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Numerical Methods

1. Backward Equation: value function

» General structure
» Construction of the M matrix

> VFI and PFI
2. Forward Equation: state variables

3. Jump processes and two-state problems
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General Setup: Backward Equation
® Recall from previous lecture:
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General Setup: Backward Equation
® Recall from previous lecture:
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® Generally interested in solving:

pv(n) = (v 1) + (v, )0y v(n) + 5 (v, v()

® Discretized form:

pv = u(v) + M(v)v
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Constructing the M Matrix

® Grid {n1,...,nn}, v=1[v1,...,wn], p=[p1,-..,un], etc
® Desired property: M; <0 Vi, My >0Vi#j

® Second derivative:
Viel — 2V + Vi1

Oy vi = (An)2
® First derivative: upwind scheme
+ Vi — v _Vi— Vi1
anvi = T’r]’ 877\/[ ﬁ

_ o+ -
Onvi = v Ly>0+vi 1u,<0
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Constructing the M Matrix

® Denote ] = max{yu;,0} >0, p; = min{u;,0} <0
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® Any interior row of M sums to zero
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Constructing the M Matrix

® Denote ] = max{yu;,0} >0, p; = min{u;,0} <0

N A U
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S R VR Tv) VR
® Any interior row of M sums to zero

® At the boundaries:

» Enforce 01 =ony=0and u1 >0, uy <0
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Constructing the M Matrix

® Matrix M is by construction sparse = use sparse libraries:
»> Matlab: spdiags
» Julia: SparseArrays.spdiagm

» Python: scipy.sparse.spdiags
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Constructing the M Matrix

® Matrix M is by construction sparse = use sparse libraries:

»> Matlab: spdiags
» Julia: SparseArrays.spdiagm

» Python: scipy.sparse.spdiags
® Matlab code:

1 dD = —min(mu, 0)/deta + sig."2/(2*xdeta”2);

2 dM = min(mu, 0)/deta — max(mu, 0)/deta — sig."2/deta"2;
3 dU = max(mu, 0)/deta + sig."2/(2xdeta"2);

+ M = spdiags ([dD dM dU], [1 0 —1], N, N)’;
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Value Function lteration

pv(n) = u(v,n) + p(v,n)d,v(n) + %0(v,n)20nnV(n)

pv = u(v) + M(v)v
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Value Function lteration

pv(n) = u(v,n) + p(v,n)d,v(n) + %0(v,n)28nnV(n)

pv = u(v) + M(v)v
® Introduce time:

, 1
pve(n) = Oeve(n) + u(ve,n) + p(ve, n)anw(n) + EJ(Vh n)zarth(ﬁ)

atv(tv 77) = g(Vﬂ?)

® Explicit or Implicit?
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Value Function lteration

pvaln) = Deve () + (e, ) + (e 1)y () + 50 (B ()

® Explicit: Ve — Vo
PVt = tT;At + U(Vt) + M(Vt)vt
® Implicit:
Vi — Vi A
PVit_Ar = tT;t +u(veear) + M(Veoae)ve-ae
® \We use:
: Vi — Vi_A
JATEYNES % +u(ve) + M(ve)veoar

Vi_Ar = ((1 + pAt)l — AtM(vt)) N (Atu(vt) + vt>
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Alternative: Policy Function lteration

o) = (v, 1) + (v, 1), v(n) + 50(v, 1V v()

pv = u(v) + M(v)v

® Assume constant ‘policy’ along the entire path:

1. Given vy, compute u(vk), M(vi)

2. Update viq1 = (pl — M(vk)) u(vk)
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Kolmogorov Forward Equation

() = —0,(4n)ge(n)) + 2o (rV ()

® Stationary version:
0= ~0,(k(n)g(n) + 50 (o (1) 8 ()

® Discretize:

0=Mg
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Kolmogorov Forward Equation

() = —0,(4n)ge(n)) + 2o (rV ()

® Stationary version:
0= ~0,(k(n)g(n) + 50 (o (1) 8 ()

® Discretize:

e Turns out M = M’!
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Kolmogorov Forward Equation

® Solving for g:
1. lterate
gt+atr — 8t
At
, —1
git+At = (l — AtM ) gt

= Mlgt+At

2. Solve given g1

M, M 5.y 81 _
) ) ’ =0<= g@on= *(Mézlv,zzlv) 1M§:N,1g1
M2:N,1 M2:N,2:N 82:N

3. Find the null space (kernel) of M’ using some built-in method (Matlab: null)
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Simple valuation problem

V(x,0) = E { /O e rtu(x)dt

dXt = _Xtdt + Ut(l — th)dZt

Xpo = X,00 = (7}

ot € {or,on}

® o changes with Poisson intensity A
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Simple valuation problem

V(x,0) = E { /O e rtu(x)dt

dXt = _Xtdt + Ut(l — th)dzt

Xpo = X,00 = (7}

ot € {or,on}

® o changes with Poisson intensity A

2(1 _ 2)2
T )+ Mv(xs ) — vl )
2

pv(x,0.) = u(x) — xOxv(x,0L) +

pv(x,on) = u(x) — xOxv(x,on) + OxxV(x,01) + AMv(x,0L) — v(x,04))
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Simple valuation problem

® Fix o = o and discretize x € {xy,...,xy}:
201 _ 42)2
pv(xi,o1) = u(x;) — xiOxv(xi,00) + uaxxv(x,-,m) + Mv(xi,on) — v(xi,o0))

2
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Simple valuation problem

® Fix o = o and discretize x € {xy,...,xy}:
201 _ 42)2
pv(xi,o1) = u(x;) — xiOxv(xi,00) + Maxxv(x,-, or) + Mv(xi,on) — v(xi,00))

2

® Given o, construct M,, (NxN) and M,,, (NxN)

® Stack states together: {oy,x1},...,{o,xn}, {on,x1}, ..., {on, xn}:
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Simple valuation problem

® Constructing A:

1. Transition matrix between o-s:

A A
Mo =
A=A

2. Use Kronecker product (kron(Ag, In)):
=Aly Ay
/\ =
Ay —=Aly
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Simple valuation problem

OH

gL
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