:

M < oM, MM <l

In a state with Aiy = 0, implementation requires i — iM =il — i,

In particular, the previous proposition implies that a rate hike funded by a fiscal
tightening is both deflationary on impact, P} < Py, and leads to a contraction in current
and future economic output, Y; < Y; for all + > 0. This contrasts with a debt-funded
rate hike as in Proposition 7. For the effects of interest rate policy that involves adjusting
the level of interest rates, the nature of the fiscal reaction is therefore crucial. Rate hikes
have contractionary effects for output and the price level only if they are accompanied
by a fiscal tightening. Symmetrically, rate reductions are only expansionary if they are

accompanied by looser fiscal policy.

Beyond the prediction that the price level decreases for small ¢, the previous propo-
sition does not make a clear prediction concerning price level dynamics for large ¢. This
is because there are both inflationary and deflationary effects from the policy. The ex-
pected inflation rate can be backed out by a type of Fisher equation that relates expected
inflation to the difference in the nominal rates on bonds and the real risk-free rate, cor-
rected by an inflation risk premium (because bonds are generally not risk-free). Using
the characterization of equilibrium from Section 2.2, we can determine the real risk-free

rate, which allows us to derive an explicit representation for expected inflation:
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Lemma 6. In any equilibrium, the expected inflation rate is given by

_ EdPd v s Aiy T o, (@)
Tt -—= W =14 + Alt 1 U_t arus + 1_ 19t + (1 19t)0’t + +5

It is generally difficult to say anything about the how a change in policy affects the

9\2
term (fj l)% without additional assumptions on aggregate shocks. For all other terms in

the equation, we can use Proposition 8 to discuss how each of these terms is affected by
a tax-funded rate hike. The first term, i{”, is the only relevant one in the case of a debt-
funded rate hike as in Proposition 7 and the reason for the neo-Fisherian prediction
in that case. Here, Proposition 8 implies that i/! increases only one-for-one with the
desired change in i; if the monetary friction is not binding, Ai; = 0. Otherwise, inflation
pressures arising from this term tend to be lower than in the neo-Fisherian benchmark.
The second term, Ai;, is by construction unaffected by the rate level hike. The third
and fourth term both increase, suggesting additional inflation pressures, whereas the
7-dependent term decreases, dampening inflation pressures.

)2
In sum, if we disregard aggregate risk implications (the term (10_t l)% ), then inflation in-

creases by more than under the neo-Fisherian benchmark if the rate hike is tax-funded
in the absence of binding monetary and financial frictions (Ai; = &; = 0). This is be-
cause then the rate hike depresses output and growth (lower u; and ), so that the real
interest rate falls. With (binding) frictions, this conclusion may not be true. Sufficiently
positive Ai; and 0; tend to dampen inflation pressures, so that the overall inflation im-

pact of a rate hike could be less than one-for-one.??

Increasing Rate Spread Ai;. Unlike a change in the level of interest rates, a change
in the rate spread Ai; that leaves the level i; unaffected does not have direct fiscal im-
plications from an altered interest burden for a given debt value (it may have indirect
fiscal implications arising a change in the real value of debt). Let us therefore suppose
that 7; is not adjusted together with Ai;. In this case, the effects on the nominal wealth
share &; depend on how the present value of medium of exchange services in equa-
tion (24) is affected. The impact on the latter is potentially ambiguous: to engineer a
rise in Aiy = AMy;, the government needs to reduce 9™, but what matters for the total

2In principle, it is even possible that the net impact on inflation is negative if either friction is suffi-
ciently important, although we have not found a plausible numerical example that delivers this. Specif-
ically, for large Ai;, implementation of an increase in iy may, in fact, require a reduction in i{\/l. Similarly,

for large 07, the term (1 — 19t)(7t2 in Lemma 6 could dominate.
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value of medium of exchange services is the product of the two. Indeed, after using the
equations for optimal utilization and the multiplier A from Lemma 3, we can write

the medium of exchange service flow at time ¢ as

(vioe)"
(ar (1—8))" 17

MMM = voMo | 1—p

7

which is inverted u-shaped in 9.

Depending on whether the value of these service flows decreases or increases, rais-
ing the current and future spread Ai; may either increase or decrease ¢. Let us suppose
that we are in the former, “regular”, case, in which a larger spread Ai; raises the service
flow at time ¢. This case is the only relevant one in the limit ¢ — oo, when the output
adjustment in response to a shortage of media of exchange is muted. In this “regular”
case, a monetary tightening in the form of an increase of the path of liquidity spreads

Ait leads to similar conclusions as for a rate level hike accompanied by fiscal tightening:

Proposition 9 (Effects of Rate Spread Policy). Consider two equilibria e, €' with identical
initial conditions, ¥ = %, i} = iy, and Ai} > Aiy for all t and suppose that 9V Ail > M Ai
forall t (“reqular case”).

1. Real effects: The nominal wealth share is higher in €’ than in e, and capital utilization
and investment are lower: for all t,

192 > U, Mé < Uy, [; < .

2. Initial price level: For small t, P < P.

3. Implementation: To implement Ai; > Aiy, the money share of nominal liabilities must
be lower in €', and to keep i} from rising above i, the reserve rate must be lower as well,

oM <M MM

With respect to inflation dynamics for large ¢, there are again potentially ambigu-
ous effects in analogy to the situation of a tax-funded rate hike, although most effects
point to an increase in inflation. Specifically, Lemma 6 continues to hold. Under the
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assumptions of Proposition 9, it is easy to show that the combined impact on the first
two terms in that lemma, i® = i 4 Ai;, must be positive. Similarly, also the next two
terms in Lemma 6 increase. Aside from the aggregate risk term, which cannot be signed
without additional assumptions, the only term that could possibly offset these inflation
pressures is (1 — 9;)52. Once again, this term rises because the monetary tightening
raises the real value of safe assets, which improves risk sharing and increases the real
interest rate. This means that there is an unambiguous conclusion for inflation, if id-
iosyncratic and aggregate risk are both small. Then, inflation rises also when the rate

spread Ai; is increased.

In total, we observe that a monetary contraction implemented by an increase in
Ai; has qualitatively very similar effects to a monetary contraction implemented by
an increase in i; funded with taxes. However, there are some noteworthy differences.
On the one hand, a monetary contraction via a hike in the level of rates only has the
desired effects when it triggers a fiscal contraction, whereas a monetary contraction via
an increase in the rate spread does not require such fiscal support. On the other hand,
a monetary contraction via an increase in the spread requires a larger output sacrifice
than a comparable (fiscally supported) rate hike in the sense made precise in the next

proposition:

Proposition 10. Consider two policies, (1) a tax-funded i;-hike as in Proposition 8 and (2) a
Aig-increase without fiscal adjustment as in Proposition 9. Suppose that both policies lead to the
same Oy-process in equilibrium. Then output Y; in the equilibrium under policy (1) is strictly
larger than under policy (2) for all t.

Finally, we note that adjusting the spread Ai; may not have the desired effects be-
cause of the possibility that we are not in the “regular case”. This happens if demand
for money as a medium of exchange is very elastic to Ai;, so that the rise in Ai; lowers
demand for nominal assets strongly.”® In this case, the initial price level rises, P > Py
and the contractionary effects on capital utilization and investment are mitigated or

even overturned.

Unpleasant Monetarist Arithmetic. Inaninfluential paper, Sargent and Wallace (1981)

point out that, even in an environment in which the price level is tightly linked to the

23This is particular relevant for small ¢. Low ¢ means that it is not very costly for agents, in utility
terms, to reduce capital utilization to economize on the need for media of exchange. The availability of
this alternative adjustment margin raises the elasticity of money demand to the liquidity spread Ai;.
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money supply via a quantity equation, a monetary contraction without a change in fis-
cal policy lowers the price level at best temporarily and leads to larger inflation even-
tually. They call this observation the “unpleasant monetarist arithmetic” and trace it to
the role played by seigniorage financing of government deficits: If the monetary tight-
ening restricts the flow of seigniorage revenues that contribute to the government’s
budget initially and primary fiscal surpluses are unchanged, then debt must grow at a

faster rate, so that, eventually, more seigniorage is required to balance the budget.

In the previous discussion, our observation has been more generally that a monetary
tightening, interpreted either as an increase in i; or an increase in Ai;, tends to increase
inflation in the long run, even if possibly supported by a fiscal tightening, at least if
idiosyncratic risk is low or absent. But while the conclusion is similar, the seigniorage

channel emphasized by Sargent and Wallace (1981) is only part of the story.

To understand the role of seigniorage from money creation clearly,* let us keep
taxes 1; fixed and shut down idiosyncratic risk, &; = 0. One measure of seigniorage is
the interest advantage the government enjoys by issuing money instead of debt. The
flow benefit from this advantage is Ait%f = 19tM /\{V‘ V40t - ¢ K¢, where the first factor
is precisely our flow measure of medium-of-exchange service flows in equation (24).
For fixed taxes and no idiosyncratic risk, we may read this equation as an intertempo-
ral budget constraint for flow seigniorage. If, for whatever reason, the government
seeks to lower seigniorage extracted from medium-of-exchange services over some
time interval [0, T|, then either the initial value of government liabilities ¢y must fall,
which requires an upward adjustment in Py, or the government must eventually raise
seigniorage after date T to keep the present value of medium-of-exchange service flows
from falling. Sargent and Wallace (1981) exclude the first possibility in their (baseline)
model,” so that a temporary reduction in seigniorage must necessarily be matched by
an eventual increase to keep the initial value of money stable. This logic is quite general

and works also in our setting.

How is the timing of seigniorage flows related to inflation dynamics? In Sargent and
Wallace (1981), fairly immediately. They consider a setting with no output or growth

effects from money, which can be mapped into ours by imposing exogenous constraints

24This type of seigniorage is the focus of Sargent and Wallace (1981). In our setting, one may think of
safe asset creation as a second source of seigniorage (see, e.g., Brunnermeier et al., 2021, 2024b).

BIn their model, a quantity equation ensures that P; is strictly proportional to M; at all times. Because
they consider a policy that does not change M, any adjustment in Py is prevented, so that the initial
real value of government liabilities is essentially exogenously given, not endogenous as in our model.
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Il = I, ul = 71 on agent choices. We provide a brief analysis of that model variant in
Appendix B.3. In such a setting, and under the assumption that the cash constraint is
always binding, there is a tight one-to-one relationship between medium-of-exchange
service flows (or seigniorage) and inflation (the expected change in 1/P;, to be precise):

My M 4 Ed(1/P)]  m
=—|lp—-————= — . 6
l9t At Vtﬂt v (P 1/Ptdt 1} (2 )
In Sargent and Wallace (1981), there is an additional assumption i{\’l = 0 (“money =

cash”), and then seigniorage is necessarily monotonically related to inflation. Seignior-
age therefore plays indeed the pivotal role in their argument, which follows the logical

chain
lower inflation over [0, T] = lower seigniorage over [0, T
= larger seigniorage over [T, o)
= larger inflation over [T, o).

In our setting, in contrast, there is no such simple relationship between seigniorage
and inflation. Even in equation (26), which requires exogenous u; and 1; and no idiosyn-
cratic risk, the link between seigniorage and inflation can be broken by varying the re-
serve rate i/!. More generally, when u; and ; are endogenous and idiosyncratic risk is
present, Lemma 6 describes inflation dynamics. As discussed previously, an increase in
the spread Ai; is plausibly still associated with an increase in inflation. But there are a
number of additional channels that work through adjustments in output, growth, and

safe asset demand. These are not tightly related to seigniorage from money creation.

Long-term Debt and Stepping on a Rake Effect. The discussion so far has assumed
that government liabilities are floating rate or, equivalently, of infinitesimal duration.
We now use our extended model with long-duration bonds from Section 2.4 to investi-
gate how our conclusions for interest rate policy are affected by the maturity structure
of government debt. Because of Proposition 3, our conclusions for the effect of interest
rate policy on real allocations hold regardless of the maturity of government bonds, so
long as i; and Ai; are still defined with reference to the nominal short rate iF . As men-
tioned in Section 2.4, the absence of real effects does not mean that the dynamics of the
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nominal price level do not change. Recall that

MB;

P = .
T

For short-term debt, the effects of a policy change at t = 0 on the initial price level Py
only depend on the real effects in the denominator because M3 is a backward-looking
state that does not adjust to interest rate changes. At any future date, the numera-
tor MB; matters only to the extent that the growth rate of nominal liabilities is ad-
justed to clear the government budget constraint. For long-duration debt, in contrast,
MB; = My + By is the nominal value of government liabilities, and the B;-component
of this value adjusts directly to the path of future nominal interest rates. To see this
clearly, recall that B; is monotonically related to the zero coupon bond prices PF(A)
(equation (22)). From equation (23), we observe that each PtB (A) is inversely related
to the (expected) path of nominal short rates iZ for t € [0,A]. Hence, an increase in
future nominal short rates directly depresses By. Even in the situation of Proposition 7
(debt-funded rate policy), a rate hike then leads to a downward adjustment in the ini-
tial price level Py. Hence, the adjustment in long-term debt prices can overcome the
neo-Fisherian prediction that (debt-funded) rate hikes are inﬂationary.26

For a mean-reverting interest rate hike, nominal bond prices must eventually return
to their original values, so that, in the long run, the nominal value of government liabil-
ities MB; is the same as if all liabilities were of infinitesimal duration.?” But this means
that, eventually, the price level path P; under long-duration debt must catch up with
the one that would obtain under the same rate policy if all debt had infinitesimal dura-
tion. As a consequence, the initial price level drop after a rate hike is accompanied by a
subsequent inflation increase that is even larger than in the neo-Fisherian benchmark of
floating-rate debt. Following Sims (2011), we call this the “stepping on a rake effect” of
interest rate policy.

26In a flexible price model like ours, only the initial price level P falls, but subsequent inflation still
rises. Sticky prices, as in Li and Merkel (2024), would smooth out dynamics, such that the initial price
level jump turns into a finite transition period with reduced inflation or even deflation.

27Recall, once more, that the real allocation is unaffected by the maturity structure, and this includes
the real government budget constraint. Therefore, the government’s finances are not affected differen-
tially by a rate hike for different debt maturity.
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5.2 Open Market Operations and Quantitative Easing

In this section, we discuss central bank asset purchases. These purchases serve the
purpose of implementing changes in the money share of nominal assets, 9!, and there-
fore in the liquidity spread Ai;. Beyond effects on liquidity, asset purchases do not have
real effects, in line with an observation first made in Wallace (1981). However, asset
purchases may give the central bank a greater control over the evolution of the price
level P, even in the absence of any fiscal support.

