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Jumps due to multiple equilibria

" Bank runs Diamond Dybvig

" |iquidity spirals Brunnermeier Pedersen

= Sudden stops Calvo, Mendoza, ...

" Currency attacks Obstfeld (2nd generation models), Morris Shin
= Twin crisis models Kaminsky Reinhart (3™ generation models)

® | 0ss of safe asset status (after introducing safe asset in world with idiosyncratic risk)



Endogenous Risk due to Amplification

) Initial exogenous shock odZ; /trigger
l’s best

response

2m|?|"sh%ck others”
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Endogenous Risk due to Multiple Equilibria Jumps

= No exogenous shock,

Usbest T out sunspot process
response e

" Higher strategic complementarities

multiplicity others’
jump average
actions




Two Type/Sector Model with Outside Equity

= Expert sector

A

Capital
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> akg

Household sector
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Net worth
qeK: — N

u Experts must hold fraction )(te = CKKE (skin in the game constraint)
" Return on inside equity N; can differ from outside equity

" [ssue outside equity at required return from HH

" |n related model, He and Krishnamurthy 2013 impose that inside
and outside equity have same return



Two Type Model Setup

Expert sector

" Qutput:  yf = a®ky
= Consumption rate: ¢

" [nvestment rate:  (f

Le
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e
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1=y

Can only issue
" Risk-free debt

= Equity, but most hold yf = ak;

Household sector

=Qutput: y = a*kl

=Consumption rate: ¢t

" |nvestment rate: L?

dl” Lh
T (@(y") — 6)dt + odZ,
t
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Unanticipated Run on Experts

" Can unanticipated withdrawal of all experts’ funding be self-fulfilling?

» Unanticipated crash —jump ton® = 0
" Absent a run: solution as in earlier lecture, since unanticipated
" When do jump capital losses wipe out experts’ net worth?

(@) = q(0)) (87" + 677" )¢ K. = nEq(n)

Xt
e nte > e 1 ) >
q(m¢) (1 Xe(ﬂf)) > q(0) or q(ng) (1 GE,K_I_GE,OE = q(0)
= Vulnerability region: 1ap

u ngh price (not very low n¢) =l

1.2}

" “high risk-leverage” (not very high 1)

ol1.1}

1+

0.9

= After run: n® = 0 forever

Vulnerability
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2 Types of Runs and Modeling Challenges

" \What type of run? What'’s the trigger?

* Funding supply run: Depositor/households run
= Household withdraw funding to experts

* Funding demand run: Other experts run
= Each expert tries to pay back debt and fire-sells assets
" Dropin q is driver

* Model advantage: Always jump to the same point g(n¢ = 0)!

" Modeling Challenges: (see Mendo (2020)

1. Experts are whipped out forever.

" OLG structure:

= Death: all agents die with Poisson rate A2,
= Birth: fraction ¥ of newborns are experts

2. With anticipated run, expert fear
“infinite marginal utility state” n® = 0.

= Transfer of TK to bankrupt experts after run
= Also fixes challenge 1.
= To keep 7 small also introduce relative performance penalty (then take limit T — 0)



Economic insights

= Volatility Paradox also in Jump risk
Reduction in exogenous risk o
= higher leverage

1. Increase in price risk g4 (Brownian)
* (0 + 09) stays roughly stable
2. Increase in run risk (Jump)

= Total risk can be higher
" |ow risk environment is “risky”
= E.g. through better Brownian risk insurance

= Recall for very lown, j9(n) = 0, there is no run risk
since price q is already low and can not drop much further

= No runs in very bad crisis times
" vulnerability region doesn’t startatn = 0

" I[nvariance of Relative Capital Demand
" |f experts lever up more, risk is held by household due to default risk



From Ito to Levy and Cox Processes

= [to process: dX; = uf X, dt + o X,dZ, (geometric)
the Brownian “shocks” dZ; are i.i.d. and small s.t. continuous path
" For non-normal shocks within dt one needs discontinuities

u Levy Process st = adt ~+ bdZt + d]t—most general class with i.i.d. increments
dX, = uf X, dt + o X, dZ, + j{X,_d],
= Restrict attention to Poisson processes:

