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1. Endogenous Jumps

® Setup:
» Sunspots arrive with exogenous intensity A

> Jump: g(n) — q(0) if self-fulfilling (i.e. if wipes experts out and 1 — 0)
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1. Endogenous Jumps

® Setup:
» Sunspots arrive with exogenous intensity A

» Jump: q(n) — q(0) if self-fulfilling (i.e. if wipes experts out and 1 — 0)
® Issue: 17 = 0 is absorbing
® Fix: introduce transfer 7K; in case of a jump:

> q(n) = q(n")
> N7 — 0, experts default on debt, receive 7K;

> n —n* (self-fulfilling)
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1. Endogenous Jumps

® [aws of motion:

d?]t = /,Lr,%tdt + O'yhtdzt +Jtn77t_th

dqt = ‘Lquttdt + qutdZt +j:’q;th
® Jumpat t: n; —n, dpe=n —n; and dJy =1

dne=n —ng =jing,  jl=-—"
U

do: =qf —q; =jlar, i
gt
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1. Endogenous Jumps

® Vulnerability region:

Xe(qr — q)Ke > meqe e <= —jixe > e
—_—  Y—
Loss in N¢ N
® Once N{ reaches 0, the rest is absorbed by defaulting debt D;:

N D - /D
xe(qe — @) Ke — 0eqe Ke = —ji D™ = —j" (x¢ — ) qe Ke

Loss in D¢

0 Xede
It =
Xt — Mt
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1. Endogenous Jumps

® Transfer 7 ensures 1; — n*:

t *, %

Ne’+: K <— =ag* =
t TAt T=4q q°K; an

e Computing jV°:

dNF = jNET = NET = NPT = 7K — megeKe

Ne _ N Ke —qeneKe g0t — qene
Jo = =
qene Ke et
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1. Endogenous Jumps

® Log utility = add jumps ex-post

® Crucial assumption: jumps always wipe experts out

d
D _ \0dt + o1dZ, + 7 dJe

Nt
o . ce ¢h
pf =1 —n) |SE(of —o—0f)—&(o} —o—0f)— L -
Nf Nt

e Ji =4 N
+ A | OF (- tl_’_Jt A VA tl—l—_/'\s
t t

Y
of =~ —=—L(o+0})
Un

= A

6/29



1. Endogenous Jumps

* Stationary distribution: M'g =0, M = M + A
® The usual matrix M from drift and volatility

® An additional matrix A that reflects jumps:

» Denote vulnerability region by V, = {n | —j%(n)x(n) > n}
> /\,',,' =—-\if ni € V,
> Aim=AXifn € V. and nm =n*
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1. Endogenous Jumps
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1. Endogenous Jumps

07 iy Stationary distribution
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1. Endogenous Jumps
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Money Model with Stochastic Volatility

® One sector + time-varying idiosyncratic risk

dii _ (cb(u;) - 5) dt + 6.d 2]

ki
d&t = b(&ss — &t)dt‘i'l/\/ 5’tdZt

B

® No policy (B =i=cf=¢g=7=0)
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2. Money Model with Stochastic Volatility

e Optimal investment: ¢X =1+ ¢
® Goods market clearing: p(gX +q®%)=a—1

. .9 — _4g
® Bond share in wealth: ¥ = pr S

1+ ¢a
5= Bﬁt =Vt
1+ ¢a
K= Kﬁt = V)
(I-de)a—p

=100 = 19 v ap
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2. Money Model with Stochastic Volatility

® Change of numeraire + martingale method:

> Asset A: capital

» Asset B: bonds

1. Express returns on A and B in Ni-numeraire

2. Apply martingale pricing formula
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2. Money Model with Stochastic Volatility

® Returns on capital and bonds:

e SDF:

i a— Lt
drf’ = dt + -
‘ i ki
d(1/P¢)
B t
SN V7
=0
dei

t — _rfdt — ¢.dZ, — &d 7!
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2. Money Model with Stochastic Volatility

B B
K K; .
® Recall ¥; = (q:f’iﬁ = q‘Nt‘. In Ne-numeraire:

" Kl
_ d (qiki/Ne _ d ((1 - ﬁt),;t)
2 e+ (t i ):a e+

qt gl ki/N, af (1 719t);%{

a— it 19 ~ i P o Ut ~ i

= dZ! = — dt dZ
< C#( + [y )dt"‘gt t (1_79t Mtl—ﬁt) + ordZ,

N
dry’ =
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2. Money Model with Stochastic Volatility

QfKr — Cl?Kz
(af+aP)K: Ne

® Recall ¥; = . In Ni-numeraire:

5 d(1/(PeNy)) — d(9:/B:) 9
7B — - — pldt + 0V dZ
t 1/(P:N,) 0./B, 1t e et
e 9N (f — dt — (0 — o)dZe — GdZ]

& &N
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2. Money Model with Stochastic Volatility

® Martingale formula:

E[d7F]  E[dFE] . ORI
[dt ] [dt ] Ct(at Uf )+§t( _Ut )
p 9 .
1- 0, #fl_tﬂt —pf = (st — o) (=0}) + &b+

M? =p—G(1— )5

i =p— (1= 9.5
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2. Money Model with Stochastic Volatility

® ¥, = 9(5;), Ito's formula:

1(~ Ugft [~ I( =~
di, = (M&,tﬁ () + Y (U)> dt + 05,0'(5)dZ;

H?ﬂt

2~

1/20' 19//(5_)

pd(5) = (1 —9(5))?6%9(5) + b(6% — &)V (5) +

2 ~
0(3)

pOe(5) = 0:9:(5) + (1 — 0:(5))*520¢(5) + b(5% — 5)04(5) +
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2. Money Model with Stochastic Volatility
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2. Money Model with Stochastic Volatility

® LOM of & does not depend on model’s solution!

