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| Theory: Capital

® Two technologies/sectors: a and b

ke 5
CL; = (P(ue) — 8)dt + 0°dZ, + 5dZ,
t
b ~
%t = (®(t¢) — 0)dt + 0dZ, + 5dZ,
t

® Total output: Leontief technology
Y, = AK; = A2(1 — ) K, + APYK,
® Aggregate capital:

oK,

K = (®(1e) — 6) dt + ((1 — )0 + 1po®) dZ,

K
My ok
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| Theory: Government

® Issues Money/Nominal Bonds B; at rate uZ, pays interest i,

® Distributes seigniorage (to capital holders) with transfers 7,

MtBBt =it By + e P Ky

(uf —it)ar =7t

p
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| Theory: Returns

® On technologies a and b:

Al — d Kka
dr? = L de + (cig af)+%dt
q: qs ki q:

A —1 K K B K L~

=< L uf +pd + 0% +q’;}ﬁf>dt+(aa+a? )dZt—l—aZt
t t

d(gKkPb

(q,é bt)JrL;(dt

qs ke gt

Ab_L K K B K -~
_< K S+l +oPof +Z§<ﬁ?>dt+(ab+a? ) dze+ 62,
t

t
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| Theory: Returns

® On risky claims:

drtOE’H = rtOEdt + (ob + U?K) dZ, + 67,

drP5! = rO%dt + (ab + a?K) dZ; + ¢57Z;

® On bonds and deposits:

d(1/P:)

drtB = I'tdt+ 1/Pt

B B B
= (W + "+ 0"of = i) dt+ (K + 0f)dZs

D_ 4B
dry = dr,
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| Theory: Solution

1. Change numeraire to N,

2. Derive pricing and risk allocation conditions (SMP/Martingale)
3. Derive evolution of 7

4. Derive money valuation equation for ¥, = qt"thqf

5. Solve numerically
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| Theory: Change of Numeraire

® Denoteoc =cb?—02>0

ke
Al e+ T dt d <(1 B ﬁt)ft)

dF? = + ;
! af (1*19t);%
AZ — 1o+ qP 8 - - - 57
_ (rthqerJrM% V4o (oF — o270 ) dt + (0177 — vo) dZ, + 52,
H —

2 (ee)

b A2 — 1+ qBJiB 1-9 K _1-9 1-9 ~5
dfp = q—KJrut —(1=y)o (" —o7 ") ) dt+ (077" + (1 =)o) dZ; + 52,
t

¢

PE(ee)
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| Theory: Change of Numeraire

® Denoteoc =cb?—02>0

i
_A—u+n, 9 (@-29%)

d? + :
‘ af (1-e) 5
pr BvB s
_ (t‘tq;("qt“r + k= 4 o (oF - g}—ﬁ)> dt + (077" — o) dZ, + 52,
H —

~a
g

2 (ee)

Abf BvB 5
db = <f“w = (1 =)o (oF — ok )> dt+ (o1 + (1 — ¢)o) dZ + 62,

gt

¢

PE(ee)

Y:/B
def —It+M:<Mf_ﬁtB)dt+ ol dz,
ﬂt/Bt N——— ~—~



| Theory: Solution

1. Change numeraire to N,

2. Derive pricing and risk allocation conditions (SMP/Martingale)
3. Derive evolution of 7

4. Derive money valuation equation for ¥, = q{ﬂftqf

5. Solve numerically
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| Theory: Household's Problem

* Households chose ¢/, ., 827 92, 96 9OFH
® Can not offload risk in technology a

® Can offload at most fraction % < 1 of risk in technology b

o0
maxE [/ e " log(c)dt s.t.
£=0

—dnf = fidt + 027 drP 4+ 02dr? (1) + 0PdrP (1) + 9OEH grOEH
ni—{ n,’_»—l t t t t t t t t t t

1=02" + 02 + 0> + 025"

07 = ot < Lot
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| Theory: Household's Problem

® Write in Ny-numeraire and substitute 0757 with —%9?

max E [/ et Iog(ctH)dt] s.t.
£=0

diy _ dth dfP 4+ 07 (dp? diP) b [ dpb(,) — dfP — Xt dAOEﬁ_de)
A __ﬁ +dry + t( 7 (ee) — rt)+ t 7 (te) re » I t

Xt <X
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| Theory: Household's Problem

® Write in Ny-numeraire and substitute 0757 with —%9?

max E [/ e " log(c; )dt] s.t.
£=0

diy _ dth dfP 4+ 07 (dp? diP) b [ dpb(,) — dfP — Xt dAOEW_de)
A __ﬁ +dry + t( 7 (ee) — rt)+ t 7 (te) re » I t

Xt <X
HE = e log l! — &1 1 éf |70 0 ) = 2) 08 (20 - 70 = Xt 9% - 52))
- gpalit o0 + 02 01 - 02) + 0t (62 - o) (1- 1)

AH Xt \| ~ H aH b X — X
—ft nftH[Ha—i-Gb (1_J>:|U+)‘f£fnf9? 0 ‘ 12/27




| Theory: Household's Problem

® FOCs:
P2 — P =¢He2 — 6Py + s
ZOE _ sD _ aH{ab _ aD ~H ~ H
P = =807 =67 ) +STT = A
b D Xt (,0E D rHiab  AD Xt ~H ~ Xt
rt_rt_E(rt _rt)zgt(at_o-t)<1_¢>+gta<1_w)

