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I Theory: Capital

• Two technologies/sectors: a and b

dka
t

ka
t

= (Φ(ιt)− δ)dt + σadZt + σ̃dZ̃t

dkb
t

kb
t

= (Φ(ιt)− δ)dt + σbdZt + σ̃dZ̃t

• Total output: Leontief technology

Yt = AKt = Aa
t (1− ψ)Kt + Ab

tψKt

• Aggregate capital:

dKt

Kt
= (Φ(ιt)− δ)︸ ︷︷ ︸

µK
t

dt +
(
(1− ψ)σa + ψσb

)︸ ︷︷ ︸
σK

dZt
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I Theory: Government

• Issues Money/Nominal Bonds Bt at rate µ
B
t , pays interest it

• Distributes seigniorage (to capital holders) with transfers τt

µB
t Bt = itBt + τtPtKt

(µB
t − it)︸ ︷︷ ︸
µ̌B
t

qBt = τt
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I Theory: Returns

• On technologies a and b:

dr at =
Aa
t − ιt
qKt

dt +
d(qKt k

a
t )

qKt k
a
t

+
τt
qKt

dt

=

(
Aa
t − ιt
qKt

+ µK
t + µqK

t + σaσqK

t +
qBt
qKt

µ̌B
t

)
dt +

(
σa + σqK

t

)
dZt + σ̃Z̃t

drbt =
Ab
t − ιt
qKt

dt +
d(qKt k

b
t )

qKt k
b
t

+
τt
qKt

dt

=

(
Ab
t − ιt
qKt

+ µK
t + µqK

t + σbσqK

t +
qBt
qKt

µ̌B
t

)
dt +

(
σb + σqK

t

)
dZt + σ̃Z̃t
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I Theory: Returns

• On risky claims:

drOE ,H
t = rOE

t dt +
(
σb + σqK

t

)
dZt + σ̃Z̃t

drOE ,I
t = rOE

t dt +
(
σb + σqK

t

)
dZt + φσ̃Z̃t

• On bonds and deposits:

drBt = itdt +
d(1/Pt)

1/Pt
=

(
µK
t + µqB

t + σKσqB

t − µ̌B
t

)
dt + (σK + σqB

t )dZt

drDt = drBt
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I Theory: Solution

1. Change numeraire to Nt

2. Derive pricing and risk allocation conditions (SMP/Martingale)

3. Derive evolution of η

4. Derive money valuation equation for ϑt =
qB
t

qK
t +qB

t

5. Solve numerically
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I Theory: Change of Numeraire

• Denote σ ≡ σb − σa > 0

dr̂ at =
Aa
t − ιt + τt

qKt
dt +

d
(
(1− ϑt)

ka
t

Kt

)
(1− ϑt)

ka
t

Kt

=

(
Aa
t − ιt + qBt µ̌

B
t

qKt
+ µ1−ϑ

t + ψσ
(
σK − σ1−ϑ

t

))
︸ ︷︷ ︸

r̂at (ιt)

dt +
(
σ1−ϑ
t − ψσ

)︸ ︷︷ ︸
σ̂a
t

dZt + σ̃Z̃t

dr̂bt =

(
Ab
t − ιt + qBt µ̌

B
t

qKt
+ µ1−ϑ

t − (1− ψ)σ
(
σK − σ1−ϑ

t

))
︸ ︷︷ ︸

r̂bt (ιt)

dt +
(
σ1−ϑ
t + (1− ψ)σ

)︸ ︷︷ ︸
σ̂b
t

dZt + σ̃Z̃t

dr̂Bt = it +
d (ϑt/Bt)

ϑt/Bt
=

(
µϑt − µ̌B

t

)︸ ︷︷ ︸
r̂Bt

dt + σϑt︸︷︷︸
σ̂B
t

dZt
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I Theory: Solution

1. Change numeraire to Nt
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I Theory: Household’s Problem

• Households chose cHt , ιt , θ
D,H
t , θat , θ

b
t , θ

OE ,H
t

• Can not offload risk in technology a

• Can offload at most fraction χ̄
ψ < 1 of risk in technology b

maxE
[∫ ∞

t=0

e−ρt log(cHt )dt

]
s.t.

dnHt
nHt

= −cHt
nHt

dt + θD,Ht drDt + θat dr
a
t (ιt) + θbt dr

b
t (ιt) + θOE ,H

t drOE ,H
t

1 = θD,Ht + θat + θbt + θOE ,H
t

−θOE ,H
t =

χt

ψ
θbt ≤ χ̄

ψ
θbt
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I Theory: Household’s Problem

• Write in Nt-numeraire and substitute θOE ,H
t with −χt

ψ θ
b
t

maxE
[∫ ∞

t=0

e−ρt log(cHt )dt

]
s.t.