Central Bank Purchases of Short-term Bonds. Let us first consider the baseline model
with floating rate government bonds and suppose the central bank engages in an open
market purchase of government bonds, funded by expanding the monetary base. To
introduce central bank purchases in a rigorous way, let us replace the consolidated gov-

ernment budget constraint (3) from our model setup by two separate constraints,

dBt = (lFBt — PtTth)dt — th,
dM; = iMM,dt +dQy,

where B; denotes the quantity of nominal bonds held by private agents, exclusive of
any debt that might be held by the central bank, and Q; denotes the cumulative nomi-
nal value of bond purchases, i.e., d Q; is the nominal value of bonds purchased between
tand t + dt.?8

The key observation is that controlling the purchase process Q; is mathematically

equivalent to controlling the money share in nominal liabilities,

i = Mo
EoMBY

Indeed, d Q; cancels out in dMB; = dM; + dB;, hence,

AMB, i (e, AMB | dOQ,
B, U (’f d A/Bt)+A/Bt'

doM = le\//\g: — oM

By adjusting d Q; suitably, the central bank can attain any desired 8" € [0,1].

28By not explicitly keeping track of the quantity of bonds held by the central bank, we abstract here
from the possibility that sufficiently negative d Q; might eventually deplete the central banks’ bond stock.
We do so because, in this paper, we are not concerned with any strategic interaction or institutional
frictions between the central bank and the treasury.
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Corollary 1. Open market purchases, dQ;, are equivalent to adjusting the money share in
nominal liabilities, 9"!.

What is the effect of dQ; > 0 while keeping the reserve rate i*! and taxes % con-
stant? By the previous equation, it raises 9!, which by Lemma 3 reduces A for given
U;. This lowers both the rate spread Ai; = /\{Vlvt and the rate level i; = i{\/l +(1-—
19tM )Ai, with the effects discussed in Section 5.1.

Central Bank Purchases of Long-term Bonds. Central bank purchases of long-term
government bonds can be analyzed in full analogy in the context of the model extension
presented in Section 2.4. In fact, the formal arguments that have lead us to conclude
Corollary 1 remain valid almost word by word, so that the conclusion continues to
hold: open market purchases of (long-term) bonds are equivalent to adjusting 9.

Nevertheless, there is one aspect about bond purchases, or, equivalently, changes in
®M, in the presence of long-term bonds that is absent in our baseline model. Namely,
raising 9" reduces the overall duration of nominal assets held by the private sector.
While the duration of nominal assets is irrelevant for real allocations (Proposition 3), it
affects the sensitivity of the price level to a given change in nominal interest rates in the
stepping on a rake effect. If the fiscal authority has issued long-term bonds across the
maturity spectrum, the central bank can exploit this feature to recalibrate the price level
response to future interest rate policy, possibly independently from the choice of 9.
By purchasing and selling different bonds across the maturity spectrum, the central
bank can alter the average duration of bonds held by the private sector and thereby
prepare how the next interest rate change will affect the nominal price level.?’

For example, purchasing long-term bonds in exchange for short-term bonds (or
money) shortens the average duration of government liabilities. This mitigates the

stepping on a rake effect, making the price level less sensitive to future rate changes.

Purchases of Private Assets and Wallace Neutrality. The previous observation that
long-term bond purchases are not fundamentally different from short-term bond pur-
chases can be generalized substantially. We now present a result that even arbitrary
asset purchases are neutral if they have no implications for fiscal policy (changes in 1;),
idiosyncratic risk exposures, and liquidity (changes in Ai;). Under these assumptions

2Li and Merkel (2024) and Alexandrov and Brunnermeier (2025) show how nominal asset duration
modifies the effects of interest rate policy in a related model with sticky prices, where classical dichotomy
does not hold, so that different effects on the price level translate into different effects on real variables.
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all sources of the value of money are unaffected from the perspective of our key equa-
tion (24), so that there should be indeed no real effects from the asset purchase. In credit
to Wallace (1981), this type of neutrality is called Wallace neutrality.>

Formally, let us suppose that there is a generic asset in zero net supply with nominal

return’!

dift = Bi[dif] + oA (X;)dZy

that does not load on idiosyncratic shocks. Both the government and private agents
can trade in the market for this generic asset. Denote by A; > 0 the nominal value of
the asset purchased by the government. The consolidated nominal government budget

constraint is then

dMB; = (itMMt +iBB, Ptrth> dr — (Atdi;“ — dAt>

[ J/

cash flows from asset portfolio

Private agents i € I have a portfolio choice between capital, money, bonds, and the

generic asset.

We present formal details of this model extension and an equilibrium definition
in Appendix B.2. Our key result is that the real allocation is independent of the .A4;-
path, provided that taxes ; and the money share in net nominal government liabilities,

19tM := M;/Gi, where G; := M; + By — Ay, are kept fixed when changing A;. Specif-

ically, our key equation (24) continues to hold if we define & := % as the share of
private-sector net wealth that is due to nominal government liabilities net of assets A;

sold to the government.

Asset purchases do not affect the fundamental sources of value of nominal assets
in that equation. Tax backing and medium-of-exchange services are unaffected by as-
sumption on fixed ¥ and 9. Safe asset services are unaffected because the generic
asset does not load on idiosyncratic shocks, so introducing this asset does not improve

risk sharing in dimensions in which markets are incomplete.

30We only claim neutrality for the real allocation, but not for the price level path, whereas in Wallace
(1981), also the price level path is unaffected by asset purchases. This is because, in that paper, lump-sum
taxes are assumed to adjust to sterilize the effects on the price level, whereas such taxes are absent here.

310ur formal arguments would also work if the volatility loading of the real instead of the nomi-
nal return process was taken exogenously given. We have chosen the formulation here as it leads to
slightly simpler notation and formal arguments that are more symmetric to maturity structure irrele-
vance, Proposition 3.
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Nevertheless, just like for long-term bond purchases, asset purchases can affect the
price level path by altering the exposure of nominal net government liabilities G; to
aggregate shocks. For example, if di/! loads negatively on the first component of dZ;,
then a larger .A; means that G; has a larger (positive) loading on that component of dZ;,
so the evolution of the real value G;/P; can only be independent of the A;-path, if also
Pt has a larger loading on that component of dZ; to offset the effect on G;/P;. If the
central bank has access to a sufficiently rich menu of assets, it can effectively use asset
purchases to control ¢/, the unanticipated component of inflation. Together with debt-
funded rate policy as in Proposition 7, the central bank may then be able to perfectly

control the time evolution of P; even without any fiscal support.*

5.3 Optimal Policy

We now turn to normative considerations. Our model allows for a clean analysis of
optimal policy because any two allocations that feature the same initial wealth distri-
bution can be Pareto ranked. In addition, just two variables are sufficient statistics for
the welfare impact of any policy, the nominal wealth share ¢; and the capital utilization

rate uy. Formally, the following proposition holds.

Proposition 11 (Welfare Representation and Constrained Efficient Allocation). For any
social welfare function that is strictly increasing in individual expected utilities {V]}cy, and
for any control variables that do not affect the initial wealth distribution {n}};cy, maximizing

the welfare function is equivalent to maximizing the objective

E{%ﬁQ—W(M@AﬁQ+JMQAuQ)m

with respect to {u, 9 }52,, where

1 1—0)%2
Woi(9) = —7— —log (1 - 8) - %
1+¢
aru u
V4% = — — )
u/t(u) p 1_1’_4)

32The precise statement is that asset purchases and nominal rate policy can jointly control P; for any
given tax and money share processes ¥ and 9, provided the central bank can choose both positive
and negative asset positions (so possibly A; < 0) and it has access to d distinct assets whose nominal
volatility loadings are linearly independent at all states.
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A constrained planner that can control portfolios and capital utilization directly but is unable
to provide direct idiosyncratic risk insurance optimally chooses a 0-dependent nominal wealth
share 8; = 0°*(;) and an as-dependent utilization rate uy = u*(ay), where 9°* and u* are
both strictly increasing functions.

Constrained Efficient vs. Equilibrium Allocations. Motivated by the previous propo-
sition, we ask how the nominal wealth share and utilization in any given competitive
equilibrium relate to their constrained efficient levels, ¢7*, u7*. We start with utilization.

It turns out that capital is always underutilized in a competitive equilibrium:

Lemma 7. Equilibrium utilization satisfies the relationship

1

U = [(1 —AM(1 - 19t)} ¢ ugt < ug*.

The reason for underutilization is as follows. By Proposition 11, the welfare effects
of utilization are additively separated from any welfare benefits from nominal assets,
and therefore optimal utilization should only depend on productivity a;. It does so in
a frictionless world without incomplete markets, monetary frictions, and distortions
from capital taxes because then the first welfare theorem holds. Yet, in the equilibrium
of our model, utilization is lowered compared to this frictionless benchmark for two
reasons. First, whenever the monetary friction is binding (A{! > 0), agents optimally
reduce utilization to economize on the need to hold money. Second, even in the absence
of the monetary friction, the wealth effect from nominal assets discussed in Section 4.3
crowds out utilization effort relative to a situation without nominal assets, 4; = 0.

Let us next turn to the relationship between the equilibrium and constrained effi-
cient levels of the nominal wealth share ¢;. Here, the situation is not as clear-cut as in
Lemma 7. ¢; can be either too low or too high. We illustrate this with a specific example,

a steady state economy as in Section 4.1.

Figure 4 compares the steady-state value for ¢ with the constrained efficient level
0°* as a function of idiosyncratic risk &. We observe that the red solid line, which de-
picts the equilibrium value for ¢ is above ¢#°* (blue solid line) for both low and high
values of idiosyncratic risk & but below 9°* for intermediate values. That ¢ is too high
for very low and very large idiosyncratic risk turns out to be a general feature in the
steady state model, so long as taxes are nonnegative. But for sufficiently large taxes or
sufficiently severe monetary friction, the intermediate region of too low & may disap-
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pear as depicted in the dashed gray line in Figure 4, which plots the steady state for the
same parameters as for the red solid line, except that 7 has been increased substantially.

That the equilibrium ¢-value generally differs from its constrained efficient coun-
terpart, even in the absence of tax distortions and when the monetary friction does not
bind, can be traced back to pecuniary externalities due to incomplete markets. We refer
the reader to a more in-depth discussion of these externalities to Brunnermeier et al.
(2021, Section 5.4), which analyzes a version of our model without monetary frictions.

0.8
equilibrium ¢
06 (higher 7)
constrained
3 ex
> 04l optimum (9°*)
0.2 equilibrium ¥
0 I I I |
0 1 2 3 4

5/

Figure 4: Constrained efficient 9-value (9°*) versus steady-state value in the competi-
tive equilibrium as a function of ¢/, /p.

Problem of a Ramsey Planner. After having established the constrained efficient bench-
mark and its relationship to attainable equilibrium allocations, let us turn to optimal

policy when the government has only access to the limited set of instruments i, 9\,
and 7;. By Lemma 7, it is generally impossible to implement u; = u{*, and because
the gap between u; and u;* depends on ¥, it is then generally also no longer optimal
to target 9; = &*. In the following, we consider the problem of a Ramsey planner
that chooses stochastic processes for i, 9 € [0,1], and %; to maximize the welfare

objective stated in Proposition 11.

For conceptual clarity, let us discuss the choice of each of the three policy instru-
ments in isolation, holding the others fixed in a suitable sense to be clarified in the
course of the discussion. We note that choosing i*! is equivalent to choosing the level
of nominal interest rates i; (compare Proposition 7), choosing 9! is closely related to
choosing the interest rate spread Ai;, and that, by equation (24), the path of ¢; can be

directly controlled with the tax instrument %, so that we can also consider ¢; instead of
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%; as the third instrument and leave the tax process required to implement it implicit.*

Optimal Level of Nominal Rates. Let us start with the choice of i, the level of nomi-
nal interest rates. As we have observed in Proposition 7, changing the level of nominal
rates while holding both taxes and the interest rate spread constant is superneutral in
the sense that it has no effects on the real allocation. We therefore conclude:

Corollary 2. The choice of the level of nominal interest rates i; is irrelevant for welfare.

Optimal Money Share: Modified Friedman Rule. We now turn to the optimal choice
of 19{\" holding the ¢;-process fixed. Recall that, for fixed ¢;, there is a (strictly decreas-
ing) one-to-one relationship between 9! and the interest rate spread Ai;, so that we
can interpret this aspect of the policy choice as the choice of the spread Ai;. Because 9;
is held fixed, changing Ai; is relevant for welfare only insofar as it changes the equi-
librium utilization process u;. By Lemma 7, raising u; is always beneficial in any equi-
librium, so the optimal Ai;-choice given ¢; is the one that maximizes u;. Because u; is
strictly decreasing in AM = Av—i", this means the planner seeks to make Ai; as small as

possible:

Corollary 3 (Modified Friedman Rule). For any given &;-process, it is welfare-maximizing
to set the interest rate spread Aiy to the smallest feasible level in each period. This can be achieved
by funding the government with money only, "' = 1.

Intuitively, so long as providing additional money is not socially costly, a positive
private opportunity cost of holding money, Ai; > 0, is wasteful as it induces agents to
economize on money holdings and avoid socially beneficial transactions, in this model
by lowering production ua;K;. Based on this reasoning, the so-called Friedman rule,
proposed in Friedman (1969), holds that optimal policy should set the spread Ai; to
zero. However, in the present setting, this may not be feasible for a given target pro-
cess for ¢;. The optimal policy instead calls for lowering Ai; so long as this remains
consistent with the target for ¢;. It is always possible to lower Ai; further if Aiy > 0
and 9 < 1 by swapping bonds for money. But this process cannot be taken further
once money is the only government liability, 8! = 1. Due to the shared logic with the
original Friedman rule, we call this the “modified Friedman rule”.

3By considering the equation in differential form and solving for %;, we observe that it is always
possible to back out a tax process required to implement the desired target for 9;.
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Optimal 9. We turn to the final choice of the Ramsey planner, the choice of ¢; or,
equivalently, of capital taxes. By the previous analysis, there is no need to study inter-
actions between ¢; and other policy instruments than taxes if we set 8 = 1 in line
with the modified Friedman rule. The previous analysis also shows that the problem of
choosing 9 is separated across time (and states), so that we can split the dynamic prob-
lem of the planner into a continuum of (uncoupled) static problems, which are much

simpler to analyze.

Specifically, for a fixed date t (and a fixed shock history), consider the choice of ¢;
at this particular date in order to maximize the time-t flow in the welfare objective of
Proposition 11,

8 5 Wer(8) + Was(us(9)), 27)

recognizing that for fixed l9tM = 1 and exogenous state X;, u; is a function of ¢, com-

pare Lemma 3. We discuss the three possible cases in Lemma 3 separately.