)‘f(i —xt) =0
1-n ~1—n

® Recall ¢ =0,7", H =5,
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| Theory: Intermediaries Problem

. DI ,OE,I
® Intermediaries chose ¢/, 08, 6., 6,

* Since drB = drP, effectively choose c!, 875, M = B 4 g2

maxE [/ e "t Iog(cg)dt] s.t.
t

=0

al

dhy
Al
Ny

Al

C o ~ o
=——Ldt+dpf + 99! (drtOE’l — drf)

Nt
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| Theory: Intermediaries Problem

. D,I ,OE,l
® Intermediaries chose ¢/, 08, 6., 6,

* Since drB = drP, effectively choose c!, 875, M = B 4 g2

maxE [/ e "t Iog(cg)dt] s.t.
t

=0

dal él B | pOE,l { O, B
= —ydt+df + 0, (dR7T — dF;
n ny

— A OE,l ( A A
Hl:e ptIOgCt ftN +§t [F"‘et ' (rtOE_rF)}
t

2 Al Al | AB OE,l (Ab ~B "A/N/ OE,l ~
- tntgt[ 0y (Ut — 0y )} 007 oo
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| Theory: Intermediaries Problem

® FOCs:

JOE 5B _ alfab  aBy | ~l =
P = F =8(6F — 7)) + Sepd

® Recall ¢! =0}, &l =57
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| Theory: Risk Allocation

® Combine Households' and Intermediaries’ FOCs:

~OFE D 1-m/ab ~D ~1—n~ H
Fom —F =0y N6/ —67)+5 "GN
~OE ~B _ niab ~AB ~1) o~
Feom —f =0{(6] —67)+ 5 p6

® Recall 7P = 7B, 6P = 6B = o?¥:

(a? _ 01*’7) (62— o?) + (cp&? _ 5}*") 54 AH =

1-—
5?:(1—ﬁt)§¢5 Gl = (1—w) X5
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| Theory: Solution

1. Change numeraire to N,

2. Derive pricing and risk allocation conditions (SMP /Martingale)
3. Derive evolution of n

4. Derive money valuation equation for ¥, = %,J’qut,g

5. Solve numerically
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| Theory: Evolution of n

® Combine Intermediaries’ FOCs or use Martingale Pricing on net worth:

d dN!
Sl E5t = |~ 7B 4 005 (PtOE" - ff)

dt +
Nt NI

68 + 025" (82— &5)1 dz,

n n
Kt Tt

= | —p+ B 0o25 [cl (60 — 6B) + &lps] | dt +oldZ, =

n

He

B A N OEial ~ _ 4 N 2
plHp =P+ (0f —67) + 07595 =7 + of (of —87) + (57)

18/27



| Theory: Evolution of n

® Same for Households:
1-n ~B 1-n 1-n ~B ~1—m 2
e Tt p=Fotoy (Ut _Ut)+(0t )
® Combine the two with weights 1y, 1 — n:

~B ny2 1-n\? =12 11
p=E 4 me (@) + (L =n) (7)) +me (B + (=m0 (577)

® Plug into expression for u, recall 68 = o?:

= =0 |00+ @0 = (o) = (17| - ool
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| Theory: Evolution of n
e Volatility loading o/:
o) =68 + 025" (60 - 65)

® Market Clearing:

= Xt

1-9
etOE,I _ _HtOE,H o _ &95 e _ t
1—mn: (LR Mt

n A - 0,9
® Recall 68 = 0¥, 60 =017 + (1 — )0, 0¥ = S0y

n_ (1 —=9:)x:(1 =)o
t = 8,0:

neo
L+ (xe — m)T
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| Theory: Solution

1. Change numeraire to N,
2. Derive pricing and risk allocation conditions (SMP /Martingale)

3. Derive evolution of 7

qa’
af +af

4. Derive money valuation equation for ¢, =

5. Solve numerically
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| Theory: Money Valuation Equation

e Use expression for 72 = ;¥ — 18 from previous derivations:

2 2
uf = p+if = |ne (@) + (@ =n) (a17") + 0 (51 + (1= mo) (57) }
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| Theory: Solution
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| Theory: Summary

® Main equation for 9(n):

p” =+ if = [0+ (1= 1) () 40 (3 + (L= n) (5]

2

p’y = nu"9p9(n) + (7702’7) ()
po(n) = Z " (0”) + > (5”i)2—ﬂ3 0(n) + 00y 0(n) + (770;) )
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| Theory: Summary

i i\ 2 i ~ni 2 o 770'" 2
pI) = | > m (U” ) + U (U" ) — 1B 9(n) + np"0,0(n) + ( 5 ) Oy (1)
ie{l,H} ie{l,H}
=1 =n) [0 + (37 — (") = (3*7)°] - o7
_ _ 1- , By
no' = (1 —Ox( ;QU, 1 =(1- ﬁ)ch&, G171 =(1-9) Xé, 0" =no" ==
L+ (v —m)% n b ’

MEx-x)=0, x<¥x
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| Theory: Numerical Algorithm

® Quter Loop:
1. Guess ¥(n)
2. Inner loop:

» Compute o"(n) and x(n) (parallelize!)

. Compute u"(n), 7, 67"
Update 9(n)

W

26 /27



| Theory
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