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0. Outside Equity vs Debt

• Suppose experts are unconstrained in OE issuance:

rOE
t − rt = ςet σ

r ,K
t = (θe,Kt + θe,OE

t )(σr ,K )2 = (1− θe,Dt )(σr ,K )2

rOE
t − rt = ςht σ

r ,K
t = (θh,Kt + θh,OE

t )(σr ,K )2 = (1− θh,Dt )(σr ,K )2

• Must be that ςet = ςht

• If experts issue a little bit of debt:

▶ (1− θe,D) ↑, (1− θh,D) ↓, and ςet ↑, ςht ↓
▶ Experts demand lower interest rate on debt

▶ Households demand higher interest rate on debt

▶ Market does not clear
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1. Numerical Methods

µη(η) = η(1− ηt)

[
(ςet −σ−σq

t )(σ
η
t +σ+σq

t )− (ςht −σ−σq
t )

(
− ηtσ

η
t

1− ηt
+σ+σq

t

)
−
(
C e
t

Ne
t

− C h
t

Nh
t

)]
ση(η) = (χt − ηt)(σ + σq

t )
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1. Numerical Methods
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• Grid = {η1, η2, . . . , ηN}
• Constructing the M matrix:

▶ Ensure µ1 ≥ 0, µN ≤ 0, σ1 = σN = 0

▶ Including {0} or {1}?
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1. Numerical Methods

Compute stationary distribution:

1. Iteration method:

▶ g i+1 = (I −∆tM ′)−1g i

▶ Set g 0 to anything that integrates to 1

▶ Depending on how M is constructed: avoid g 0
N > 0.

2. Yuliy’s trick from the lecture (requires µN > 0)

0 = M ′g ⇐⇒

 M ′
11 M ′

1,2:N

M ′
2:N,1 M ′

2:N,2:N

 g1

g2:N

 = 0 ⇐⇒ g2:N = −(M ′
2:N,2:N)

−1M ′
2:N,1g1

3. Solve for kernel: M ′g = 0, e.g. null(full(M’))
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1. Numerical Methods

• Absorbing boundaries (η1 = 0, ηN = 1, µ1 = µN = σ1 = σN = 0)

• Have a look at matrix M:

M1:3,1:4 =


0 0 0 0

1.62 −6.63 5.01 0

0 6.15 −18.85 12.70



MN−2:N,N−3:N =


0.02 −0.02 0 0

0 0.01 −0.01 0

0 0 0 0
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1. Numerical Methods

• Absorbing boundaries (η1 = 0, ηN = 1, µ1 = µN = σ1 = σN = 0)

• Adjust matrix M (reflecting boundaries):

M1:3,1:4 =


−1 1 0 0

1.62 −6.63 5.01 0

0 6.15 −18.85 12.70



MN−2:N,N−3:N =


0.02 −0.02 0 0

0 0.01 −0.01 0

0 0 1 −1
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1. Numerical Methods
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1. Numerical Methods

v(x , t) = E

[∫ T

t

e−ρsxsds

∣∣∣∣ xt = x

]
dxt = −xtdt + (1− x2t )dZt

ρv(x , t) = ∂tv(x , t) + x − x∂xv(x , t) +
(1− x2)2

2
∂xxv(x , t)

v(x ,T ) = 0

• Grid x ∈ [−1, 1], t ∈ [0, 1]
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1. Numerical Methods

• Discretize state space: v(x , t) is a vector vt

• Explicit method:

vt − vt−∆t

∆t
= ρvt − x−Mvt

vt−∆t = ∆tx+ ((1− ρ∆t)IN +∆tM)vt

• Implicit method:

vt − vt−∆t

∆t
= ρvt−∆t − x−Mvt−∆t

vt−∆t = ((1 + ρ∆t)IN −∆tM)−1(∆tx+ vt)
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1. Numerical Methods

• Stability of explicit method:

vt−∆t = ∆tx+ ((1− ρ∆t)IN +∆tM)︸ ︷︷ ︸
≥0

vt

1− ρ∆t −∆t

[
|µ|
∆x

+
σ2

(∆x)2

]
≥ 0

• To ensure this in the limit as ∆x → 0 : lim
∆x→0

∆t
(∆x)2 ≤ C =⇒ ∆t = O((∆x)2)
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1. Numerical Methods

• ∆x = 0.1, ∆t = 0.01
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1. Numerical Methods

• ∆x = 0.01, ∆t = 0.01
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2/3. Two Sector Model

• Solution algorithm

1. Guess value functions v e , vh =⇒ ς i , C i

N i

2. Solve inner loop for q, κ, χ, ι, σq =⇒ µv i , µη, ση

3. Update v e , vh via time step

µv i

t v
i
t = ∂tv

i
t + ηµη∂ηv

i
t +

1

2
(ηση)2∂ηηv

i
t

• CRRA: µv i

t = ρi − c it
nit

− (1− γ)
(
Φ(ιt)− δ − γ σ2

2 + σσv i

t

)

ρiv i
t = ∂tv

i
t +

(
c it
nit

+(1−γ)

(
Φ(ιt)−δ−γ

σ2

2
+σσv i

t

))
v i
t + ηµη∂ηv

i
t +

1

2
(ηση)2∂ηηv

i
t
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2/3. Two Sector Model

• CRRA

▶ C i

N i =
(ηi q)

1−γ
γ

(v i )
1
γ

▶ E[dV i
t /V

i
t ]

dt
= ρi − C i

t

N i
t

• Epstein-Zin (IES=1)

▶ C i

N i = ρi

▶ E[dV i
t /V

i
t ]

dt
= − ∂f i (c,U)

∂U
− C i

t

N i
t
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2/3. Two Sector Model

• Epstein-Zin (IES=1):

f i (c ,U) = (1− γ)ρiU

(
log(c)− 1

1− γ
log((1− γ)ρiU)

)
∂f i (c ,U)

∂U
= (1− γ)ρi

(
log(c)− 1

1− γ
log((1− γ)ρiU)

)
− ρi

• Recall U = V i = 1
ρi

(ωini )1−γ

1−γ and ωi = (ρiv i )
1

1−γ

ηiq

∂f i (c ,U)

∂U
= (1− γ)ρi

(
log(ρi )− log(ωi )

)
− ρi

= (1− γ)ρi log(ρiηiq)− ρi log(ρiv i )− ρi
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2/3. Two Sector Model

Log Utility Epstein-Zin CRRA

RRA

IES
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2/3. Two Sector Model
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2/3. Two Sector Model
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2/3. Two Sector Model
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2/3. Two Sector Model
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