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Numerical Methods

1. Backward Equation: value function

▶ General structure

▶ Construction of the M matrix

▶ VFI and PFI

2. Forward Equation: state variables

3. Jump processes and two-state problems
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General Setup: Backward Equation

• Recall from previous lecture:
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• Generally interested in solving:

ρv(η) = u(v , η) + µ(v , η)∂ηv(η) +
1

2
σ(v , η)2∂ηηv(η)

• Discretized form:

ρv = u(v) +M(v)v
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Constructing the M Matrix

• Grid {η1, . . . , ηN}, v = [v1, . . . , vN ]
′, µ = [µ1, . . . , µN ]

′, etc

• Desired property: Mii ≤ 0 ∀i , Mij ≥ 0 ∀i ̸= j

• Second derivative:

∂ηηvi =
vi+1 − 2vi + vi−1

(∆η)2

• First derivative: upwind scheme

∂ηv
+
i =

vi+1 − vi
∆η

, ∂ηv
−
i =

vi − vi−1

∆η

∂ηvi = v+
i 1µi≥0 + v−

i 1µi<0
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Constructing the M Matrix

• Denote µ+
i = max{µi , 0} ≥ 0, µ−

i = min{µi , 0} ≤ 0

ρvi = ui +
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• Any interior row of M sums to zero

• At the boundaries:

▶ Enforce σ1 = σN = 0 and µ1 ≥ 0, µN ≤ 0

4 / 15



Constructing the M Matrix

• Denote µ+
i = max{µi , 0} ≥ 0, µ−

i = min{µi , 0} ≤ 0

ρvi = ui +

[
−
µ−
i

∆η
+

σ2
i

2(∆η)2
,
µ−
i − µ+

i

∆η
− σ2

i

(∆η)2
,
µ+
i

∆η
+

σ2
i

2(∆η)2

]
vi−1

vi

vi+1


• Any interior row of M sums to zero

• At the boundaries:

▶ Enforce σ1 = σN = 0 and µ1 ≥ 0, µN ≤ 0

4 / 15



Constructing the M Matrix

• Matrix M is by construction sparse =⇒ use sparse libraries:

▶ Matlab: spdiags

▶ Julia: SparseArrays.spdiagm

▶ Python: scipy.sparse.spdiags

• Matlab code:

1 dD = =min (mu, 0) / deta + s i g . ˆ2/(2* deta ˆ2) ;

2 dM = min (mu, 0) / deta = max(mu, 0) / deta = s i g .ˆ2/ deta ˆ2 ;

3 dU = max(mu, 0) / deta + s i g . ˆ2/(2* deta ˆ2) ;

4 M = spd i a g s ( [ dD dM dU ] , [ 1 0 =1] , N, N) ’ ;
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Value Function Iteration

ρv(η) = u(v , η) + µ(v , η)∂ηv(η) +
1

2
σ(v , η)2∂ηηv(η)

ρv = u(v) +M(v)v

• Introduce time:

ρvt(η) = ∂tvt(η) + u(vt , η) + µ(vt , η)∂ηvt(η) +
1

2
σ(vt , η)

2∂ηηvt(η)

∂tv(t, η) = g(v , η)

• Explicit or Implicit?
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Value Function Iteration

ρvt(η) = ∂tvt(η) + u(vt , η) + µ(vt , η)∂ηvt(η) +
1

2
σ(vt , η)

2∂ηηvt(η)

• Explicit:
ρvt =

vt − vt−∆t

∆t
+ u(vt) +M(vt)vt

• Implicit:

ρvt−∆t =
vt − vt−∆t

∆t
+ u(vt−∆t) +M(vt−∆t)vt−∆t

• We use:
ρvt−∆t =

vt − vt−∆t

∆t
+ u(vt) +M(vt)vt−∆t

vt−∆t =
(
(1 + ρ∆t)I−∆tM(vt)

)−1(
∆tu(vt) + vt

)
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Alternative: Policy Function Iteration