First, suppose that u;(8) = u’(9; X;) locally around the optimal choice of the plan-
ner. This is equivalent to the assumption that the cash constraint (11) has positive slack
at date t. We denote the optimal ¢-choice under this assumption by &;. ¢ is character-
ized by taking first-order condition in the objective function (27) after substituting in
us(9) = u® (9, Xy):

1 14+1/¢ Py
0=W, () —— & Ot . 28
ﬁ,t(—t) (P <p> (1 —Q?)l_l/(/’ ( )

Assuming ¢ > 1, this equation has a unique solution 9; < ¢¢*.

Second, suppose that u;(¢) = u°(9,1; X;) locally around the optimal choice of the
planner. This means that the cash constraint (11) is binding with a strictly positive
multiplier AM > 0. We denote the optimal 9-choice under this assumption by 0. It
solves the first-order condition

- +
v % \") w1
a1 -9, ar (1—9;)2

0= Wy (@) + | 5 - (

29
p (29)

We show in the appendix that also this equation has a unique solution. Because the
second term is nonnegative, the solution satisfies 1_9f > 07,
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There is a third case. Namely, the optimal choice might be right at the boundary
between the previous two cases. In this case, there is a kink in the u;(#)-function, so
that neither of the two conditions (28) or (29) has to hold at the optimum. The location
of the kink is the value &; that solves uo(l@t ; Xp) = uc(@t, 1; X;), or more explicitly:

p(vid)? = (ar(1—9))'*, (30)

which clearly has a unique solution d; € (0, 1).

Furthermore, if 9; > ¥;, then the constraint has positive slack locally around ¢,
and if 9; < &y, then the constraint is binding with positive multiplier locally around ;.
Therefore, d; is indeed optimal whenever it falls inside the interval [9;, 5?] because then
none of the other two cases is possible. Otherwise, one of the other two cases applies.
Specifically, the boundary of the interval closer to d; must be optimal. Figure 5 provides

a graphical illustration of this idea. In sum, we arrive at the following proposition.

Proposition 12 (Optimal ¢). Suppose that ¢ > 1. Then equations (28), (29), and (30) all have
unique solutions 9;, o, 0, respectively, and there is a unique optimal O-process &* chosen by
the Ramsey planner, which is given by

9F = min{max{d;,8:},9,} > 0.
Furthermore,

1. if 0F = 0 > &, then 87 < 0¢* and the Friedman rule is optimal;
2. if 0F = O, OF can be on either side of 9¢* and the Friedman rule is optimal;

3. if0F =0, < Oy, then 8 > 07" and the Friedman rule is not optimal.

We remark that in case 3., the Friedman rule is not optimal because providing addi-
tional money balances would require an increase in ¢, which has a positive social cost
on the margin. Specifically, because ¢} > 9;{*, increasing ¢; moves ¢; away from the
level ¢;* that is optimally balancing the growth-risk sharing trade-off encoded by W ;.
In principle, this welfare loss could be compensated by the positive impact on resource
utilization u;, which happens in case 2. if ¢} > 9;* but not in case 3.

Non-optimality of Modified Friedman Rule and Financial Repression. The modi-
tied Friedman rule here calls for a government that funds itself by issuing only money
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Figure 5: Optimal ¢ for a simulated path. The black solid line denotes the optimal
policy 8. The green dash-dotted line denotes d;, which divides the figure vertically
into two areas: for 9; > 9, the cash constraint is slack (blue area), for ¢; < 9, it binds
with positive multiplier (red area). The blue dotted line depicts 8;, the optimal policy
conditional on a slack constraint. This is optimal whenever it falls inside the blue area.

The red dotted line depicts 0;, the optimal policy conditional on a binding constraint.
Again, this is optimal whenever it falls inside the red area.

but no bonds, except perhaps in states when Ai; = 0, as then the two assets are per-
fect substitutes on the margin. This contrasts with the real-world observation that,
typically, there is a positive liquidity premium Ai; > 0 yet the government issues sub-
stantial quantities of nominal bonds. A slight modification of our model can rationalize
such a policy. Specifically, it may be optimal to deviate even from the modified Fried-
man rule and choose 9" < 1 if we impose constraints on taxes or add other sources of
tax distortions. If, for 19{\4 ~ 1 and Ai; > 0, the medium-of-exchange service flows in
equation (24) are strictly decreasing in 9!, i.e., if we are in the “regular” case for Ai-
policy, then lowering 9! permits the government to achieve the same target path for &
with lower taxes. This can be interpreted as either seigniorage funding of government
debt or a form of financial repression. In our model, this is not optimal because taxes
have no welfare costs beyond their effects on the nominal wealth share ¢;. However, if
there was an upper bound on taxes or if there were additional tax distortions, then it
would be possible that optimal policy deviates even from the modified Friedman rule

and uses seigniorage funding to keep taxes low.
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6 Conclusion

This paper outlines a tractable incomplete markets model that captures and unifies
many key results of monetary economics in a world with safe assets, in the form of
government debt and money in positive supply. As in Tobin (1965), it stresses the im-
portance of portfolio choice next to the investment and the consumption-saving choice.
Risk and risk premia are central to the analysis. The paper discusses, within a uni-
tied framework, classic concepts such as the Tobin effect, Sargent-Wallace’s unpleasant
monetarist arithmetic, Wallace’s neutrality of open market operations, Sims’ stepping

on a rake effect, and the Friedman rule.

The paper also highlights several promising directions for further research. First, the
decomposition of the value of nominal assets can be related to the question of price level
determination (Brunnermeier and Merkel, 2025). Second, the model could be extended
to incorporate a banking sector that issues inside money, while outside money takes the
form of central bank reserves (e.g., Brunnermeier and Sannikov, 2016a; Merkel, 2020).
Third, introducing various forms of price rigidities can help build a bridge to New
Keynesian models a la HANK, as in Li and Merkel (2024). With price stickiness and
a banking system in place, one can also analyze the interaction of different monetary
policy instruments, including distinct interest rates on required and excess reserves,
as well as unconventional monetary policy measures (Alexandrov and Brunnermeier,
2025). Finally, deriving the optimal size and composition of the central bank’s balance

sheet remains an important task for future work.
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Appendix

A Derivations and Proofs in Baseline Model

Notation Convention. For any positive scalar Ito process x; driven by aggregate shocks
dZ; and possibly the idiosyncratic shock dZ! for a single i € I, we denote by u?, o7,
o} the geometric drift, aggregate volatility loading, and idiosyncratic volatility loading,
that is we write

dx; = xpufdt + xp07dZ; + x57dZL

Standard results guarantee that uj, o', 7} are (almost surely) uniquely determined by
the process x;.

U_tx,A ~x,A -

If a variable has a superscript, say x{!, we regularly write ]/tf’A, , 07" in place of

A A A . .
uy ,0p , 04 toavoid double superscripts.

We remind the reader that Z; is a dz-dimensional Brownian motion with possibly
dz > 1,so aggregate volatility loadings o} are 1 x dz-vectors. Throughout, we interpret
the product of two aggregate volatility loadings as an inner product of dz-dimensional

Yy

row vectors, i.e., we write (Tf(fg/ instead of o} (o3 )T, omitting the transposition of the

second factor to a column vector.

A.1 Model Solution

Proof of Lemma 1. We solve dynamic decision problems using the stochastic maximum
principle. The Hamiltonian of household i is

) ) i\1+¢
H =e ! <log c; — (141) >

1+¢

Er |dri (4, u})|
dt

Ty [drpB (6]

+& | = +nl |0 " +(1-6)

—cieini (6107 + (1 - 1)o7 ) — cleini(1 — )3
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where
dr}P (6M) == oMdrM + (1 — 0M)drf

and where ¢! denotes the costate associated with household net worth ni and ¢ :=
— E’Z, g = —5%" are the negatives of the geometric volatility loadings of ¢i on the

aggregate and idiosyncratic shock, respectively.

According to the stochastic maximum principle, the optimal choices must maximize
the Hamiltonian Hf. We determine ci, Li, ui, GtM’l, and Qi that maximize H; subject to the
cash constraint (11). Denote by A{w’lfjini the Lagrange multiplier on the constraint (11).
The first-order conditions (FOCs) are:

; : 1
L. r__ fptil’
Ci: gi=e J
i AEr ) /dn)|
! ot .
1=l
ui . e_f)t ‘ '<ui>(p _ a(IEf[drf,l(lil M)]/dt) N /\M,iﬂ
t (1—6)&n; o o af
t
oM 9(IE;[dr{F (6M)] /dt) _ My
fo oM D
pM =M
B dr(Gup)| B AP . . R
6 : [ dt ] - [ dt ] = (07" — of™P) + gy + AN <W9¥M T+ ,;Kt)
t

We now derive the equations stated in Lemma 1:

¢ Equation (15):
Following Brunnermeier et al. (2024b), we guess that & = e~**/(pnl). This guess
can be verified using a standard verification argument based on the costate equa-
tion, which we omit here. Substituting this guess into the FOC for c. and rear-
ranging yields equation (15).

¢ Equation (16):
Recall from equation (8) that
Bi[dri(u,0)] _ uar—1  ji{Bq}B

= -
dt qx gk

+l—5—|—ﬂ?'K.

Taking the derivative of this expression with respect to  and plugging it into the
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FOC for ! yields equation (16).

We remark that this condition holds, of course, only at an interior maximum. Due
to the linearity of the Hamiltonian in i, the agent chooses /i = —o0 if gK < 1 and
Il = o0 if gK > 1, cases that cannot occur in an equilibrium.

Equation (17):

Taking the derivative of the previously stated equation for the expected return on
capital with respect to u, using once again the guess ¢i = ¢!/ (pni) and plugging
both into the FOC for u!, implies

e P! i ar MGt
: —(u)? = — — A,
@ e/ (D" = gk T

After canceling terms and rearranging slightly, we obtain equation (17).

Equation (18):
By definition of dr/*B(sM),

O [dr{ B (OM)]/dt) _ Euldrf —drf] _ .y
- — ‘t ts

06M dt

where the last equality follows from the return expressions (9) and (10). Substi-
tuting this into the FOC for GtM’i yields equation (18).

Equation (19):

Our guess for ¢ implies, in particular,
=0, Gi=(1-6)a

In addition, the )\iw'i—term in the FOC for 9; either vanishes or the constraint (11)
is binding, in which case
aru; ;0
Kt _ 1/tgt/\/l,z t -
qt 16

In either case, we therefore obtain

i M,i
; ;o apu] ANV
AMA [ yoMi L 20 = 2 My,
9 ) 1-6
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Plugging these observations into the FOC for ! yields

E; drf’i—drf/g’i] , pMii ,
— i (K aM /) 2 t M,i
= —0't”1<0't _— >+(1_9;)at +1_0£At v
i K\ /K _ i M3\ M3 , gM.i ,
_ Ei[d(n}, qf) /a4 id<nt,qt V471 L giye2 4 O My,
nidt 1-06;

where d(ni,gX) = nlt'qf((ff’iaf’Kdt is the quadratic covariation of ni and g¥ (X €
{MB,K}). This is equation (19) in the main text.

Finally, the complementary slackness condition is a standard requirement on Lagrange
multipliers on inequality constraints. O

Proof of Lemma 2. The two equations preceding the statement of the lemma in the main
text represent linear equations for 1; and g; for any given fixed ¢; and u;. Solving these
equations results in the first and third equation stated in the lemma. The second equa-
tion is a restatement of C; = pg;K; derived in the main text.

]

Proof of Lemma 3. Under our assumption of a symmetric equilibrium, all agents choose
the same portfolios, so that 8! = ¢ by market clearing for government liabilities, equa-
tion (13). We can therefore simplify the optimal utilization choice, equation (17), as

follows:
at

qt

Plugging in gq; from Lemma 2 and solving for u; yields:

up = ((1 - Aw)w> - < <W>l/q) = 1u(8; X1)

puf = (1—AM)

and this holds with equality if and only if /\{Vl = 0. Furthermore, the cash constraint (11),
combined with symmetry and market clearing, 6 = ¢; and GtM’i = 9, can be written

as an inequality for u;:

MO oM
— = ; Xt).
~ a; 1_— l9t u (l9t/ l9t s i’)

By the complementary slackness condition, at least one of the two conditions needs

Ut
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to hold with equality, which proves the stated equation for u;. The equation for A/

1/
follows directly from u; = ((1 - AN)W) !

]

Proof of Lemma 4. Consider the portfolio choice condition for 6, equation (19), and im-
pose market clearing. First, using the return expressions (8), (9), and (10), the left-hand
side is of the choice condition is

Ki 3. M3 5
E; |dr, dr{ ] _ wa—n n MM v E;[dgK] B E;[dg]?]
dt ar a5 grdt gt
_ P it Eildgf]  Eifdg; "]
1-8 1-0  g¢Kdt gMBdt

(31)

where the second line follows by imposing goods market clearing and using the defi-
nition of ;.

Next, consider the aggregate risk premium term on the right-hand side of the port-
folio choice condition. Note that the wealth share 7} := nl/(g;K;) only loads on the
idiosyncratic shocks dZi and that K; does not load on any shock. Therefore, for any
process 9 that only loads on aggregate shocks and g5 := 9{g;, we obtain

d(ni, i) _ _d(/ny,qf) _  d(1/qy,q)) _ _doF  def d(1/q:)
gy a5/ nj o o gt Va

Applying this to the aggregate risk premium term in the portfolio condition yields

Ei[d(n}, qr)/qf —d{n}, q/")/ai®] _  Ed(1—0)]  Eidgf]  Edd] Ei[dg"]

nidt AT gRdt O,dt gMdt
_ 1 E[do] | Eidgf]  Eidg)®]
1-— l9t l9tdt qfdi‘ q{\/Bdt .

Finally, we can eliminate i-dependent variables in the remaining terms on the right-
hand side of equation (19) by using 9§ = O, OtM’i = 19{\4, which follows from asset
market clearing (equations (13) and (14), respectively) and the fact that all agents chose
the same portfolios.
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Combining these facts and plugging them into the portfolio choice condition yields

o+ | Bidgf]  E:ldgP]
-6 ' g5t gMBdi
_ 1 Eifdé] | Eidgf] Edg]
1-— l9t ﬂtdt qfdt qg\/Bdt

19M
+ (1 — ﬂt)ﬁtz + 1t—)L{\/11/t

Canceling terms and solving for E;[d¢;] implies

E,[do;] = <p + M (1 0)%5% — 19?4)\%) Odt.

A.2 Classical Dichotomy Propositions
Proof of Proposition 1. Follows directly from the more general Proposition 2. O
Proof of Proposition 2. Let the original equilibrium be given by processes
Ki, MBy, Po, g1, g1, g, i it if ol ui, 61, 6, ]
for t > 0and i € I. For each variable x in this list except for x € { M3, P, iM B } define
/

X =X

and for the remaining variables, except for P’, which is already defined, define
t
I = exp (/ Ant/dt’> M3, M =iM A, B =i Am,
0

where

_EdP}]  EdPy]
A= oG T Pt

We show that the so-defined list of processes

! ! !/ Mr M3 Kt MBI 1 M1 :B7 i AM i
INY v Progr g ,0;

o1 ol 1
e T i e Uy, 0 , 1y

satisfies again all properties of a competitive equilibrium according to Definition 1 by
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checking the conditions in that definition. We first note that Ky = K, M3y = MB), so
the initial conditions are the same as for the original equilibrium. Next, in conditions
2.,5.,and 6. of Definition 1, only variables x enter for which x’ = x, so these conditions
hold because the original list of processes was assumed to constitute an equilibrium.