" |evy jump process can be written as integral w.r.t. Poisson random measures

" Poisson process with arrival rate A > 0:

= | takes onvaluesin Ny = {0,1,2, ... }

" Increments J;1as — J¢ are Poisson distributed with Parameter AAt

= Stochastic integral w.r.t. Poisson process simply sums up the values of the integrand

T J
" fo atd]t — ZnTzl aTn

" Cox process: Ay can be time-varying
" Compensated Jump process J; — fot Aqds is martingale

= |f fot a.dJ, and a; uses info only up to right before t then J; — fot asA.ds is martingale



Ito formulas

s df (X)) = f' XD Xede + 0F X, dZe) +5 " (XD (0¥ XDt + (F(X) — f(Xi)d)
= (F'XOuE X+ f XD (0FX)?) dt + £ (X)of XedZe + (f (1 +F) %) = f(X,0)) dJ.,
®m Power rule:
ng/_ X -1 XZd XdZ 1 .XY_ld
X7 = (yui +v(y — (o )%)dt + yof dZ; + ( +]t) P
" Product rule:
d(X+Y; . . LY -
o S — (uf 4+l + of oDyt + (of + a)dZ, + (7 + Y + )l
= Quotient rule:

d(X./Yy) Ji—j
" Xt ;Ytt B (,I.lg( B ,ng T (O-g,)z B O-tXO{)dt T (O-tX B O-g/)dzt | ;+]'¥

Y
t

dj;

" Memorize simple rules:
= 1+j = (1+5)
145 = (1+5)(1 +jY)

XY 1+jf
=1+, = 147




Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)
= Toolbox 1: Martingale Approach, HJB vs. Stochastic Maximum Principle Approach

b. Portfolio choice 8 + Asset market clearing or
Asset allocation k & risk allocation y

= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

C.

= Toolbox 3: Change in numeraire to total wealth (including SDF)
2. Evolution of state variable n (and K) forward equation
3. Value functions backward equation

a. Value fcn. as fen. of individual investment opportunities w
m Special cases: log-utility, constant investment opportunities

b. Separating value fcn. Vi(ni; n, K) into v'(n)u(K)
c. Derive C/N-ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated value fcn. v(n) into PDE
b. Solve PDE via value function iteration

5. KFE: Stationary distribution, Fan charts



0. Postulate Aggregates and Processes

" |ndividual capital evolution:
J1cb B -
= (®(H) = 8)dt + odZ, + dAg™

~ t
= Where A" is the individual cumulative capital purJhase process

" Capital aggregation: 3
= Within sector i: K¢ = [ ki'di
K: = X K¢

= Across sectors:
= Capital share: Kl = K!/K, -
e = (o(i) - 8)dt + 0dZ, =

Kt g

= Net worth aggregation: 3 O
= Within sector i: N = [ ny'dl ?3

= Across sectors: N = ); N} c

©

U

" Wealth share: nt = N}/N,

" Value of capital stock: q;K; |
Postulate dq:/q; = ,ugdt + thdZt +jtqd]t



0. Postulate Aggregates and Processes

" Individual capital evolution:

dklt k.1
o = (@(:M) — §)dt + gdZ, + dA}

= Where Ak” is the individual cumulative capital purchase process
" Capital aggregation:

= Within sector i: K} = fki’i_di

" Across sectors: Ke =X K;

» Capital share: ki = K} /K;
th

—Lt = (d(d) — 5)dt + 0dZ,

" Net Worth aggregation:

= Within sector i: Ni = [nitdi
" Across sectors: Ne = X, N{
» Wealth share: n: = N{/N;
" Value of capital stock: q;K;
Postulate dq:/q; = dt + atqut +jtqd]t /
dé; L '
» Postulated SDF-process: % = ,uf dt + <3 dZ: + ]t (dJ; — Asdt) |
t \—~
——TFL =~} =-vj