® Compute its distribution:

Distribution
T
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2. Money Model with Stochastic Volatility
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Stationary Distribution of Wealth (Shares)

® Consider the one-sector money model with constant idiosyncratic volatility &

® Distribution of wealth share n’; = ,'\’,—ft is non-stationary
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Stationary Distribution of Wealth (Shares)

® Consider the one-sector money model with constant idiosyncratic volatility &

® Distribution of wealth share 7]’: = ,'\',—‘t is non-stationary
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Stationary Distribution of Wealth (Shares)

® Consider the one-sector money model with constant idiosyncratic volatility &

® Distribution of wealth share r]’: = ,'\’,—‘t is non-stationary
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Stationary Distribution of Wealth (Shares)

® Consider the one-sector money model with constant idiosyncratic volatility &

® Distribution of wealth share 7]’: = ,'\',—‘t is non-stationary
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Stationary Distribution of Wealth (Shares)

® Consider the one-sector money model with constant idiosyncratic volatility &

® Distribution of wealth share 7! = ,'(,—‘t is non-stationary

® Can make it stationary with an ad hoc fix:
» Idiosyncratic Poisson wealth shocks
> With intensity A wealth share 777 is set to n*

> Log-utility, same returns = no effect on equilibrium

dn; a—ut .
;:(_ P+ g +1-6) )dt+(1—9t)&dZ;+Jt’dJ;
né ~~— e q
G/ rf=e()-s —~—
E[rt -t
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Stationary Distribution of Wealth (Shares)

dn; - c
Ny

dnN,

Tt—gdt
d—n; a—1

* = (—p+ (1) q_K )dt + (1 —9.)5dZ! + ji dJi
t

=0
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Stationary Distribution of Wealth (Shares)

e _ (1 _9)3dz] + ]

yl

: w7
° Set J:J _n 7771‘

Mt

e KFE (for all n # n*) is given by:

(1-9)%5° d(n°g(n))

0= 2 on

— Xg(n)

® There is a kink at n*
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Stationary Distribution of Wealth (Shares)
e KFE (for all n # n*) is given by:

0= g + 48/ + (2 ez ) )

® Euler's equation — has closed-form solutions

g(n) = Gin™ + G for n < n*

g(n) = Gn™ + Cn for n > n*

/0 Tetdn=1.  lim g(n)= lim g(n) =0

n—0 n—00

® + continuity at %, a1 = "T_3 ap = 7&74-3, o= ﬁ +1
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Stationary Distribution of Wealth (Shares)
® Solution under n* =1: GG = G = = 19 202a' G=G=0

4
351
3t

251
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A (General) Model

max [E [/ eth(Ct)dt}
6,9 0
dni = (—cf+yf) dt + nj (rdt + (1 67)(dr" — fdf))
drll = redt + 5dz}

dyl = —vyldt + 5/ dz}"
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A (General) Model

max E [/ e”tu(ct)dt}
c,0 0

dni = (—c{f+yf) dt + nj (rdt + (1 67)(dr" — fdf))
drll = redt + 5dz}

dytf = —VyZdt + &de{’f

1. This class: 6¥ =0
2. Bewley-Huggett-Aiyagari model: 5% =0
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Bewley-Huggett-Aiyagari Model

e Key difference: idiosyncratic risk is in endowment, not returns

maxE[ e "u(c dt]

dnt = ( Tl +yt) dt

dyt’ = fyyt’dt + c”rdZt’

® Risk does not scale with wealth = C/N (and portfolio) depends on wealth
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Bewley-Huggett-Aiyagari Model

® Go to HJB directly

~2

7‘9ny(% n)

pv{y, n) = max |u(c) + (—c + m+y) vy, n) = vyd, vy, n) +
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Bewley-Huggett-Aiyagari Model

® Go to HJB directly

~2

7‘9ny(% n)

pv{y, n) = max |u(c) + (—c + m+y) vy, n) = vyd, vy, n) +

® FOC: dcu(c) = Onv(y,n) = c(v,y,n) = (') H(dnv(y, n))
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Bewley-Huggett-Aiyagari Model

® Go to HJB directly

~2

?ayyv()/a n)

p(y.n) = max [u(e) + (~c + rn + y) Op(y. ) — vyd,uly.n) +
® FOC: d.u(c) = Onv(y,n) = c(v,y,n) = (u")"HOnv(y, n))

~2
o
pv(y,n) = U(V,y,ﬂ)-ﬁ-(—C(V,y, n)+rn+)/)anv(y7n) _Vyayv(y7n)+ ?8yyv()’a n)

pv = u(v) + M(v)v
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