In condition 1., variables with x’ # x only enter via the return expressions on nomi-
nal assets in the dt-terms of equations (9) and (10). But in these terms, the adjustments
cancel out:

i — P = iM A - (F‘M"‘A”t) =i — uf?

and
if'— i = if + am— (4P + A = i — pi
Consequently, also condition 1. continues to hold.

In condition 3., the validity of the government flow budget constraint (4) for all
t follows from condition 3. for the original equilibrium because this equation only
contains variables x for which x" = x. The remaining part of condition 3. concerns the
evolution of the nominal liability stock MB;, which satisfies by definition

t t
dMB, = exp (/ Aﬂtrdt/) dMB; + Ay exp (/ ATL’t/dtl> MBdt
0 0
— (ﬁt +iB + :fm(it — B+ Am) MBidt
= (l:‘t +if' + :f\,g(lf\/“ —1?,/)) MBidt,

which is the required evolution according to Definition 1.

This leaves condition 4. By Ito’s lemma,

(AP, d<7>;/>> /
ex = — 5 P
Pt/ B elog Py p (fo ( P 2 (Py)? 0

ﬁ _ elogPt / /
on (1 (% 124 )
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dP! —F,[dP!, a(p,
exp (fot < t P;i[ " <7<>;,32>>> Po
(s

:exp(fot Ant/dt’) N ~

t/

— ox /t ]Et[d,P;/] _ ]Et[dPt/]
- p 0 / Pt’

where the second factor equals 1 because of the initial condition Pj = Py and because
of the relative surprises in P; and P} are assumed to be the same.>* Hence,

M3, _ exp (fot AT(ﬂdf’) MB; My

M3 MBI 11
= =q; Ky =q; 'K},
Py exp (fot Ant/dt’) Py Pt t t

which is condition 4. O

A.3 Key Valuation Equation and Dynamic Trading Perspective

We first prove Proposition 4 and then discuss the dynamic trading perspective, in-
cluding the proof of Proposition 5.

Omitted Details in Proof of Proposition 4. The idea of the proof has been stated in the main
text. Here we fill in the formal details. Applying Ito’s product rule to e *'9; yields

d(e_Ptt%) = —pe_ptﬁtdt + e PtdY,.
Combining this with equation (20) from Lemma 4 yields

d(e Pt8;) = e*! (yt —(1-0,)% MM%) dt + e oy ,dZ,

— _e Pt (Tt + (1 — 191‘)2 l9t + 19M)\t th9t> dt +e ptO’g dZ;

where 0y ; denotes the (dZ;)-volatility loading of ¢; and the second line uses the gov-

34The equality of inflation surprises implies immediately that the stochastic components of the inte-
grals in the numerator and denominator are equal. But equality of relative surprise components also
d(Py) _ d(Py)
7)/2 - 7)2 4
variation terms are equal.

implies which is sufficient to conclude that also the integrals with respect to the quadratic
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ernment budget constraint (4) and the definition of %;. Next, write this stochastic differ-

ential equation in integral form from ¢ to T:

—oTgo,. _ ,—ptg __ T —pt!
e P r—e o= d(e Oy
t
T / T /
= — / e_pt ('i—t/ + (1 - 19t/)2(~7t2/l9t/ + 192.//\/{)\2//\41/15/19{./) dtl +/ e_pt Ug,t/dzt/.
t t

The last term is a martingale and vanishes once we take time-t expectations [E¢[-] on
both sides. We recover equation (24) stated in the proposition after taking the limit
T — co and rearranging the remaining terms. Note that 97 € [0,1) is bounded, so that
e PT9r - 0as T — . O

We now turn to the claims made in Section 3.2 concerning the dynamic trading
perspective. Let us first define the equilibrium share of nominal assets held by agent i:
mi + 6 mi + 6 Oini

MB,i
i mt6 _ . 32
T Tl vehar M K 2

gov. CF,i _trading CF,i _money dividend,i .

To define the variables v} , Uy , Uy introduced in the main text
rigorously in our continuous-time environment, we take the formal limit of the (purely

suggestive) discrete-time expressions stated in the main text as dt — 0:%

gov. CF,i [ [ MB,i /
; vy = [E; /t é;/ﬂt, ! Tt/Kt/dt:| , (33)
- [eS) (o) .
GRS / &y BKydm)® / d (&bl By, >] , (39)
t

‘:l money dividend,i = E; / Ctﬂ]t/ t’ Vt/qt/ Kt/dt :| (35)

We furthermore define

i ov. CF,i trading CF,i money dividend,i
v} = o} oy T MY .

$The first and third definitions are relatively straightforward. For the second, note that the Riemann
sum approximation for a (Ito) stochastic integral requires the 1ntegrand to be evaluated at the left end

of each interval, while the terms in the discrete sum other than ( are evaluated at the

’7t+/dt ’7t+(]+1)dt)
right endpoint t + (j + 1)df. Correcting the timing results in an add1t1onal term that converges to an

integral with respect to the quadratic covariation of &ig}®K; and 17
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Given these definitions, we first prove Proposition 5:

Proof of Proposition 5. We begin by deriving some preliminary identities that will prove
useful in the course of the argument. First, note that by equation (32),

ﬂtni ni ;
= = =Mt
g Ky qiKy

where 17§ is the wealth share of agent i at time . Furthermore,®

(ﬂ _ efptc —e ptaonO pthIIiO 7]0
ct n tINt
t Py g i

Combining the previous two equations, we obtain for all ¢ < ¢/

&, G
B = it (36)
¢t f

In addition, by definition of {;*, we also have for all t < ¢/

L& e ]

— oy = —. (37)

q:Ke Gt qy Ky

Substituting equation (36) into equation (33) yields
gOV CFZ — tIE / g Tthtldt (38)

Dividing both sides by g:K}, and using equation (37) and the fact that [ 7idi = 1implies

[0l
t

. CF,i 4.
f U%OV ldl

=E
q: Kt !

/°° . —o(t'—t) Te Ky Tu Ky daf
t Qt’Kt’

which is the first equation in Proposition 5.

An analogous argument can be applied to derive the third equation in Proposition 5.

3The notation ¢;* is taken from Brunnermeier et al. (2024b) because this object is mathematically
identical to the weighted average SDF that appears in that paper.
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Substituting equation (36) into equation (35) yields

money dividend,i i g
Ut y == ;-]Et 19 )\tl Vt/qt/ t/dt,

t

(39)

Once again, dividing by ¢;K;, using equation (37), and integrating over i € I implies

Umoney wviaen ldl

t :IEt

1) My M M3
—p(t/—t) l9t, At’ Vt'qtl Kt’ ’
e dt
t qt/Kt/

tht = ]Et |:/t €_p(t/_t)l9{>/t)L?>/ll/tll9t/dt/ ,

which is the third equation in the proposition.

The proof of the second equation in Proposition 5 is slightly more involved because
equation (34) does not only contain d#'-integrals. Note that dii = #i(1 — ¢;)5;dZi, i.e.,
ni is a martingale that only loads on the idiosyncratic shock dZ:i. This implies that the
expectation of the first integral in equation (34) vanishes. In addition, the quadratic

covariation in the second integral in equation (34) can be written as

; F— 1 i 1 kk 1 i
<<th Ky, 71} > =d <no§t th”K?m> = & g PKd <;ﬂ7t>
t

= —nb&*qr PR (1 — 0y)%57dt,

where the first equality uses equation (36) and the third uses the fact that 7&;*q{**K;
does not load on the dZ! shock whereas 7 only loads on that shock. Using equation (36)
once more, we can therefore also write the trading value defined in equation (34) in

terms of the expectation of a dt'-integral:

trading CF,i j
Ura ing CF,i _ ;]Et

t (40)

© G s
/t Y (1 8,22 P K dt

t

From here on, the remaining steps are identical as for the previous two equations: di-
viding by g;K}, using equation (37), and integrating over i € I implies

vtrading CF,i di

t
=FE
q: Ky !

/Oo e~ Pt =) (1- ﬁt’)Zatz/Q{/VBKt/ a
t qt’Kt’

= E; [ / e P (1 — ﬂt/)zﬁtz,ﬂt/dt'] :
t
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]

Next, we verify the remaining claims we made in Section 3.2. Specifically, we show
the following:

1. Equation (25) holds, i.e.,
gPK; = / vidi.

2. Uﬁ is indeed the value of agent i’s nominal asset portfolio, i.e., for each i € I and
allt >0,
vl = fint.
For a proof of 1., let us combine equations (38), (39), and (40) derived in the course of

the previous proof:

* %

/t o (Tt/Kt/—|—(1—19t/)2(~7t2,qf/\/81<t/+l9t/>/l)\{}/‘vt/qf>/81<t/>dt’].

i_ i
Z)t_17t]Et %
t

N

.
=0

~

Using [ 7idi = 1, we conclude o; = [ vidi and then with Propositions 4 and 5

0
Qt_lit =0 = 0t = 011Ky = q{VBKt,

which implies 1.

For a proof of 2., we use that 17{\/8”' = 1i, 50
iy = 0P q K, = niqPKe = njo, = o},

where the last two equalities use the two previously derived equations.

A4 Steady State Results

Proof of Proposition 6. In any steady-state equilibrium, monetary or otherwise, d¢; = 0.
Combining this with equation (20), we obtain the equation

0= (p+i*® — (1- )% - $*2Mv) 0.
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In a monetary steady state, ¢ > 0, so this equation is satisfied if and only if
o+ M — (1 - 9)%5% — 0MAMy = 0.

Because 0 < AM, 1 — ¢ < 1, the existence of a monetary steady state implies, together
with the previous equation, the inequalities stated in the proposition in weak form.
Due to ¢ > 0, the first inequality must, in fact, hold strictly, and due to ¢ < 1 (this has
to hold in any equilibrium due to 1 = gK = (1 — ¢)q;), also the second inequality must

be strict.

Let us now assume that the inequality conditions in the proposition are satisfied.
We construct an explicit steady-state solution and show that it is unique. By Lemma 3,

in any steady state

+

1+
IMAMy = | 9My — o9 v oM\
al—19

SMB (1 9\252 Mo e [ 2
o+ (1-08)0"+ [ v —pd <a1_19

For ¢ € (0,1), the right-hand side of this equation is strictly decreasing in 9, it ap-
proaches 52 + 9Mv > p+ i as® — 0and 0 < p + jiP as & — 1. Therefore, there
is a unique solution @ to this equation. By construction, this solution satisfies equa-
tion (20) if AM and u are defined as in Lemma 3. This means, ¢ is the only possible
(monetary) steady state solution. With the help of ¢ and u, we can use Lemma 2 and
the relationships g5 = (1 —8)g, ¢"® = 0q, g™ = 0M¢*P to define all aggregates in
Definition 1 other than K;, MB;, P;, iM, i®. We can pick iM arbitrary, define i8 := A*My
and define the paths K;, MB;, P; (which are not necessarily constant in steady state) to
satisfy properties 2., 3., and 4. of Definition 1, respectively.

It is then straightforward to verify that these aggregate paths satisfy properties 2.-6.
of Definition 1 (this is mostly by construction or, in the face of market clearing, follows
from stralghtforward calculations). The final step is to construct individual choices,

i

b=, u = u, 0 =9, 0M = M, = pnl and ni as implied by the net worth
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evolution (7) (and these choices) and show that these indeed solve the agent problem.
It is sufficient to verify the conditions in Lemma 1. It is obvious that all conditions
hold here by construction, except perhaps for equation (19), so let us verify this one
explicitly.

Due to the absence of aggregate risk, the right-hand side is simply
M 1
_ A2 M, _ 252 4 gMy M
(1-9)0 +1_19A v 1_19<(1 )76 + 9 A 1/),

and the expression in parentheses is exactly the right-hand side of the equation we
have used to define ¢. The left-hand side of equation (19) is (using dgX = dq{m =0in
a steady state)

IE; drf’i — dr{VB ’i]
dt

:ua—t—i—ﬂwqw—i-l—&—<19MiM+(1—l9M)iB—yw+t—5)

- Lolrere).

and the last expression in parentheses is exactly the left-hand side of the equation we
have used to define ¢. Hence, the validity of that equation also implies condition (19)

for agent choices.

This concludes the proof that there is indeed a steady-state equilibrium and ¢ is
unique. Finally, the two equations for 8° and ¢ in the proposition are just special cases
of the equation for ¢ stated above depending on whether the (-)*-term is positive of
zero. From this observation it is also clear that @ = max{¢°, 9°}.

]

A.5 Interest Rate Policy Results

Proof of Proposition 7. The claims in 2. about the evolution of the price level fully deter-

mine a candidate process for P’ in the new equilibrium e’. This process satisfies the
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assumptions of Proposition 2. Indeed, P} = Py by assumption and

dPt’—lEt[dP{]_<dPt S, ) E(dPy] ., . _ dPy — E4[dPy]
P = 7Dt+(lf ip)dt P, + (i —ip)dt | = P,

by definition of P/. Applying Proposition 2, we can conclude that there is an equilib-
rium e’ with price level process P} and identical real allocation as in e. Hence, for this

specific e/, the assertions in 1. and 2. of Proposition 7 hold.

Furthermore, an identical real allocation implies, in particular, that

M M
19./\/1/ — qt — Qt — l9M
t M3/ M3 t -
qt qt
Proposition 2 also tells us that i’ = iM + i} — i; and iP’ = iB + i} — i;, which implies,
together with 9’ = ¢M that indeed 9M’iM’ 4- (1 — 9M")iB’ = !, so in equilibrium
e/, the target for the level of nominal rates is indeed attained, and 19{\/“ and il{\’“ are as
asserted in part 3. of Proposition 7.

The previous argument shows that there is one equilibrium e’ with the asserted
properties. Because the equilibrium given 7;, i;, Ai; is unique (see Section 3.3 and Brun-
nermeier and Merkel (2025, Proposition 8)), this is sufficient to establish the proposi-

tion. ]

Proof of Proposition 8. We first show that ¢; > 8;. To do so, consider the valuation BSDE

from Lemma 4, written in the form
E,[do;] = <p + a8 (1 - 9,)%62 — OM (8, Ay Xt)Ait> Sdt,

where M is defined by

1+1/¢ A\ e 141/
Mg iy e X v(x) — &\ ()
o (209) " (200 e

The equations stated in Lemma 3 imply that 19tM = M (04, Aiy; X;) in all states in which
Ai; > 0. While this does not need to be true in states in which Ai; = 0, then Ai;-
term in the valuation BSDE vanishes and so it does not matter that we replace 9
with @M(ﬁt,Ait;Xt). Therefore, the BSDE just stated must hold for ¢; (from the e-
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equilibrium). ¢, solves the same equation but with 1/® replaced with i/?'. Because
M = M8 it iy < jiMB in all states, 0 = ¢, > 0 implies E;[d®;] > E;[d®] in any
state. By the comparison theorem for BSDEs, we can conclude ¢; > 6.