Since only risky debt and not risk-free debt is traded

(c is numeraire)




0. Postulate Aggregates and Processes

= ... from price processes to return processes (using 1to)

®m Jse [to prOdUCt rule to obtain Capital gain rale (in absence of purchases/sales)
dkt

" Define Eg ’V(i,ti = (q)(ti’i) — 5)dt + odZ; without purchases/sales
t A
[’)ividenld Vie|d\ E[Capital gain lrate]= %
.. al — L% | ‘
Ll ]
dr¥ () = FD(if) — 6 + ! + o0 |dt
q q q For aggregate capital return,
-+ (O- + O-t )dZt +]t d]t Replace at with A(k)

" Return on defaultable debt i
drP = r.dt + I dJ,
= Postulate SDF-process: (Example: & = e PtV'(n}).)
e . . .
E—? = —rPldt — ¢idz, —vi(d], — A,dt)

Price OI risk Price of jump/run risk



1a. Individual Agent Choice of (, 6, c/n

" Choice of tis static problem (and separable) for each ¢t

" max dr; (tt)
t

al . Ll .
= max | — FD(i) =5 +pd + 009 |dt+ (o +0)dZ, + jd];
Lf t

For aggregate capital return,

1 ' . i
s FOC: q_ — Cbl(ltl:) Tobin’s q Replace a* with A(k)
t
" All agents tf = 1 = % = (P(;) —6) dt + odZ;

= Special functional form
= O(1) =%log(¢t+ D=>¢dt=q—-1

= Goods market clearing: (A(k) — 1)Ky = Y; C} .
ce clt
kea®l + (1 —ke)a K, —i(qe) K = ng N_%Qt + (1 —n¢) N_%Qt



Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)
= Toolbox 1: Martingale Approach, HJB vs. Stochastic Maximum Principle Approach

b. Portfolio choice 8 + Asset market clearing or
Asset allocation k & risk allocation y

= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

C.

= Toolbox 3: Change in numeraire to total wealth (including SDF)
2. Evolution of state variable n (and K) forward equation
3. Value functions backward equation

a. Value fcn. as fen. of individual investment opportunities w
m Special cases: log-utility, constant investment opportunities

b. Separating value fcn. Vi(ni; n, K) into v'(n)u(K)
c. Derive C/N-ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated value fcn. v(n) into PDE
b. Solve PDE via value function iteration

5. KFE: Stationary distribution, Fan charts



1a. Individual Agent Choice of (, &, c/n

max U e ptu(ct)dt]

{t:.0t,ct3120

d
s.t.% - dt+Z 0] drt + labor income/endow/taxes
t t

ng given

= Portfolio Choice: Martingale Approach
= Let x{! be the value of a “self-financing trading strategy”(reinvest dividends)

= Theorem: &.x4 follows a Martingale, i.e. drift = 0.

. dxfl A A
Let A = M Adt + ofrdZ, + jidJ.,
= Recall SDF % = — tF’ldt —¢tdZ, —vi(d], — A.dt)
t
= By Ito product rule
d fixA i ; ; ; )
Ez;;g) — (_TtFl + //‘2“4 o Ctlto-tA + tht/lt)dt + (O-A R C%)dzt + (]24 R Vt]fq)d]t
d(&lxf . _
( ; ) = (-, buf —clof + A — Aevijf)dt + (U —¢t)dZ, + (i —vi —vijf) (], — Atdt)
Lt martmgale

= Expected return:[,llfg4 + /1]15 — 7At + Cto-t T Avt]t ]




1a. Individual Agent Choice of (, &, c/n

" Expected return:[,uz4 + )l]f — TtF'l + C%O'{l T V%/l]{;l]

F,i. )
" IS the shadow risk-free rate (need not to be same across groups)

