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2. Risk Allocation
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• Total risk: σqK ,t = (σ + σq
t )qtKt

• Risk on experts’ asset side: σqK e ,t = (σ + σq
t )qtK

e
t

• Risk the experts hold: σNe ,t = χt (σ + σq
t )qtKt︸ ︷︷ ︸

σqK,t

= χt

κt
(σ + σq

t )qtK
e
t︸ ︷︷ ︸

σqKe ,t

• Risk offloaded to households:

σOE e ,t = σqK e ,t − σNe ,t =
(
1− χt

κt

)
(σ + σq

t )qtK
e
t

3 / 20



2. Risk Allocation

χt =
σNe ,t

σqK ,t
=

(
θe,Kt + θe,OE

t

)
ηt =

qtK
e
t − OE e

t

qtKt

χt

κt
=

θe,Kt + θe,OE
t

θe,Kt

=
qtK

e
t − OE e

t

qtK e
t

Experts

qtK
e
t

De
t

Ne
t OE e

t

• Total risk: σqK ,t = (σ + σq
t )qtKt

• Risk on experts’ asset side: σqK e ,t = (σ + σq
t )qtK

e
t

• Risk the experts hold: σNe ,t = χt (σ + σq
t )qtKt︸ ︷︷ ︸

σqK,t

= χt

κt
(σ + σq

t )qtK
e
t︸ ︷︷ ︸

σqKe ,t

• Risk offloaded to households:

σOE e ,t = σqK e ,t − σNe ,t =
(
1− χt

κt

)
(σ + σq

t )qtK
e
t

3 / 20



2. Risk Allocation

• Case 1a:

▶ κt < 1 =⇒ K h
t > 0

▶ χt > ηt =⇒ De
t > 0
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2. Risk Allocation

• Case 1b:

▶ κt = 1 =⇒ K h
t = 0

▶ χt > ηt =⇒ De
t > 0
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2. Risk Allocation

• Case 2a:

▶ κt = 1 =⇒ K h
t = 0

▶ χt = ηt =⇒ De
t = 0
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2. Risk Allocation

• Shock arrives at t = 0, destroys λK0, K
+
0 = (1− λ)K0

• Total wealth N+
0 = (1− λ)N0

• Experts wealth Ne,+
0 = Ne

0 − χ0λN0 = (1− λχ0

η0
)Ne

0

• Wealth share η:

η+0 =
Ne,+

0

N+
0

=
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η0
)Ne

0

(1− λ)N0
=

(1− λχ0

η0
)

(1− λ)
η0

• η+0 < η0 if χ0 > η0, and η+0 = η0 if χ0 = η0

• What can we infer about ση?
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1. Stochastic Maximum Principle

• Experts’ problem:

max
ce ,θe,K ,θe,OE ,ιe
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χ̃t ≥ α
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1. Stochastic Maximum Principle

• Hamiltonian for experts:

He
t = e−ρe t log(cet ) + ξet
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r e,Kt − rt

)
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1. Stochastic Maximum Principle

• Hamiltonian for households:

Hh
t = e−ρht log(cht ) + ξht

[
−cht + nht

(
rt + θh,Kt

(
rh,Kt − rt

)
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t
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• Households’ FOCs wrt θh,Kt and θh,OE
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rh,Kt − rt = ςht σ
r ,K
t − λh

t

rOE
t − rt = ςht σ
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1. Stochastic Maximum Principle

(
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• If λh
t = 0 and θh,K > 0 =⇒ κt < 1, λe

t > 0, and χ̃t = α, (χt = ακt)

• If λe
t = 0 and χ̃t > α, (χt = ακt) =⇒ λh

t > 0, θh,K = 0, and κt = 1

• λe
t > 0 and λh

t > 0 possible
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Change of Numeraire in SMP

• Let x̂t be xt in Nt-numeraire
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Change of Numeraire in SMP

dηt
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2. Numerical Solution: General Preferences

• Individual choice of ι
1

qt
= Φ′(ιt) (1)

• Goods market clearing:

κta
e + (1− κt)a

h − ιt = qt

(
ηt

C e
t

Ne
t

+ (1− ηt)
C h
t

Nh
t

)
(2)

• Volatility of q:

σ + σq
t =

σ

1− q′(ηt)
q(ηt)

(χt − ηt)
(3)
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2. Numerical Solution: General Preferences

• Individual choice of θ =⇒ Asset/Risk Allocation χ, κ

0
η

1

κt = 1

Case 1a Case 1b Case 2a

χt = ακt

χt = ακt , ae − ah = α(ςet − ςht )(σ + σq
t )qt (4.1a + 5.1a)

χt = ακt , κt = 1 (4.1b + 5.1b)

κt = 1, (ςet − ςht )(σ + σq
t ) = 0 (4.2a + 5.2a)
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2. Numerical Solution: Log Utility

• Individual choice of θ =⇒ Asset/Risk Allocation χ, κ

0
η

1

κt = 1

Case 1a Case 1b Case 2a

χt = ακt

χt = ακt , ae − ah = α
χt − ηt

ηt(1− ηt)
(σ + σq

t )
2qt (4.1a + 5.1a)

χt = ακt , κt = 1 (4.1b + 5.1b)

κt = 1,
χt − ηt

ηt(1− ηt)
(σ + σq

t )
2 = 0 (4.2a + 5.2a)
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2. Numerical Solution

• Absorbing states η = 0 and η = 1: σq(0) = σq(1) = 0, χ(0) = κ(0) = 0,

χ(1) = κ(1) = 1, q(0) = 1+ahϕ
1+ρhϕ

, q(1) = 1+aeϕ
1+ρeϕ

• Grid {η1 = 0.0001, . . . , ηN = 0.9999} and ODE:

σ + σq
t =

σ

1− q′(ηt)
q(ηt)

(χt − ηt)

σ + σq
i =

σ

1− qi−qi−1

ηi−ηi−1

χi−ηi

qi

with initial condition q0 =
1+ahϕ
1+ρhϕ
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2. Numerical Solution
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2. Numerical Solution
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2. Numerical Solution
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