It follows then immediately that

o MBI of - M3
PO > —i

N A
= l9t = T,

where the middle inequality follows from ¢} > ¢; > 0 and i’ < jiM < 0 (the latter

being a consequence of nonnegative taxes).

For the inequality of utilization rates, note that Ai; is the same across the two equilib-

ria and, therefore so is A. By Lemma 3, for given AM, utilization is inversely related

to l9t2
1/¢
Uy = ((1_)\{\/1)%) .

Hence, 9; > ¢; implies u} < u;. Lemma 2 then also implies /; < ;. This completes the

proof of the first part.
For the second part, 9} > ¢ implies

MBy _ MBy _1— 8 M3y 18 My

Py = = =
0 q(/)VB/K(I) l%q(/)Ko 196 KO 190 KO

where the second equality follows from the assumption of identical initial conditions
and the inequality follows from ), > ¥y by part 1. Because P, P’ are continuous
processes, the inequality extends to all sufficiently small ¢.

For the third part of the proposition, let us first consider a state in which Ai; =
Ai} > 0. Then the cash constraint (11) is binding in both e and e/, which makes 9" =
@M(ﬂt,Ait; X¢) a necessary equilibrium requirement, where OM is as defined above.

Because ¢, > 0 and 9™ is decreasing in &, it must be that
19{\/“ = @M( ;, Ait; Xt) < l@M (19,5, Ait; Xt) = 19}/\/1
This also implies for the reserve rate

M =il — (1= 9MAL =iy — (1 — M)Al + 1) — iy
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<ip—(1=Nig+ i —iy = iM + il — i

The previous two inequalities are the two inequalities asserted in part 3. of the propo-
sition for a state in which Ai; > 0.

For the remaining case, suppose that Ai; = Ai, = 0. In this case, M = i; and

iM’ = i}, which immediately implies the asserted equality. O

Proof of Lemma 6. Standard martingale asset pricing arguments imply that for any agent

i € I marginal in the bond market (all i, in equilibrium)

IEf[dTF] _ _Ef[dgi] _gld<af/r§> _ ( + (;t 1/P)dt’
t

E;[dg}]
. Gudt .
free rate, and ¢} is the negative of the geometric aggregate risk loading of ¢} (the “price

where ¢ = e’PtZ—? is the SDF process of agent i, 7} := — is the shadow real risk-
t

of risk”) as in the proof of Lemma 1.

Substituting in E;[drB]/dt = iB + ul’? from equation (10), using u}/” = —uP +

( tl/ P2 = —m + (0; 1 P2, and solving for expected inflation yields

= ib — rt+ ol /P <0}/P—g§;>.

The asserted equation follows from the following three equations, which we proof sep-

arately:
ZF = iM + Ajy (41)
_ (1 ~ Av—if) astty — 7 —ﬁz% —(1—98)52 -6 (42)
ol/P (Otl/P — g’t) = 1(0_15—19); (43)

¢ Equation (41):

B

This follows directly from the definition of Ai; = i M

£
¢ Equation (42):

The SDF can be written in the form ¢i = Coe Pt I}t qlt i . Applying Ito’s lemma and

using that - ? is a constant, e_ptKlt is locally deterministic, % = 1 — 9 loads only
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on the aggregate shock dZ;, and % loads only on the idiosyncratic shock dZi, we
t

obtain
dj g dKe_ d8 _ dy doy)
‘ Ke  1=9 n  (p)?
— (p +uy—5—(1— z9t)2(7;2> dt — dﬁ; —(1—0)5dZL.
— Ut
Therefore,
_ _]Et[dgt] _ s B ) Et[dﬁt]
rr = £t =p+ Ui 0 (1 l9t) U't—|—(1_l9t)dt.

Substituting in ¢ from Lemma 2 and E;[dd] from Lemma 4 (equation (20)) yields

(1 — 19t)atuf —p (p + ﬁ{VB o (1 - 191‘)25—152 o 191{\/{)\{\41/0 l9t

T’t:p—f- 1_19t —(5—(1—19t)2(7't2+ 1_19t
_ 19tM/\tMth9t Flfwﬂt ~2 2~2
= aiUuy — 1_—1% 1_ 19t — [(1 — 19t)l9t0't + (1 — ﬂt) on :|l—(5
—_—— —— ~~
=AMaus by Lemma 3 :,% by (4) =(1-0;)57

¢ Equation (43):

M3
1/P; = qj\/BIff = %q; /\Ifttst' By Ito’s lemma, and because % is locally determinis-
tic,

1/P _ 0 4
o' =07 +0.

Furthermore, ¢ = o/ (by Ito’s lemma and multiplicative decomposition of ¢!

stated above), so
ot/ (o7 —¢i) = (of +f) oF.

¢
Finally, q; = 1%& (Lemma 2), so 0] = ft_glgt. Combining this with the previous

equation yields equation (43).
O]

Proof of Proposition 9. We use a similar argument as in the proof of Proposition 8 to show
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that 9 > ;. We can write the valuation BSDE from Lemma 4 in the form

E;[dd;] = ((p — (1 —0)%57 — Wmt) Odt — ft) dt.

(. J/

=:f (0, 0M Ay, Xy)

Furthermore, define
gi(8) = f(8, 8" Nir, Xy),  g'(8) = f(9, 8" Aif, Xy).

f is strictly decreasing in its second argument for any positive first argument 9. Be-
cause, by assumption, 19{\/“ Aiy > 19tM Ai; in all states, we obtain g;(9) < g¢(¢) in all
states and for all & € (0,1). By using the BSDE comparison theorem to compare the
BSDEs E;[d¢;] = g:(9:)dt and E;[dd}] = g:(9;)dt, we can conclude that the solution to

the former, namely ¢; must be strictly below the solution to the latter, 8;.

Having established ¢; > 9;, the inequalities for the utilization and investment rate

follow easily. For the utilization rate, by Lemma 3 and due to AM’ > AM,

up = <(1 — )\{W)—(l _pl%)at> " < ((1 — A{W)-(l _pﬂt)ﬂt) v = uy.

1p < 1 follows then from Lemma 2. This concludes the proof of the first part.

The proof of part 2. is identical to the proof of part 2. of Proposition 8 and therefore
omitted here.

Finally, regarding implementation, the cash constraint (11) must be binding in equi-
librium e’ throughout (because Ai, > Ai; > 0), so u} = u°(8,, 9M’; X;) for u¢ as defined
in Lemma 3. The binding constraint and the previously derived inequalities imply

191{\/1, _ afuil—/ﬂi < atutl —l9t < atuc(ﬁt,ﬁ{w;xlg) 1—19t _ 191{\/1
v O v vt O

Because i; = i, we then obtain for the reserve rates

iM =il — (1= 9MALL < iy — (1 — M)Ay = iM.
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Proof of Proposition 10. Equilibrium utilization is given by (compare Lemma 3)

Uy = ((1 — A?A)W)l/@.

By assumption, both policies lead to the same 9, but policy (2) features a larger interest
rate spread Ai; and therefore a larger liquidity Lagrange multiplier A than policy (1).
Therefore, u; under policy (1) must be strictly larger than under policy (2) throughout.

Next, the equilibrium investment rate i; is related to ¢; and u; by (compare Lemma 2)

(1 — ﬂt)afut —pP
1— 9 ’

Ly =

which is strictly increasing in u;. Hence, also the investment rate 1 is larger under
policy (1) than under policy (2), which implies a higher capital growth rate dK;/ (K;dt)
under policy (1).

Total output at time £ is
Yt = atuth.

Because we have already established that both utilization u; and capital K; are larger
under policy (1), output must be larger as well. O

A.6 Optimal Policy Results

Proof of Proposition 11. We first compute the expected utility Vi of an individual agent.
To do so, let us first justify the following mathematical result: for any Ito process X;
satisfying dX;/X; = uXdt + oXdZ; + 5XdZ,

/Ooo e Pt <P‘tX — % ((73()2 — %(@X)z) dt] :

To show this, apply Ito’s lemma to log X;, which implies

E, [ / e~ log Xtdt] — Liog %0 + L,
0 Y P

1 1 -
dlog X; = (;@‘ — E(atX)Z — E(aﬁ‘f) dt + ¢Xdz; + ¢XdZ.
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Writing this in integral form and taking expectations,

t 1 1 t t 5
Eg[log X;] = 1ogxo+/0 Eg <y§< - E(o—SX)Z - 5(&5)2) ds + By UO a}dzs] + Eg UO aSXdZS] .

Hence,
Eo {/ e ptlogXtdt} / e K [log X;] ds
0

—/ epslogXods+/ ePS/IEO( t)z—%(at))dtds

= ElogXo +/ / e P*dskEg (Plt - 1(‘73{)2 - %(@){)2) dt
1 1 o 1 1, .
— (—)logXo + {_)IEO (/0 e Pt <ﬂ§( — E(Utx)z _ E(U'tx)z> dt) .

We now use logci = log (a;u; — 1) + log K¢ + log 77, where i = ni/(q:K¢) is the
wealth share of household i. Applying the previous result for both X; = K; and X; = 7!
and using that K; has zero risk terms whereas 7! has zero drift and aggregate risk, we
obtain for individual expected utility

' oo e
V5 = Eg /0 e P! logclt—lt_i_qo dt

loo K 1 i o0 K ~7,i\2 1+¢
_ og Ko + log 1, +Eq / o Pt (log (aus — 1) + “I/l?t _ (0} ) W dt
0

0

Next, plug in a;us — 1y = pgy :pl%ﬂt, uk =14 —0 = (17@# — 9,0, i = (1—0)0;

and rearrange,

log Ko+ log 7y +1logp 6
P S

o 1 1 (1 — l9t)at1/lt —pP (1 — l9t)25'2 M1+q)
ot - _ t "t
+1E0[/0 e (log(l_ﬂt>+p — 5 g )

Vi =
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_ logKo + log i + log p 5
r 0

® _ 1 1 (1 —&)%0?
pt - - f
+ Eg /0 e (log(l_ﬂt) - 20 dt

) 1+¢
_ arUy u
ey | [ (1)
1o P 1te

log Ko + log 11 +1 J ®
_ logKo + Of = ng‘pzﬂzo [/0 e ! (Wﬂ,t<t9t>+Wu»<”f))dt]'

::VO(O)’i

The term VO(O)’i captures initial conditions which are independent of control variables by
the assumption of no redistribution of initial wealth. This term is therefore irrelevant to

0),i -
)llS

welfare assessments for such policy control variables. The remaining term, Vi — VO(
identical for all households and corresponds to the objective stated in the proposition.
Hence, so long as the social welfare function is strictly increasing in individual welfare,
maximizing the welfare function is equivalent to maximizing the objective stated in the

proposition.

Now consider a constrained planner who can directly control u; and ¢; but has to re-
spect the competitive equilibrium relationships implicit in the functions Wy ; and W, ;.
This planner finds it optimal to choose u; and ¢; each period in a way that maximizes
Wit (1) and Wy 1(9;), respectively.

Maximizing W, (u;) (which is strictly concave for ¢ > 0) leads to the first-order

condition:
a a Y
0=W,(us) = ;t —ul o u = (—t) =: u®(ay).

Evidently, u®* is a strictly increasing function.

Maximizing Wy ;(9:) (which is strictly quasiconcave for ¢; € [0,1)) leads to the

first-order condition

1 1 (1 — )57
e R (A

& 0=(1-%)’+p(1-0%)—p

The right-hand side of the last equation is a third-order polynomial in 1 — ¢;, which
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means the equation has, in principle, up to three real solutions. However, because all
coefficients on terms of positive order are positive and the coefficient on the zero order
term is negative, well-known results on polynomial roots imply that there is a unique
positive solution 1 — 9;* > 0. It is easy to see that this solution must also satisfy 9;* > 0.
Finally, observe that #* is a function of &; only, ¢{* = 0*(7¢), and a straightforward
application of the implicit function theorem yields ¢**' > 0. O

Proof of Lemma 7. By Lemma 3, the utilization rate in the competitive equilibrium is

= ((1 ) pﬂt)at)”@

and comparing this with the expression for u{* derived in the proof of Proposition 11

yields
1/¢
Uy = {(1 — )\{Vl> (1- ﬁt)l ug”.

The expression in square brackets is smaller than 1 unless & = AM = 0. Due to
Lemma 3, ¢; = A{Vl = 0 is not possible in any equilibrium: if ¢; = 0, then u; <
u‘(0, 19{”, X¢) = 0 and hence /\{Vl =1. O

Proof of Proposition 12. We first prove the claim that the three equations have unique

solutions:

¢ Equation (28):
First, an explicit calculation shows that Wj , is a strictly decreasing function:
1 1 (1—9)o? o (1—19)5?

/ _ _ —_ —
B ) A B (A"

This implies that the first term on the right-hand side of equation (28) is strictly
decreasing in ¢;. For ¢ > 1, also the second term is strictly decreasing in d;.
Therefore, there can be at most one solution to the equation. Furthermore, the
% > 0as ¥, — 0and

P
Wy (8F) — —o0 < 0as ¢y — 1. Similarly, the second term on the right-hand side

above representation for Wy, shows that Wy ,(d;) —

of equation (28) is nonpositive and vanishes for 9; = 0. By continuity, there must
be at least one solution 8} € [0, 95*] C [0,1).
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¢ Equation (29):
Using the explicit expression for W1/9,t (9) computed above, we can write the right-
hand side of equation (29) in the form

—% —x% 4
(1-19,)5? N 1 vt <vt)1+(” 8, 3
Y (1—19,)2 Y at 1-9,
w* N———
decreasingin &y positive and increasing in 8, ~~ 4

. . k%
decreasing in ¢;

While this expression is not globally decreasing in d;, it is so whenever the third
term is negative. As this is the only relevant region in which there can be a so-
lution, it follows that there is at most one solution. For existence, note that the
right-hand side of the equation is nonnegative for 0, < 9" and it approaches —oco
as 5? — 1, so by continuity, there must be a solution 1_9;k € [9¢%,1).

¢ Equation (30):
The left-hand side of this equation is continuous and strictly increasing in ¢; and
varies from 0 to a strictly positive number as &; varies from 0 to 1. The right-
hand side is continuous and strictly decreasing and varies from a strictly positive
number to 0 as d; varies from 0 to 1. Therefore, there must be a unique solution in
(0,1).