= ¢, is the price of Brownian risk of agents i,

ctof is the required Brownian risk premium of agents i

. v,f/lt is the price of Poisson upside risk if j4> 0
For risk-neutral agents vi = 0

" Remark:
= dr®X experts return on capital
» dr™OE households return on outside equity
= dr™P households’ return on debt is risky (due to bankruptcy)



1a. Individual Agent Choice of (, 6, c/n

= Expected return:[,uz4 1 /1]24 — tF'i T C%O'{l T Vé/lfifl]

F,i. )
" IS the shadow risk-free rate (need not to be same across groups)

= ¢, is the price of Brownian risk of agents i,

ctof is the required Brownian risk premium of agents i

. v,f/lt is the price of Poisson upside risk if j4> 0
For risk-neutral agents vi = 0

" Remark:

= For CRRA utility: SDFis & = e Pw; "n, "
1—ve =+ +H77
L e . 1
For log utility: v =1 TR 14T
" For Epstein-Zin: part of w¢-process




1a. Individual Agent Choice of (, &, c/n

" Of experts with outside equity issuance (after plugging in households’ outside
equity choice)

e — (1) =8+ pl + o0, - )(_ZrtF'e+(1_X_g)rtF'h] +/1tjtq =
R I 8\ ot xe\
e Lt h t e LT h t .
— + 1—=||(c+0?) +|vi—+vi|1l——]|4
_C o Ct ( Kte)_ ( ) Ve e t ( Kte>_ t Jt

" Of households’ capital choice

h_ . 4D
aqttt | CD(Lt)—6+ug+aaf—rtF’h At(]tq—][ )

<cho+0D) +v. (I — Iy

with equality if k7 < 1

" Note: Later approach replaces this step with
Fisher Separation Social Planners’ choice (see below)



Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)
= Toolbox 1: Martingale Approach, HJB vs. Stochastic Maximum Principle Approach

b. Portfolio choice 8 + Asset market clearing or
Asset allocation k & risk allocation y

= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

C.

= Toolbox 3: Change in numeraire to total wealth (including SDF)
2. Evolution of state variable n (and K) forward equation
3. Value functions backward equation

a. Value fcn. as fen. of individual investment opportunities w
m Special cases: log-utility, constant investment opportunities

b. Separating value fcn. Vi(ni; n, K) into v'(n)u(K)
c. Derive C/N-ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated value fcn. v(n) into PDE
b. Solve PDE via value function iteration

5. KFE: Stationary distribution, Fan charts



1b. Asset/Risk Allocation across / Types

Let dN. /N, = ul¥dt + o]NdZ, + jNdJ,

" Price-Taking Planner’s Theorem:
A social planner that takes prices as given chooses an physical

asset allocation, k¢, and Brownian risk allocation, y;, and a

Jump risk allocation, (¢, that coincides with the ¢ = (ck...ch
choices implied by all individuals” porttolio choices. %(t = (()((zi?é(}’:))
t — tr St

Return on total wealth o(x)) = (rtaV, ..., xta™)
, i@ = @it . ¢t
" Planner’s problem

E:ld z,!v t .
dri () ¢.o(xe) — Avj(dy)

max
{Kt'Xt' (t} dt
subject to friction: F(k, X, () < 0
= Example:
1. x¢ = {; = K¢ (can’t issue outside equity to offload Brownian
or risky debt to offload Jump risk)

2.  X: = ak; (skinin the game constraint, outside equity up to a limit)




1b. Allocation of Capital/Risk: 2 Types

= Expert: 8¢ = (0%, 0995 92D for capital, outside equity, debt
" Restrictions: pek >,

A OE . . .
gc“t <0, only issue outside equity
t o
Physical : %t > —(1 — a)oek skin in the game

capital 6% | . oF
equity

maximize
K
07 E[drS")/dt + 07 F E[drPE]/dt + 07 E[dr,” ¢ /dt — ¢E (65 + 6707 )a™
.eK )
— /1tVte ((HE'K + Hte'OE)]Z;e ~+ HE'D]Z: ) Note j[D is just the jump due to the loss and not the change in D due to rebalancing.
= Household: 8" = (9™K, gOE ghDy ohK > 0
. . h,OE
maximize o7 =20