dn̂Ht
n̂Ht

= − ĉHt
n̂Ht

dt + dr̂Dt + θat
(
dr̂ at (ιt)− dr̂Dt

)
+ θbt

(
dr̂bt (ιt)− dr̂Dt − χt

ψ

(
dr̂OE ,H

t − dr̂Dt

))
χt ≤ χ̄

HH
t = e−ρt log cHt − ξ̂Ht

cHt
Nt

+ ξ̂Ht n̂
H
t

[
r̂Dt + θat

(
r̂ at (ιt)− r̂Dt

)
+ θbt

(
r̂bt (ιt)− r̂Dt − χt

ψ

(
r̂OE
t − r̂Dt

))]
− ξ̂Ht n̂

H
t ς̂

H
t

[
σ̂D
t + θat

(
σ̂a
t − σ̂D

t

)
+ θbt

(
σ̂b
t − σ̂D

t

)(
1− χt

ψ

)]
− ξ̂Ht n̂

H
t ς̃

H
t

[
θat + θbt

(
1− χt

ψ

)]
σ̃ + λHt ξ̂

H
t n̂

H
t θ

b
t

χ̄− χt

ψ
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I Theory: Household’s Problem

• Write in Nt-numeraire and substitute θOE ,H
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ψ θ
b
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dt + dr̂Dt + θat
(
dr̂ at (ιt)− dr̂Dt

)
+ θbt

(
dr̂bt (ιt)− dr̂Dt − χt

ψ

(
dr̂OE ,H

t − dr̂Dt

))
χt ≤ χ̄

HH
t = e−ρt log cHt − ξ̂Ht
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+ ξ̂Ht n̂
H
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(
r̂ at (ιt)− r̂Dt

)
+ θbt

(
r̂bt (ιt)− r̂Dt − χt

ψ

(
r̂OE
t − r̂Dt

))]
− ξ̂Ht n̂

H
t ς̂

H
t

[
σ̂D
t + θat

(
σ̂a
t − σ̂D

t

)
+ θbt

(
σ̂b
t − σ̂D

t

)(
1− χt

ψ
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− ξ̂Ht n̂

H
t ς̃

H
t

[
θat + θbt

(
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ψ

)]
σ̃ + λHt ξ̂

H
t n̂

H
t θ

b
t

χ̄− χt
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I Theory: Household’s Problem

• FOCs:

r̂ at − r̂Dt = ς̂Ht (σ̂
a
t − σ̂D

t ) + ς̃Ht σ̃

r̂OE
t − r̂Dt = ς̂Ht (σ̂

b
t − σ̂D

t ) + ς̃Ht σ̃ − λHt

r̂bt − r̂Dt − χt

ψ

(
r̂OE
t − r̂Dt

)
= ς̂Ht (σ̂

b
t − σ̂D

t )

(
1− χt

ψ

)
+ ς̃Ht σ̃

(
1− χt

ψ

)
λHt (χ̄− χt) = 0

• Recall ς̂Ht = σ1−η
t , ς̃Ht = σ̃1−η

t

13 / 27



I Theory: Intermediaries Problem

• Intermediaries chose c It , θ
B
t , θ

D,I
t , θOE ,I

t

• Since drBt = drDt , effectively choose c It , θ
OE ,I
t , θM,It ≡ θBt + θD,It

maxE
[∫ ∞

t=0

e−ρt log(c It )dt

]
s.t.

dn̂It
n̂It

= − ĉ It
n̂It

dt + dr̂Bt + θOE ,I
t

(
dr̂OE ,I

t − dr̂Bt

)

H I
t = e−ρt log c It − ξ̂It

c It
Nt

+ ξ̂It n̂
I
t

[
r̂Bt + θOE ,I

t

(
r̂OE
t − r̂Bt

)]
− ξ̂It n̂

I
t ς̂

I
t

[
σ̂B
t + θOE ,I

t

(
σ̂b
t − σ̂B

t

)]
− ξ̂It n̂

I
t ς̃

I
t θ

OE ,I
t φσ̃
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I Theory: Intermediaries Problem

• FOCs:

r̂OE
t − r̂Bt = ς̂ It (σ̂

b
t − σ̂B

t ) + ς̃ Itφσ̃

• Recall ς̂ It = σηt , ς̃
I
t = σ̃ηt
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I Theory: Risk Allocation

• Combine Households’ and Intermediaries’ FOCs:

r̂OE
t − r̂Dt = σ1−η

t (σ̂b
t − σ̂D

t ) + σ̃1−η
t σ̃ − λHt

r̂OE
t − r̂Bt = σηt (σ̂

b
t − σ̂B

t ) + σ̃ηt φσ̃

• Recall r̂Dt = r̂Bt , σ̂
D
t = σ̂B

t = σϑt :