For the claims about optimality of ¢}, note that by Proposition 11, Corollary 3, and
Lemma 3, 9] € [0,1) must maximize the function

& — W1 (9) + Wiy (mm{uow; Xy), uc (9, 1,-xt)})

state by state. Because this objective function is continuous, a maximizer 9; must exist
in the compact interval [0, 1] but we can exclude the boundary case 9 = 1 from the
outset because Wy ;(¢) - —o0as ¢ — 1.

Furthermore, this objective function is also continuously differentiable, except pos-
sibly at & = & where both arguments of the minimum operator are equal. Let us

therefore distinguish three cases, for any given state and date:

1. ﬂf € [0,1%):
Then min{u%(8; X;), u°(9,1; X;)} = u°(8,1; X;) for ¢ ~ 9}, and therefore ¥} > 0
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must satisfy the first-order condition
0 > Wi, (67) + Wiy (u(8,1:X1)) u (6, 1; X,)

and with equality if 9; > 0. The right-hand side of this condition is the same as
the one in equation (29) (so long as © < 9, so that the argument of the (-)*-term
in (29) is always positive). Observe that this expression is positive for ¢ = 0, so
¢} = 0Ois, in fact, impossible and it must be that the first-order condition holds
with equality. But then by uniqueness of the solution to equation (29), ¢; = ;.
Because 9 > ¥ = ﬁf, it is then also the case that

8¢ = min{max{d;, 8;},9, }.

. 19? € (l@t,l)Z
Then min{u%(&; X;), uc(8,1; X;)} = u%(8; X;) for ¢ =~ 9}, and therefore ¥} must
satisfy the first-order condition

0 = Wh(87) + Wi (10(8; Xe) ) (875 X1).

Comparing this with equation (28), we conclude ¢; = 9;. Because & < ¢} = ¢}
and ¢} < 7 < 1_9: , it is then also the case that

9F = min{max{d, 8;},9,}.

LU =0

For any ¢ < ¢}, the constraint is binding and so the objective is locally the same
as in case 1. As this objective is maximized at ¢ = 0;, it must be that 9; > 8.
Otherwise, the objective would be strictly larger at 0, than at ¢/, in contradiction
to the assumption that ¢} is optimal.

Similarly, for any ¢ > 9}, the constraint is binding and so the objective is locally
the same as in case 2. As this objective is maximized at ¢ = ¢;, it must be that
97 < ;. Otherwise, the objective would be strictly larger at ¢} than at 97, in

contradiction to the assumption that 9} is optimal.
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Taken together, the previous two arguments imply
9 <8 <3,

hence
8¢ = 0 = min{max{d;, 9;},9; }.

Because in all cases we end up with the same formula for ¢, the optimal ¢-choice must

be unique. In addition, case 1. proves the claim ¢; > 0.

Let us briefly comment on the additional statements in the proposition, which di-

rectly follow from the previous arguments in the proof:
1. If 9; = 9 > 0, we are in case 2. above. As observed there,
uf = min{u®(8}; X), u(8;,1; X,) } = u®(8}; Xe),
so AM = 0 by Lemma 3, so the Friedman rule is optimal.

0y = 0f < 9{* has already been shown above.

2. Iftof = d:, we are in case 3. above. Also there
uf = min{u®(87; Xy), u¢ (07,1, X¢)} = u®(85; X;),

so AM = 0 by Lemma 3, so the Friedman rule is optimal.

For the claim that &7 = d; can be on either side of 9, note that the latter only
depends on &, whereas the former depends on a; and v;. By inspecting equa-
tion (30), it is clear that, for any given &y, a;, and € > 0, it is always possible to
choose v; such that & = 9¢* 4 . By making ¢ small enough and a; large enough,
we can also ensure that §; € [Q;‘,@f], so that ¢} = 8. There exist therefore param-
eters that generate either of the sub-cases 9} = 9; < 9{* and ¢; = O; > "

3. If 9 = 1_9: < @t, we are in case 1. above. Then
uy = min{uo(ﬁf;Xt),uc(ﬂf,l;Xt)} =u(9};Xy) < uo(ﬁ;‘;Xt),

so AM > 0 by Lemma 3, which implies a positive liquidity premium Ai; =
A{M vt > 0. The Friedman rule is not optimal.
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0f = o > 97" has already been shown above.

B Model Variants and Extensions

B.1 Model with Long-term Bonds

B.1.1 Setup

We briefly restate the setup and definition of notation outlined in the main text. The
government bond stock consists of zero coupon bonds of arbitrary duration A > 0. We
assume that the government uses the whole continuum of available bonds in a way that
the promised payment at any given date is a dt-flow.>” X;(A) denotes the face value of
zero coupon bonds outstanding at time ¢ with time to maturity A. The nominal price of

such a bond is

/
Phe) = E |05

where (; is any real SDF that prices aggregate claims (this is a restatement of equa-
tion (21) from the main text). The total nominal value of outstanding government bonds

at time £ is

By = /0 T PE(A)X(A)dA

and the flow budget constraint of the government is

dB, _/0 Xi(A) (dPF(A) — PF’(A)dt) dA +dM; = iMM,dt — PinKdt.  (44)

Ve
new debt issuance

This equation replaces equation (3) from the baseline model. Like in the baseline model,
we denote by MB; := M; + B; the nominal market value of government liabilities, and
use the notation g}?K; := p.- for their real value.

The remaining model setup is as in Section 2.1 with the difference that the return on
money and bonds are not given by equations (9) and (10). Compared to equation (9),

3 Everything could be generalized beyond this case but this requires heavier notation as then X;(A)
would really be a measure over [0, o) instead of a density of promised repayments.
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the return on money differs only slightly:

d(1/P)

d(q{PK:/ MBy)
1/P; .

q{VBKt/./\/Bt

drM = iMdt + = iMdt + (45)
Here, we cannot remove the MB;-portion on the right-hand side from the stochastic
differential term and replace it with a drift as in equation (9) because M3; may have
nonzero volatility loading due to price variation in its Bi-component. The return on

bonds is even more involved and now given by

IREA0N (—“’f’j%}/ P _pp ’(A)dt> dA

B __
dry’ = [ X(A)PE(A)dA ' (46)

We note that this is a real rate of return because of the presence of the inverse price
level 1/7P; in the term %ﬁ/ﬂ)' If Py is locally deterministic, the presence of 1/7P is
equivalent to subtracting the inflation rate from the nominal return. More generally, it
adds covariance terms between changes in nominal bond prices and the price level.

The decision problem of agent i € I is to choose consumption cf, investment ¢, cap-
ital utilization u}, and portfolio weights 6:, Gf\/l’i to maximize utility V subject to the net
worth evolution (7), the return expressions (8), (45), and (46), the cash constraint (11),
and a solvency constraint n’t' > 0. Note that even the second line in equation (8) for the
return on capital remains valid here because we have defined the notation ji/'? as the

negative of the ratio of taxes to government liabilities, i.e., ji;> = —qLAﬁg.
t

The market clearing conditions remain the same as in the baseline model, i.e., equa-
tion (12) for the goods market, equation (14) for the market of government liabilities,
and equation (14) for the money market.*®

In analogy to Definition 1, we define an equilibrium in the extended model as fol-

lows:

Definition 2. Given an exogenous process X;, functions as in (5), initial stocks of capital,
money, and government bonds, Ky, Mo, {Xo(A)}a>0, and an initial cross-sectional wealth

3By pricing individual bonds according to equation (21), we ensure that agents are indifferent be-
tween all bond maturities and do not need to impose bond market clearing for each individual A sep-
arately. Equivalently, but at the expense of more notation, we could have not imposed these equations
and instead added a continuum of separate portfolio weights 87 (A) for each A-bond in the household
problem as well as a continuum of market clearing conditions for them. We would then recover the
pricing equation (21) in equilibrium.
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distribution {n}},cy satisfying i nidi =1,a competitive equilibrium consists of aggregate
(Ito) stochastic processes Ki, MB;, Py, gM, g8, gk, itB, iM, { X (A) Y as0, {PE(A)} a0

adapted to F; and, for each i € 1, individual (Ito) stochastic processes ci, ii, u, 6, 64,

adapted to F', such that

ny

M,i
Gt

1. For each agenti € 1, ci, Lﬁ, ui, 9%, solve i's optimization problem for initial wealth

nf) = né(qg)( + qéVB VKo and ni is as implied by the net worth evolution (7).

2. Ky satisfies the aggregate capital evolution

dK; = ( / dkidi — 51<t> dt
I

with the given initial condition K.

3. MB; satisfies the evolution

X:(0)
MB;

d/\/Bt—< +5t—M3it +

t

)/\/BtdtJr / Xe(A)(dPE(A) — PE/(A)dt)dA

with the initial condition

MBy = Mo + /0 PB(A) Xo(A)dA.

4. qBK; is the real value of government liabilities: for all t,

AB MB;
Ky = .
qt £ Pt
5. Bond prices PF satisfy®
i
PB(A) = E, e*pALCZ%
Prraciya

forallt,A > 0and somei € IL.

6. All asset values and nominal bond quantities are nonnegative, g, g% := g8 — gM, gk >
0 for all t and X;(A) > 0 for all t and all A.

3This is essentially equation (21) with & = e~*!/ci. All agents agree in any equilibrium on the valua-
tion of aggregate cash flows, so the identity i of the agent pricing the bond does not matter.
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7. All markets clear: for all t, equations (12), (13), and (14) hold.

B.1.2 Auxiliary Results

In this section, we prove several technical auxiliary results that will be helpful in

proving Lemma 5 and Proposition 3 stated in the main text.

Useful Lemmas.

Lemma 8. In a Definition 2 equilibrium (long-term bond model),

B Jo” Xi(n) (dPF(A) - PF’(A)dt> dA L d/P) | d(MBL1/PY)
" B 1/ P Bi/Pr
Proof. Because of By = [;~ X;(A)PP(A)dA, the asserted equation follows immediately

from equation (46) if we can show that

d(1/Py) | d(MB,1/P)
1/7313 1/73t

(o] d B 0
/0 X:(A) (Pt1(/§>)t/ Pt) ga = /0 X:(A)dPB(A)dA + By -

For the proof of equation (47), start with Ito’s product rule applies to PB(A)/ P;:

d(PE(A)/PY) _ o5 B d(1/P) | d(PE(A),1/Pr)
1/P; = dP(8) +Pr(8) P 1/P; '
Integrating over all A yields
> d(PF(A)/Pr)
/OXt(A) o
e 3 5, d(1/Py) d(PE(A),1/P;)
_ /0 <Xt(A)d7?t (8) + X A)PF(8) = 75 4+ () =T da
B 5 d(1/P) [ d(PF(A),1/Pr)
_/0 X (8)dPF (8)d0 + B +/O () S0,

To complete the proof of equation (47), we therefore have to show that

/O T X(A)A(PE(A),1/P)dA = d(MB, 1/Py).

87



This can be seen as follows. Define A; by
dA; = dMB; — / X:(A)dPB(A)dA
0

for arbitrary initial condition Ag. By the government budget constraint (44), A; is a

finite variation process, so
0= (4,1/Py) = (MBy, 1/Py) = [ 2(8)d (PF(2),1/Pr) db.

]

Lemma 9. If bond prices {PE(A)}a>o satisfy property 5. in Definition 2 for agent i € T and
if = —PP'(0), then

dPE(A) — PP/ (A)dt = <iF +ol” BW) PB(A)dt + PE(A)eT Mdz,.
Proof. For fixed T > t, define
PE(T) == PP(T ~1).
Taking the time differential in the definition of PZ(T) yields for A := T — ¢
dPB(T) = dPEB(A) — PP/ (A)dt. (48)
We first determine dP2(T).
By assumption, the bond pricing equation holds for agent i, i.e.,

i
o PA Picy ]

PE(A) = E; ;
PHACZHA

forall A > 0. With T := t + A, we can write this equivalently as

e PT 1. )
’PTCIT

s

PP(T) = E

efp(Tft)P;C% — eptptci . IEt
PTCIT !

—:M,(T)
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Applying Ito to both sides of this equation and comparing volatility loadings yields

B DB i
O'tp (T)—at +(Tt():>(7t]\4(T):c7tp (T)—UZDC.

Next, compare the drift terms and note that, for any fixed T, M;(T) is a martingale.
Therefore,

PB(T i i M(T
w0 = o4 ufe 4 oPe M

i i pB i
— o+ o (o - o)
=p+uf = ( Z’C) +oPdel M
i pB(T—1)

=p+ufc—(af’c) +or e

where the last line follows from equation (48) above. Hence, using again equation (48),
dPP(8) - PP(A)dt = <p 4l - (aZ’C> +oPeal >) PE(a)dt+PE(A)e] Mdz.

This holds for all A, including A = 0. But because of P?(0) = 1 and P5’(0) = —i5, in

this specific case the equation simplifies to

i i\ 2
iBdt = (p+yZ’C -~ (aZ’C) ) dt.
Substituting this into the previous equation implies, for all A,
i B
dPP () - PP'(A)dt = <iF+aZ’C of (A)) PE(A)dt + PE(A)oT Mdz,.

]

Lemma 10. Suppose that bond prices { PB(A)} p>0 satisfy property 5. in Definition 2 for agent
i € 1,iB = —PB'(0), and the government budget constraint (44) holds. Then

5 o d(1/P;)
arB = (iB 4 LML gy DMLy ,

where o\ s is the arithmetic volatility loading of MB;.
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d{MB,1/Py)

P
Proof. By definition of oagt, =g /5 = — %“tw'tdt. Substituting this into the equa-

tion from Lemma 8 yields

2 2(a) (dPF (A) — PF'(A)dt) dA — cPorsdt  4(1/p,)

B __
dry’ = B; 1/ Py

The asserted equation follows if we can show that

/0 X (A) (dPF (A) — PP ’(A)dt) dA — P o dt = (z'FBt + O’tc’iO'/\/B,t> dt + o dZ;.
(49)

For a proof of equation (49), start from the equation in Lemma 9 and take the X;(A)-
weighted integral over all A € [0, ):

dA; = /O " X(A)(APE(A) — PE(A)dt)dA

(i? /O X:(A)PB(A)dA +oP° /0 X:(A)PE(A)eT B(A)dA)dt
) ;lrgt ’ ) =0At

+ /Ooo () PB(8)eT Mda dz,.

-~

'UA,t

By the government budget constraint,

dA; = dMB; + dt-terms

and therefore 04 ; = oo Hence,

dAt = (Z?Bt + U'z)CiU'j\/B’t) dt + U'/\/B’tdZt

= (itBBt + O'f'iO'/\/B,t) dt +oprgdZs + O'ZD(T/\/B,tdt,

which implies equation (49).
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Lemma 11. In a Definition 2 equilibrium (long-term bond model), if agent i € 1 chooses opti-
mal consumption ¢t = pni and if bond prices {PE(A)} a0 satisfy property 5. in Definition 2
for that agent i, then equation (18) holds for that agent i.