K

oMK E[dr* ] /de + 6™CF E[dnF]/de + OMPE[dr "] /dt — ¢l (6] + 6/°F)a™
= 202 (0 + 6PN + 00



1b. Allocation of Capital/Risk: 2 Types

" Example 2: 2 Type + with outside equity

kéa® + (1 — kf)a" —
may [EEFEIDT T 0 - 54| - att + (1= 208)(o + o)
. . q h q _
" FOC,: Case Lgf(o+aol)+ >c(o+al)+ = xf = axf
Case 2: = X > aky

» Case 1: plug y§ = akf in objective
e_ah

a. FOC.—— > a(gf — g?)(a + Jf) + > kg =1

dt
b. = >k <1
= Case 2:
a. FOCKZae;tah> 0 = ki = 1, K§*<1 I iffl |
b. = 0= kf <1 impossible l o 7t el

Y ’ K
e ___ e
Xt — AKg




Invariance of Relative Capital Demand

" One of the insights of Mendo (2020) is that self-fulfilling jumps do not influence
the relative demand for capital of experts relative to households.
|.e. the excess market return that experts demand to hold capital is not affected.

" Subtract experts pricing condition from households

. ‘u%‘k’e o ﬂ{k’h = )K(_%(Ct — Gt )(O- + O-tq) /11;(1 — V?) (a]t (HeK — 1) +]t ]TD)

N g

=0
" [ osses are split between experts and households (via defaultable debt)

" Since experts’ losses are capped by their net worth due to limited liability, all
additional losses from increasing capital holding, Hf’K, are born by households



Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)
= Toolbox 1: Martingale Approach, HJB vs. Stochastic Maximum Principle Approach

b. Portfolio choice 8 + Asset market clearing or
Asset allocation k & risk allocation y

= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

C.

= Toolbox 3: Change in numeraire to total wealth (including SDF)
2. Evolution of state variable n (and K) forward equation
3. Value functions backward equation

a. Value fcn. as fen. of individual investment opportunities w
m Special cases: log-utility, constant investment opportunities

b. Separating value fcn. Vi(ni; n, K) into v'(n)u(K)
c. Derive C/N-ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated value fcn. v(n) into PDE
b. Solve PDE via value function iteration

5. KFE: Stationary distribution, Fan charts



Toolbox 3: Change of Numeraire

= x/ is a value of a self-financing strategy/asset in $
= Y, price of €in S (exchange rate)
dYi Y Y .Y
v, o M dt + oy dZy + j; dJ;
t
= x£ /Y, value of the self-financing strategy/asset in €
A A
e Pu'(c;) Ytj;—t follows a martingale (+ SDF in new numgrairteft = &.Y;)
N— v — t requency Or SUNspots, Ag,
=St

are not deperyent on numeraire

Recall uff — uf + 1,.(ji —jP) = (—Uf) (04 —0ap) + v (G —J7)

N——

=¢ risk
A B A B £ ‘ jA_jB
uﬁ—u?+ﬂt(jf—jf) — (_Ut _UtY)EUA_UtBl‘F(Vt_jf‘Fthf)/lt iﬂ-f

N— e’

price 6f Tisk risk
= Price of Brownian risk ¢® = ¢* — g¥

® Price of Jump risk vf = vf —jf + vfjf




Change of Numeraire: SDF

" SDF in good numeraire is |
déf/&i- = —r"dt — ¢tdZ, — v (d], — A.db)

=" SDF in total net worth numeraire is

déi/Ei = ptdt — (¢l — o)dz, — (vi— j + i) d),
= tpldt (Ct — O¢ )dZt (Vt ji + V¢ {tv)(d]t — A dt)

Y A

=Gt




Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)
= Toolbox 1: Martingale Approach, HJB vs. Stochastic Maximum Principle Approach

b. Portfolio choice 8 + Asset market clearing or
Asset allocation k & risk allocation y

= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

C.