ρv(η) = u(v , η) + µ(v , η)∂ηv(η) +
1

2
σ(v , η)2∂ηηv(η)

ρv = u(v) +M(v)v

• Assume constant ‘policy’ along the entire path:

1. Given vk , compute u(vk),M(vk)

2. Update vk+1 =
(
ρI−M(vk)

)−1

u(vk)
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Kolmogorov Forward Equation

∂tgt(η) = −∂η(µ(η)gt(η)) +
1

2
∂ηη(σ(η)

2gt(η))

• Stationary version:

0 = −∂η(µ(η)g(η)) +
1

2
∂ηη(σ(η)

2g(η))

• Discretize:

0 = M̃g

• Turns out M̃ = M′!
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Kolmogorov Forward Equation

• Solving for g:

1. Iterate

gt+∆t − gt

∆t
= M′gt+∆t

gt+∆t =
(
I−∆tM′

)−1

gt

2. Solve given g1 M ′
11 M ′

1,2:N

M ′
2:N,1 M ′

2:N,2:N

 g1

g2:N

 = 0 ⇐⇒ g2:N = −(M ′
2:N,2:N)

−1M ′
2:N,1g1

3. Find the null space (kernel) of M′ using some built-in method (Matlab: null)
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Simple valuation problem

v(x , σ) = E

[∫ ∞

0

e−ρtu(xt)dt

∣∣∣∣ x0 = x , σ0 = σ

]
dxt = −xtdt + σt(1− x2t )dZt

σt ∈ {σL, σH}

• σ changes with Poisson intensity λ

ρv(x , σL) = u(x)− x∂xv(x , σL) +
σ2
L(1− x2)2

2
∂xxv(x , σL) + λ(v(x , σH)− v(x , σL))

ρv(x , σH) = u(x)− x∂xv(x , σH) +
σ2
H(1− x2)2

2
∂xxv(x , σH) + λ(v(x , σL)− v(x , σH))

11 / 15



Simple valuation problem

v(x , σ) = E

[∫ ∞

0

e−ρtu(xt)dt

∣∣∣∣ x0 = x , σ0 = σ

]
dxt = −xtdt + σt(1− x2t )dZt

σt ∈ {σL, σH}

• σ changes with Poisson intensity λ

ρv(x , σL) = u(x)− x∂xv(x , σL) +
σ2
L(1− x2)2

2
∂xxv(x , σL) + λ(v(x , σH)− v(x , σL))

ρv(x , σH) = u(x)− x∂xv(x , σH) +
σ2
H(1− x2)2

2
∂xxv(x , σH) + λ(v(x , σL)− v(x , σH))

11 / 15



Simple valuation problem

• Fix σ = σL and discretize x ∈ {x1, . . . , xN}:

ρv(xi , σL) = u(xi )− xi∂xv(xi , σL) +
σ2
L(1− x2i )

2

2
∂xxv(xi , σL) + λ(v(xi , σH)− v(xi , σL))

• Given σ, construct MσL
(NxN) and MσH

(NxN)

• Stack states together: {σL, x1}, . . . , {σL, xN}, {σH , x1}, . . . , {σH , xN}:

M =

σL σH[ ]
σL MσL

0

σH 0 MσH

+ Λ
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Simple valuation problem

• Constructing Λ:

1. Transition matrix between σ-s:

Λ0 =

−λ λ

λ −λ


2. Use Kronecker product (kron(Λ0, IN)):

Λ =

−λIN λIN

λIN −λIN
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Simple valuation problem

M =

σL σH



− + 0 0 0 + 0 0 0 0

+ − + 0 0 0 + 0 0 0

σL 0 + − + 0 0 0 + 0 0

0 0 + − + 0 0 0 + 0

0 0 0 + − 0 0 0 0 +

+ 0 0 0 0 − + 0 0 0

0 + 0 0 0 + − + 0 0

σH 0 0 + 0 0 0 + − + 0

0 0 0 + 0 0 0 + − +

0 0 0 0 + 0 0 0 + −
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