Proof. The proof uses a stochastic maximum principle approach as in the proof of Lemma 1.
The Hamiltonian is

,]Et [di’z/\/l] . ]Et [di’?}
' i ini | gM, M,
Hi = gmiel | 61V (1 g —
— Giginio; (9?“ (=oF) + (-6 (—o—Z’ + ”;f)) :
t
where “---” captures portions that are not dependent on GtM'i (these are identical to

the ones in the proof of Lemma 1, but this is not important here). Here, we have used
equation (45) to recover the risk loading of the return on money and Lemma 10 to
recover the risk loading of the return on bonds. Lemma 10 is applicable because all

assumptions of that lemma are satisfied in a Definition 2 equilibrium.

Again, OtM’i maximizes H! subject to the constraint (11), and we denote by A{Vl’iﬁni
the Lagrange multiplier on that constraint, just like in Lemma 1. The first-order condi-
tion is

E: |drf — 1]
dt G
By Lemma 10, and the fact that the formula holds for this agent i,

E; [dr? — dr{\/l}
dt

c,i
B !

=P+

Now, in full analogy to the proof of Lemma 1, ¢; = ¢/"' = ¢ (where the last equa-
tion follows from ¢; = pn!, which holds by assumption for agent 7). Combining these
equations yields

B M = M

as claimed.
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Real Equilibrium in Baseline Model. Our ultimate goal in proving Proposition 3 is
to construct a mapping between equilibria of the long-term bond model according to
Definition 2 and equilibria of the baseline model according to Definition 2 that preserve
the real allocation and nominal rates. To prepare this construction, we first define and
characterize real allocations in the baseline model by introducing the following auxil-

iary construct of a “real equilibrium”.

Definition 3 (Real Equilibrium). Given an exogenous process X;, functions as in (5), an
initial stock of capital, Ko, and an initial cross-sectional wealth distribution {n}}cy satisfying
i nidi = 1, a real equilibrium consists of aggregate (Ito) stochastic processes K, g™, q®,
qf, ﬁ{\’B adapted to Fy and, for each i € 1, individual (Ito) stochastic processes ci, Lf;, ui, 0%,
GtM'i, ni adapted to F!, with the property that there are processes MBy, Py, i, and iP, adapted
to Fi, such that the collection

M M3 K - : B i i i opni pM,i i
{Kt/-/\/Bt/Pt/qt /qt /qt/,u.tA/B/l.t/\/l/Zt/{Cirlltrult/ ;‘let lln;}iG]I}tZO

is a competitive equilibrium according to Definition 1 for initial conditions Ko, MBy, and
{no}ier-

A real equilibrium is called symmetric, if ci / ni, ti, ui, 9;', and G;M’i do not depend on i.

We seek to characterize symmetric real equilibria in a way that makes sense both in
the baseline and in the long-term bond model. To do so, let us consider the following

auxiliary decision problem for agent i € I. The net worth evolution is
dnl = —cldt 4 n! <9§dr{\/6 + (1 —6)dri (4, ui)) , (50)
in place of equation (7), where the return on nominal assets is given by

d(q{PK;) '

q{PK;

dr® = —MBdr + (51)

Furthermore, there is no choice of the money portfolio weight 9?4’{, which is fixed in-
stead at an exogenous value 9! € [0, 1]. The cash constraint (11) is therefore replaced

with _
i

qx

In sum, the auxiliary decision problem given a process #{"! is to choose consumption c},

(1—6}) < v oM. (52)
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investment ¢}, capital utilization u!, and a portfolio weight 8! to maximize V{ subject to
the net worth evolution (50), the return expressions (8) and (51), the cash constraint (52),
and a solvency constraint nf; > 0.

We note that the constraints in the auxiliary decision problem only contain exoge-
nous processes and aggregate endogenous variables that are part of a real equilib-

rium. 40

Lemma 12 (Characterization of Real Equilibria). Let
er = {Ki, g, %, 1", {ci, i, ut, 0,61 miYien} o
be a collection of Ito processes adapted to F; or F! (for i-dependent variables).

1. ey is a symmetric real equilibrium, if and only if the following are true:

(a) foralli € 1, ¢, ii, ul, 01 solve i’s auxiliary optimization problem for exogenous
oM = gM /g and initial wealth ni) = 1} (qX + q3®) Ko, and nl is as implied
by the net worth evolution (7);

(b) foralli € Land t, ci/n’t', Li, ui, Gﬁ, and HtM’i do not depend on i and GtM’i = 19tM;

(c) properties 2., 5., and 6. of Definition 1 hold.

2. If the properties in 1. are true and i/ is an arbitrary Ito process, then e, can be extended
to a symmetric Definition 1 equilibrium e with nominal money rate process i;"!.
Proof. We first show the “only if” direction in the first claim. Because a real equilib-
rium can be extended to a competitive equilibrium according to Definition 1 by adding
nominal variables, any property of Definition 1 that only involves real variables must
hold for a real equilibrium. This applies, in particular, for properties 2., 5., and 6. of
Definition 1. The characterization of equilibrium in the main text shows further that, in
any (symmetric) competitive equilibrium, ci/ni, i, ui, 61, and GtM’i do not depend on i
and that GtM’i = 19{\4 = q{\’l / q{VB by money market clearing (equation (14)). Hence, we
only need to show the first property, that the auxiliary decision problem is solved. To
do so, let us note that, conditional on the optimal equilibrium choice HtM’i = oM, the

“0This is not true for the original decision problem of an agent in the model because the returns dr
and dr? on money and bonds individually depend directly on nominal variables. This is the main reason

why we have removed the GtM'i-Choice and instead taken 9! exogenously given.
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cash constraint (11) in the original agent problem is equivalent to the constraint (52) in
the auxiliary problem and the net worth evolution (7) in the original problem is also
equivalent to the one in the auxiliary problem, equation (50), provided we can show
that, in equilibrium, dr}*® takes the form (51) from the auxiliary problem. Joint opti-
mality of all choices, as in the original problem, implies optimality of a subset of these
choices, conditional on all other choices being held fixed at the optimum, so that we

can conclude that also the auxiliary problem must be solved.

It is therefore left to show that, indeed, dr/'® takes the form (51) in any Definition 1

equilibrium. By combining equations (9) and (10), we obtain

dr'® = oMdrM + (1 - 0M)drP

. . d(q{PK
- (ﬁthtM +(1—0)if — thS’) dt + %
v t

=—iB by (4)

i.e., equation (51) holds. This concludes the proof of the “only if” direction.

Let us next prove the “if” direction in the first claim. We construct an explicit ex-

tension by nominal variables i{\’t, itB, MB;, Py to obtain a competitive equilibrium ac-

cording to Definition 1 for an arbitrary given i (Ito) process adapted to F;. We next

construct i® such that ci, i, ui, 61, 61/

solve the original decision problem of agent
i € I from property 1. in Definition 1. To do so, pick a fixed i € I and note that,
by assumption (a), ¢}, i, ui, 6! solve the auxiliary decision problem. As this decision
problem is just the original decision problem with the OtM’i-choice held fixed at 9, the
tirst-order conditions (15), (16), (17), (19), and the complementary slackness condition
for Afw’i hold here, too (the derivation is the same as in the proof of Lemma 1). In par-
ticular, equation (17) allows us to recover Af\/l’i from variables in e,. By assumption (b),
all i-dependent variables in that equation other than A{Vl’i are in fact independent of
i, so that also /\{Vl’i = AM cannot depend on the identity of the agent. Given such a
i-independent value for A, there is then precisely one way to choose i? to make it
consistent with the equation (18), which is the GtM’i—FOC in Lemma 1, for all agents
i € I, namely
iB = iM 4 AMy,,

With this definition, the choice GtM’i = oM for all i € T is optimal, so that not just the

auxiliary decision problem but also the original decision problem is solved for all i. This
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implies that our equilibrium candidate satisfies property 1. of Definition 1 irrespective
of our choice for the remaining variables MB; and P;. By assumption (c), it also satisfies
properties 2., 5., and 6.

We now construct the remaining variables MB3; and P; so that the remaining prop-
erties 3. and 4. are automatically satisfied. For MB;, we pick an arbitrary initial con-
dition MBjy > 0 and note that, given this initial condition and the already constructed
processes, the equation in property 3. of Definition 1 is a linear forward stochastic dif-

ferential equation that has a (unique) solution process M5;.

Finally, we define P; := q;\\fgét , which ensures that also property 4. is satisfied. This
concludes the construction of the extension of e, to a Definition 1 equilibrium. Because
the specific extension constructed here is always symmetric and works for an arbitrarily
given nominal money rate process, we have also established the second claim in the

lemma. O]

It turns out, the construction in part 2. of the previous lemma is also unique, pro-

vided we fix the initial condition M3 for nominal assets:

Lemma 13. For any pair (e,,iM) consisting of a symmetric real equilibrium according to
Definition 3 and an (Ito) stochastic process i{! adapted to F; and any initial condition MBy for
nominal assets, there is a unique symmetric equilibrium e according to Definition 1 with real
initial conditions as in e, and nominal asset initial condition MB such that (i) all variables in
e, are the same as their counterparts in e and (ii) i equals the i™-process in e.

Proof. Existence of e follows from Lemma 12. For uniqueness, we only need to prove
uniqueness of the three processes i? , MB;, and P, as all other processes in e are already
uniquely defined by the given pair (e, i) and conditions (i) and (ii). Uniqueness
of iF follows from the fact that, by Lemmas 1 and 3, the spread i{” — i{\/l is uniquely
determined by the real allocation. Uniqueness of M3, follows then from property 3. of
the equilibrium definition 1. Finally, uniqueness of P; follows from property 4. of the

equilibrium definition. ]

Real Equilibrium in Long-term Bond Model. We conclude this section of auxiliary
results by showing that also equilibria of the long-term bond model can be mapped
into real equilibria as defined previously:
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Lemma 14. Let
e = {K, MB:, Py, g, g, gk, 18, iM, {2 (D), PE(B) Y aso, {cl, b, ul, 05,0 1l }icx }iso

be a symmetric Definition 2 equilibrium (competitive equilibrium in the long-term bond model).
Then

. M M K M3 g i i i pi pM,i i
e = {Ky,q: ", q: ", qr, il /{Clt/llt/”ltfezlfret lrni}ieﬂ}tzo

is a symmetric real equilibrium.

Proof. We show that e, satisfies the three properties in Lemma 12. We start with the
easy part: properties 2., 6., and 7. in Definition 2 are formally identical to properties 2.,
5., and 6. in Definition 1, and they only depend on variables contained in e,. Hence, e,
satisfies property (c) in Lemma 12. Property (b) is also satisfied because, by assumption,

e is a symmetric equilibrium.

The remaining property (a) follows from arguments analogous to the “only if” di-
rection in the proof of Lemma 12: Also the agent decision problem in the long-term
bond model collapses to the auxiliary decision problem if we hold GtM’i = oM fixed
instead of letting it be chosen, provided drF again takes the form (51) in any Defini-
tion 2 equilibrium. This follows from Lemma 5 stated in the main text, which we prove

in the next section (and whose proof does not make use of this lemma). [

B.1.3 Proofs of Results Stated in Main Text
Proof of Lemma 5. By equation (45) and Lemma 8,

dr® = oMdr + (1 M) drf

M <itht+d(1/Pt)>

N MB, 1/ P
B [ S5 X(B) (dPF(A) - PE/(a)dt) da L AMBL1/P  d(1/P)
MB; By B/t VP

MM+ [ X(A) (dPF (8) - PF’(Mdt) dA L MBI/ d(1/Py)
MB; MB: /Py 1/P;
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Using the government budget constraint (44) and the product rule, we obtain

M3 _ dMB; + P Kidt n d(/\/Bt,l/Pt> n d(l/Pt)
g MB; MB;/P; 1/P;
_ Pr1iKy df + d(MB:/Py) .
MB; MB; /Py
—— ~———
=—j}MB _ d(g}Bxy)
7Bk,

dr

]

Proof of Proposition 3. We first define two mappings. Using Lemma 14, we define a
mapping ®(e) = (e,, i) that maps (symmetric) equilibria e in the long-term bond
model into pairs of (symmetric) real equilibria and nominal money rate processes. Us-
ing Lemma 13, we further define a mapping ¥(e,,i*) := e that maps any pair of a
(symmetric) real equilibrium and a nominal money rate process to the unique equilib-
rium e in the baseline model that shares the same real allocation and i*-process. We
use these two mappings to prove the proposition:

Let e'® be a Definition 2 equilibrium (long-term bond model). By composing the

previously defined mappings, we can define a Definition 1 equilibria (baseline model)

e := ¥ (d(elTh))
that features the same real allocation and the same nominal money rate process as e-T5.
In addition, because equation (18) holds in both the baseline model (by Lemma 1) and

in the long-term bond model (by Lemma 11%'), the nominal rate spread Ai; = iP — i

LTB M

must be the same in both e and e!?? if the real allocation is the same.*? Because also i}

is the same, so must be itB.

This proves the existence part of the proposition. For uniqueness, note that the
required equality of the real allocation and nominal rates (plus the implicit equality of
initial conditions), implies in particular that e must be a Definition 1 equilibrium that

#INote that because the real allocations are the same, the additional requirement ¢} = pni follows from
the fact that this holds in the baseline model

“Note that the multiplier /\tM’l, which appears in equation (18), is also the multiplier on the same
constraint in the auxiliary decision problem that must be solved in any real equilibrium according to

Definition 3. Therefore, if the real equilibrium is the same, this multiplier must take on the same value
in both e and elB.
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extends the pair (e, iM) := ®(e!TB) in the sense of Lemma 13. By that lemma, this

extension is unique and given by ¥ (e,, iM).

Finally, for Lemmas 1, 2, 3, and 4, note that they hold for the equilibrium e and
they do not involve the processes M3; or P;, which are the only two processes in e that
are not identical also in e!’B. Therefore, all equations in these lemmas must hold for

LTB

this specific long-term bond equilibrium e*'© as well. Because the construction carried

B

out here works for any elT8, we conclude that the lemmas must hold for the long-term

bond model in general.

O
Proof of equation (23). Let T := t + A and define as in the proof of Lemma 9
PE(T) = PF(8) = PE(T - ).
Clearly, dPP(T) = dPB(A) — PB’(A)dt, and by Lemma 9, forall t < T
dPE(T) = (iF + aZ’C"ame) PE(T)dt+ 0] DPE(T)dZ:.