= Toolbox 3: Change in numeraire to total wealth (including SDF)
2. Evolution of state variable n (and K) forward equation
3. Value functions backward equation

a. Value fcn. as fen. of individual investment opportunities w
m Special cases: log-utility, constant investment opportunities

b. Separating value fcn. Vi(ni; n, K) into v'(n)u(K)
c. Derive C/N-ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated value fcn. v(n) into PDE
b. Solve PDE via value function iteration

5. KFE: Stationary distribution, Fan charts



2. GE: Markov States and Equilibria

" Equilibrium is a map

Histories of shocks -------- > prices q,, ¢t i, 0F

{Z;,s €10,t]}
\ _—

net worth distribution

e N¢
e (0,1
g qeKt ( )

net worth share

n

" All agents maximize utility
" Choose: portfolio, consumption, technology

= All markets clear
= Consumption, capital, money, outside equity



2. Law of Motion of Wealth Share n;

= Method 1: Using Ito’s quotation rule nt = N}/(q.K;)

. R%lcalll
N
_t bm = benchmark asset
tl i (tradable by everyone)
C . i i
_ L bm i Xt q bm Nt -bm
p— __ldt Tt dt EE (n—ll;(O"FO't) — 0 dt V ]t _]t dt
t price of - —_— —
. risk excess risk
X q
t(O' + O, )dZt -|‘] d]t | ignored OLG terms for now
= dnnit = ... (lots of algebra) Transfers in case dJ; = 1 in vulnerability region: T'K,
t

= Method 2: Change of numeraire + Martingale Approach
* New numeraire: Total wealth in the economy, N;
" Apply Martingale Approach for value of i’s portfolio

= Simple algebra to obtain drift of nt ,ut
Note that change of numeraire does not affect ratio n'!




2. 11" Drift of Wealth Share: Many Types

"= New Numeraire
= “Total net worth” in the economy, N¢ (without superscript)
= Type i’s portfolio net worth = net worth share

" Martingale Approach with new numeraire
" Asset A = i’s portfolio return in terms of total wealth,

—+u, +A4J7 |dt + o, dZ;
Dividerfd  E[capital gains
yield rate

" Asset B (benchmark asset that everyone can hold,

e.8. risk-free asset or MORNEY (in terms of total economy wide wealth as numeraire))
rP™mdt + of™dZ, Hat notation ® indicates
total net worth numeraire

= Apply our martingale asset pricing formula
ut —uf + 4G —Jji) = ¢(of — af) + 0. — jP)



2. 11" Drift of Wealth Share: Many Types

" Asset pricing formula (relative to benchmark asset)
i Cf i . i i
e T A = gem) = (st =al) (o —ab™) + 20! (j — )
t

\

due to change
INn numeraire

I I
i oqit Ce bm it bm _
Ne Uy +ﬁ_7ﬂt + A¢ Nt Jt —AJp " =

t .

i’ i/

=0 =0
i’ At ni’ bm 2 i’ ai’ -ni' .bm
Ne Gt \ 0y — O T A¢ Ne Ve \Je —Jt
i’ i/

" Subtract from first equation
n' af G G nt _ _bm i At (0t pm
He + A —__m'FCt(U —0 )_ Mt Se \Or — Ot
i,

= Add up across types (weighted),

(capital letters without superscripts are aggregates for total economy)

9 (57 = j2m) = 2 Zomi o (57 = jem)



2. u'Drift of Wealth Share: Two Types i € {e, h}

" Subtract from each other yield net worth share dynamics
ﬂ?e+)ltjge
Sl Sy am s (o — otm) = (=9t (o - o)
Nt Nte t t
+(1 =928 (777 = o) = @ =m0 (7 — jim)