(
σηt − σ1−η

t

)
(σ̂b

t − σϑt ) +
(
φσ̃ηt − σ̃1−η

t

)
σ̃ + λHt = 0

σ̃ηt = (1− ϑt)
χt

ηt
φσ̃ σ̃1−η

t = (1− ϑt)
1− χt

1− ηt
σ̃
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I Theory: Solution

1. Change numeraire to Nt

2. Derive pricing and risk allocation conditions (SMP/Martingale)

3. Derive evolution of η

4. Derive money valuation equation for ϑt =
qB
t

qK
t +qB

t

5. Solve numerically
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I Theory: Evolution of η

• Combine Intermediaries’ FOCs or use Martingale Pricing on net worth:

dηt
ηt

=
dN̂ I

t

N̂ I
t

=

[
− ρ+ r̂Bt + θOE ,I

t

(
r̂OE ,I
t − r̂Bt

)]
︸ ︷︷ ︸

µη
t

dt +

[
σ̂B
t + θOE ,I

t

(
σ̂b
t − σ̂B

t

) ]
︸ ︷︷ ︸

ση
t

dZt

=

[
− ρ+ r̂Bt + θOE ,I

t

[
ς̂ It
(
σ̂b
t − σ̂B

t

)
+ ς̃ Itφσ̃

] ]
︸ ︷︷ ︸

µη
t

dt + σηt dZt =⇒

µηt + ρ = r̂Bt + ς̂ It
(
σηt − σ̂B

t

)
+ θOE ,I

t ς̃ Itφσ̃ = r̂Bt + σηt
(
σηt − σ̂B

t

)
+ (σ̃ηt )

2
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I Theory: Evolution of η

• Same for Households:

µ1−η
t + ρ = r̂Bt + σ1−η

t

(
σ1−η
t − σ̂B

t

)
+

(
σ̃1−η
t

)2

• Combine the two with weights ηt , 1− ηt :

ρ = r̂Bt + ηt (σ
η
t )

2
+ (1− ηt)

(
σ1−η
t

)2

+ ηt (σ̃
η
t )

2
+ (1− ηt)

(
σ̃1−η
t

)2

• Plug into expression for µηt , recall σ̂
B
t = σϑt :

µηt = (1− ηt)

[
(σηt )

2
+ (σ̃ηt )

2 −
(
σ1−η
t

)2

−
(
σ̃1−η
t

)2
]
− σηt σ

ϑ
t

19 / 27



I Theory: Evolution of η

• Volatility loading σηt :

σηt = σ̂B
t + θOE ,I

t

(
σ̂b
t − σ̂B

t

)
• Market Clearing:

θOE ,I
t = −θOE ,H

t

ηt
1− ηt

=
χt

ψ
θbt

ηt
1− ηt

= χt
1− ϑt
ηt

• Recall σ̂B
t = σϑt , σ̂

b
t = σ1−ϑ

t + (1− ψ)σ, σϑt =
∂ηϑt

ϑt
ηtσ

η
t :

ηtσ
η
t =

(1− ϑt)χt(1− ψ)σ

1 + (χt − ηt)
∂ηϑt

ϑt
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I Theory: Solution

1. Change numeraire to Nt

2. Derive pricing and risk allocation conditions (SMP/Martingale)

3. Derive evolution of η

4. Derive money valuation equation for ϑt =
qB
t

qK
t +qB

t

5. Solve numerically
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I Theory: Money Valuation Equation

• Use expression for r̂Bt = µϑt − µ̌B
t from previous derivations:

µϑt = ρ+ µ̌B
t −

[
ηt (σ

η
t )

2
+ (1− ηt)

(
σ1−η
t

)2

+ ηt (σ̃
η
t )

2
+ (1− ηt)

(
σ̃1−η
t

)2
]
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I Theory: Solution
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I Theory: Summary

• Main equation for ϑ(η):

µϑ = ρ+ µ̌B −
[
η (ση)2 + (1− η)

(
σ1−η)2 + η (σ̃η)2 + (1− η)

(
σ̃1−η)2]

µϑϑ = ηµη∂ηϑ(η) +
(ηση)2

2
∂ηηϑ(η)

ρϑ(η) =

 ∑
i∈{I ,H}

ηi
(
ση

i
)2

+
∑

i∈{I ,H}

ηi
(
σ̃η

i
)2

− µ̌B

ϑ(η) + ηµη∂ηϑ(η) +
(ηση)2

2
∂ηηϑ(η)
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I Theory: Summary

ρϑ(η) =

 ∑
i∈{I ,H}

ηi
(
ση

i
)2

+
∑

i∈{I ,H}

ηi
(
σ̃η

i
)2

− µ̌B

ϑ(η) + ηµη∂ηϑ(η) +
(ηση)2

2
∂ηηϑ(η)

µη = (1− η)
[
(ση)2 + (σ̃η)2 −

(
σ1−η)2 − (

σ̃1−η)2]− σησϑ

ηση =
(1− ϑ)χ(1− ψ)σ

1 + (χ− η)
∂ηϑ
ϑ

, σ̃η = (1− ϑ)
χ

η
φσ̃, σ̃1−η = (1− ϑ)

1− χ

1− η
σ̃, σϑ = ηση

∂ηϑ

ϑ(
ση − σ1−η)((1− ψ)σ − σϑ

1− ϑ

)
+
(
φσ̃η − σ̃1−η) σ̃ + λH = 0

λH(χ̄− χ) = 0, χ ≤ χ̄
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I Theory: Numerical Algorithm

• Outer Loop:

1. Guess ϑ(η)

2. Inner loop:

▶ Compute ση(η) and χ(η) (parallelize!)

3. Compute µη(η), σ̃η, σ̃1−η

4. Update ϑ(η)
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I Theory
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