This is a linear BSDE for P5(T). By standard results it has a unique solution for any
tixed terminal condition. Here, the bond pricing equation (23) implies the terminal
condition

We prove equation (23) by showing that the guess

E exp ( /t Ly dt

:ZAT/At

75138(’1—') = ]Et

indeed solve the above BSDE for this terminal condition. By uniqueness of the BSDE
solution, the bond price must then necessarily take this form.

Verifying the terminal condition is trivial because A7/ A1 = 1. We show that the
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BSDE holds for PP(T) and all t < T. By the product rule,

d(APP(T)) — PE(T)dA; — d(Ar, PA(T))

dPP(T) = y
_ d(APE(T))  PE(T)(—if Adt + (of — 0*P)ArdZy) + (of —UM)AthB(T)ﬁtB(T)dt
o At At
. 55 - d(APE(T L
= (i + (€ = )"0 ) PE (T + ST () (ot - )z,

where the second line uses the definition of A;. Now, by definition of 75tB(T), the prod-
N 58 -

uct A;PB(T) is a martingale, so the term %’;(m has zero drift. Therefore, P5(T)

satisfies the BSDE

dPE(T) = (i? + (oM — ?)afgm) PE(T)dt +of DPB(T)dZ..

To complete the proof, we only need to show ¢/ ¢ = oM — g? for some agent i
(and we show that this holds for all i). For arbitrary i € I, consumption is ci = pni =
pniK; - gt Note that the factor p77iK; has a zero loading on aggregate shocks dZ;, so that
necessarily cff’i = 0/. Hence, by the product rule (recall P; = M3,/ (¢)PK;)

olc :a?+af”:(7{\’6—af'w+afzatMg—U?.

B.2 Model with Purchases of Privately Issued Assets

Setup. The setup is the same as in the baseline model, except that the government

budget constraint (3) is replaced by the equation stated in the main text,

dMB; = (i{”Mt +iBB PthKt> dt — (Atdi;“ _ dAt) ,
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and agents i € I face a portfolio choice that includes the .A-asset. Specifically, the net
worth evolution of agent i € I'is

dni = —cidt+n! (9; (6{“”&1*{” + oMt + (1 — oM - Gf'i)drfg> +(1— Gé)drf'i(tlt',ui)) ,

(53)
where 9;4’i denotes the share of the non-capital portfolio invested into the .A-asset
(which is usually negative because the government purchases this asset) and drs* is
the real return on that asset, i.e.,

d(1/Py) | d(i,1/Ps)

A _ q,A
- (i;“ - aA(Xt)aZ’) dt + cA(x)dze + S0P, (54)
1/ P
A
where we define i := I&[&Lﬁ} for the expected nominal return on the asset. The market
clearing condition for the asset is
%t + [ 6 nidi 0. (55)

We further define the following notation. The nominal value of net government
liabilities is denoted by

Gr = MBy — Ay

and its real value by
o, . 9t
qy Kt - ,Pt.

We let

-G . Tt
Bt == ——5
9y

denote the negative of the ratio of tax revenues to net government liabilities. In the
equilibrium definition below, G;, q?, and ﬁtg take the roles of M3, q{\’B, and ﬁ{\’B, re-

spectively, from the baseline model.

The decision problem of agent i € I is to choose consumption c!, investment i,
capital utilization u!, and portfolio weights 6!, GtM’Z, 9;4'1 to maximize utility V{ subject
to the net worth evolution (53), the return expressions (8), (9), (10), and (54), the cash

constraint (11), and a solvency constraint n; > 0, with the following qualifications:
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equation (8) for the return on capital is to be interpreted with i¥ in place of ji*® and
q? in place of q{VB and only the first equalities in equations (9) and (10) for the returns
on money and bonds are relevant constraints while the second equalities are to be ig-
nored. With these qualifications, variables referring to the aggregate M3 no longer
appear in the return expressions faced by the agent (and are therefore not required in
the equilibrium definition either).

Definition 4. Given an exogenous process Xy, functions as in (5) and a function oA, initial

stocks of capital and nominal assets, Koy, Go, and an initial cross-sectional wealth distribution
{15} icx satisfying i nidi=1,a competitive equilibrium consists of aggregate (Ito) stochas-
tic processes Ky, Gi, Ar Pi, g*!, 49, q¥, ﬁtg, iM, iB, A adapted to Fi and, for each i € 1,
individual (Ito) stochastic processes c}, 1}, ut, 9;, GtM Y 9;4 " nt adapted to Fi such that

9/\/1,1', 9;4,1'

1. For each agent i € 1, ci, i, ul, 6}, solve i’s optimization problem for initial

wealth nly = 11} (q& + qé\’B )Ko and nl is as implied by the net worth evolution (53).

2. K; satisfies the aggregate capital evolution

dK; = < / dkidi — 51<t) dt
I

with the given initial condition K.

3. G satisfies the evolution
dG; = (ﬁ%’ +if +‘Z (iM il )) Gt — Ar (it = if )t + o (X,)dz;)
t

with the given initial condition Gy.

4. q; 9K, is the real value of net government liabilities: for all t,

5. All asset values are nonnegative, q{”, qtg — q{\”, qf > 0and Gy, Ay > 0 forall t.

6. All markets clear: for all t, equations (12), (13), (14), and (55) hold.
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Irrelevance of A; for Real Allocation. We now state and prove an irrelevance propo-
sition that is in analogy to Proposition 3 in the long-term bond model. The key is,
once again, that the return on all nominal assets can be written in a form analogous to

Lemma 5:

Lemma 15. In any symmetric Definition 4 equilibrium, the return on the portfolio of net gov-

ernment liabilities is G
K
drtg = —],”ztgdt + —d(qt 0

g K

Tt

where ji¥ := — p
t

Proof. In equilibrium, the return on the portfolio of net government liabilities is (we can

suppress i-superscripts by symmetry)

dry = oMdrM + 0 drt + (1 — M — 0f1)drP
M; M At a4, B B
=G, a4 gt + g
. ./\/ltl%/\/l —+ Btlt — .Atdtt + d(l/Pt) At <lt ,1/7)t>
N Gt 1/P; G 1/P
. PtTthdt dgt d(l/Pt) .At <1“t , 1/Pt>
N Gi G 1/P; G 1/P

where the last line follows from the government budget constraint. Using Ito’s product

rule, we can write further

dgG; + d(1/Py)  d(Ge/Pr)  d(G:, 1/Pr)

Gi P G/ P Gt/ Py
and therefore
io
49 - Prokidt  d(G/ Py d(Gy1/Pr) + Ad(ift, 1/Py)
' G Gt/ Py Gt/ Py
— _.ut dt+d(qt ),
5It

where the last term in the first line vanishes because dG; — A;di{! has only dt-terms by
Tt

the government budget constraint and the second line uses the definition u9 := e
t
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Proposition 13 (Irrelevance of A;). Let
{Ke, G, A, P, af,qf if it B, (e, o, ul, 6,007, 0  ni Y ien}

be a symmetric equilibrium according to Definition 4 and suppose that 0M = gM/ qtg <L
Then, for any arbitrary nominal initial condition MBy > 0, there are processes MB;, Py such
that

5 o i i M
{Ke, M8, P, ai, qi"®, at, 1 ®, i, P, {ch, d, 0, 0,6, miYiex}
. NI oM i M

= {Ke, MBy, Pr, i a1} i 37 {c i, 01,00 miYien )

is an equilibrium according to Definition 1.

Sketch of Proof. The proof follows the same logic as the proof of the irrelevance Propo-
sition 3 in the long-term bond model and makes use of auxiliary results proven in Ap-

pendix B.1.

Specifically, one shows, using Lemma 12, that
‘ K . i aMi
er = {Ke, ", a1, g, 1%, {ch, i, ul, 0,0 midiex}

is a symmetric real equilibrium (compare Definition 3). Then by Lemma 13, for any
initial condition MB), there is a unique extension of e, to a Definition 1 equilibrium
e that features the nominal money rate process i*!. Because the OtM’i-choice has not
changed in this model relative to the baseline model, one shows as in the proof of
Lemma 1 that equation (18) continues to hold, so that also the nominal bond rate ifg
must be the same as in the originally given (Definition 4) equilibrium. Choosing M3;

and P; as in the extension e implies the claim in the proposition.

For the remaining argument that e, is indeed a real equilibrium, one verifies prop-
erties (a)—(c) in Lemma 12. The argument is completely analogous to the proof of
Lemma 14, which establishes a similar claim in the long-term bond model. The de-
tails are therefore not restated here. Key is, once again, that the return on nominal
assets takes the form (51) required in the auxiliary decision problem. This follows here

by Lemma 15 established above (and the definitions ji*8 = ﬁtg, g8 = qtg). [
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Proposition 13 implies that, for understanding the real allocation, and possibly the
interaction between nominal interest rates and the real allocation, the asset portfolio .A;

held by the central bank is irrelevant.

Asset Purchases in Terms of dQ;-Processes. We can link the previous result closer
to our formal presentation of asset purchases in the main text by separating the con-
solidated government budget constraint and introducing explicit d Q;-processes for the
purchase behavior of the central bank. Here, it makes sense to split the budget con-

straint as follows:

dB; = (iPB; — PytK)dt — dQF, (fiscal budget)
dM; = iMM,dt +d QP +dQf, (monetary budget)
dA; = Atdi;4 + dQ;4. (asset portfolio)

The process d QF describes bond purchases, as before, whereas d O/ captures .A-asset

purchases.

Because both dQ# and d QB cancel out when we consolidate the three equations
into a single equation for net government liabilities G; = MB; — A;, the exact same
formal argument that led us to Corollary 1 in the baseline model still applies, with the
understanding that the corollary applies to bond purchases (i.e., d Q; there means d 95
here). Given an arbitrary d Q/-process, variation in dQP can therefore still be used to

implement any desired target path for 9 € [0,1].43

Let us now consider variation in dQ;4. Holding fixed processes for ; and 19{\/1,
Proposition 13 tells us that this may alter the paths of nominal net government liabilities
G and the price level Py, but not affect the ratio G; /P or any other real variable. In this
sense, asset purchases d Q! are neutral **

More specifically, we may use the proposition to map both equilibria, the one with

the original d Q;'-process and the one with an altered d Q7*-process into the baseline

BHere we need to assume that the dQ;‘l-process ensures A; > 0, as we have done in the setup. In fact,
A; > 0 may permit the central bank to implement 8! > 1 because the private assets serve as additional
backing for money balances, and the exact upper bound on 9 does interact with the asset purchase
process dQ;“. Once we restrict 19{\4 € [0,1], as we do here, we do not need to worry about this additional
complication.

#Note that the previous discussion of bond purchases implies that it is a legitimate exercise to vary
d Q7! independently of 9. Ex post, we can always find a bond purchase process dQF to implement the
desired 8{"!-path. Of course, the exact required d QP-path for implementation will in general depend on
the dQ;‘l-path and the return on the A-asset.
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model in a way that keeps the real allocation and nominal rates unchanged. Because
Proposition 4 applies in the baseline model and because, by assumption, the endoge-
nous processes ; and 9! are the same in both scenarios, the implied ¢;-process must
be the same.*®> Then Lemmas 2 and 3 and variable definitions imply that also uy, «,
g1, %, M8, gM must be the same in both equilibria. This establishes that all real ag-
gregates are the same across the two equilibria. It is then straightforward to conclude
from the optimal decision rules in Lemma 1 (and the symmetry assumption) that also

all i-dependent variables must be the same.

B.3 Simple Model with Fixed Output and no Safe Assets

In this appendix, we briefly outline a variant of our model with exogenous output
that we have referred to in our discussion of Sargent and Wallace (1981)’s unpleasant
arithmetic and prove equation (26).

Setup. The setup of this variant is the same as in our baseline model, except that
we shut down idiosyncratic risk, ¢; = 0, and variation in productivity, a; = a, and
we change the decision problems of private agents i € I by imposing two additional
constraints:

=34, (56)
ul =1. (57)

Constraint (56) removes the investment choice from agents’ choice set and ensures that
aggregate capital K; is constant. We may normalize K; = 1 w.l.o.g. Constraint (57)
also removes the utilization choice from agents’ choice set, so that output u;a;K; = a

becomes constant.

An equilibrium is defined precisely as in Definition 1, except that in property 1., we
now require that i-dependent variables solve the modified decision problem with the
additional constraints (56) and (57).

Clearly, an equilibrium can only exist if we assume a > J at all times, as otherwise
the goods market could not clear. W.l.o.g., we can then even assume 6 = 1 = 0 (by just
replacing a with a — 6).

#Strictly speaking, this also requires a uniqueness result. The uniqueness result summarized in Sec-
tion 3.3 and formally stated in the companion paper Brunnermeier and Merkel (2025) is sufficient here.
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Solution. By following the solution steps in Appendix A.1 and imposing the addi-
tional constraints (56) and (57) throughout, the reader readily verifies that Lemmas 14
continue to hold with the following modifications:

* Lemma 1: The choice conditions (16) and (17) relating to the optimal investment
and utilization choice, respectively, are no longer relevant. Everything else in the

lemma continues to hold unchanged.

* Lemma 2: The representation for g; is now

q_f
T

and the last equation for 1 is no longer relevant (instead s = 6 = 0).

* Lemma 3: This lemma no longer applies. There is no relationship between the
liquidity premium and utilization anymore, because the latter is fixed by the con-

straint.

* Lemma 4: This lemma applies unchanged (except that here &; = 0) because its
proof does not rely on any of the results from the previous lemmas that are no

longer valid here.

In addition to these observations, we can compute the spread Ai; more explicitly.
While the expression for A/ from Lemma 3 does not carry over to this variant of the
model, we can back out Ai; from equation (20) if we derive an alternative equation for

;. Specifically,
9 — q{\’B _p MB;
= = .
qt a P

Applying Ito’s lemma to this equation (and using that MB; is a FV process) yields

dd
Tt = <y{\/6 + y}”’) dt + U}/PdZt.
t

Combining this with equation (20) implies

ut® +ut’? = p+ " — oMAMy,
= p+ B — iy — OMAi,
= o+ P =it = A,

106



and solving for Ai; yields

Aiy = p — /P —iM, (58)
This derivation is only valid in states in which ¢; > 0, but this is sufficient for our
purposes.

Equation (26). In equilibrium, the cash constraint (11) takes the form

a
- S th%/\/l 1'9t/
qt

and plugging in q; = a/p permits us to rewrite this as follows:

oMy, > P
Ut

If the previous equation is binding, then multiplying the left-hand side of equa-
tion (58) by 99 and the right-hand side by 1% = oM, yields immediately equa-
tion (26).

If the constraint is slack, then Ai; = 0. Hence, equation (58), which holds in all
states, simplifies to “0 = 0” and continues to hold even if we multiply the two sides

by different numbers. Once again, multiplying the left-hand side by 9'8; and the
right-hand side by Vﬁt yields equation (26).
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