" [n in our model, benchmark asset is risky debt,

« ofm= o)
. m ]T'D_jN . .'rD . . . . .N .
. jbm — TN (since ji return on risky debt jump in c-numeraire, ji wealth jump)

= Apply quotient rule for jumps
ne _ne
" ,th + /lt]te

Ct Ct A 7’]6 A 77h
— N, e F (1 —nf)és (O't +a,£") - (1 _775)9{} (O-t +UL{V)

.1-D N '”I”D N

j5 = ol oo =

+(1 o )At t : N o (1 o nf))’tvl{l ]1? N
1+ 1+




2. o'l Volatility of Wealth Share

= Since ! = Nt/Nt,

YD D (A0 [ WA/ A € St/ 1)) i e

Jt

N il

= Note for 2 types example
N (1 Nt )(] )
Je = e :N€

1+ngjy +(1—n )J



= Note:
®m OLG structure and
" transfers TK;

also affects net worth evolution and still has to be incorporated!



Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)
= Toolbox 1: Martingale Approach, HJB vs. Stochastic Maximum Principle Approach

b. Portfolio choice 8 + Asset market clearing or
Asset allocation k & risk allocation y

= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

C.

= Toolbox 3: Change in numeraire to total wealth (including SDF)
2. Evolution of state variable n (and K) forward equation
3. Value functions backward equation

a. Value fcn. as fen. of individual investment opportunities w
» Special cases: log-utility, constant investment opportunities

b. Separating value fcn. Vi(ni; n, K) into vi(n)u(K)(ni/n‘)l_y
c. Derive C/N-ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated value fcn. v(n) into PDE
b. Solve PDE via value function iteration

5. KFE: Stationary distribution, Fan charts



Value Functions

" For log utility

. . - i
" Price of Brownianrisk ¢ = o'

" Price of Jump risk ve =1 = (see earlier slide)

= For CRRA/EZ utility

= Generalize earlier lecture
add jump terms in value function BSDEs



Value Function Process for CRRA

avi  d(vik, ™)
v/ viK, "

" By [to’s product rule

; 1 i i
= (u’g + A =)(@) —6) -5y - y)(@%) + (1 —y)oa? )dt +j¢ dJ

+ volatility terms

Poll 47: Why martingale?

" Recall by consumptlon optimality for CRRA utility a) Because we can “price”
4Vl c net worth .W/'th SDF
L — ptdt + =L dt follows a martingale b) because p* and ct/my
Vi nt cancel out
i .
. 1 C .9l
" Hence, drift above = pt — =% — A, /7 | P
P nt tJt still have to solve for u; , of



Value Function Process for EZ

avi  d(vik, ™)
Vti ngtl 7

" By [to’s product rule

; 1 i i
= (u’g + @ =)(@) —6) -5y - y)(@%) + (1 —y)oa? )dt +j¢ dJ

+ volatility terms

Poll 48: Why martingale?

" Recall by consumptlon optimality for CRRA utility a) Because we can “price”
dVl o net worth .W/'th SQF |
L — pldt + -t dt follows a martingale b) because p* and ct/n;
Vi nt cancel out
1-y L .
. o0f K C b
" Hence, drift above = — — (CS, vy = ) = — AdJf Si i
ou 1-y ng Still have to solve for uy , o;



" |f we relax the assumption EIS=1, then the consumption-wealth ratio of agents
will vary with investment opportunities (which do depend on the exact
specification of (perceived) run risk even under log utility) and that will clearly
affect g through goods market clearing.

" |f we keep EIS = 1, but vary the risk aversion, then the g function will only be
affected if capital is allocated differently for the same value of n (because the
average consumption-wealth ratio in the economy does not change and then
goods market clearing gives us a one-to-one mapping between g and the capital
allocation). So, we would have to check whether the invariance of capital
demands result is only true because there are no hedging demands or whether
that result generalizes even if there are hedging demands. | don’t have the
equations in front of me right now, but my guess would be that also that result is
not robust and thus the capital allocation and g will be affected even it EIS = 1.



