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Course Overview

Real Macro-Finance Models with Heterogeneous Agents
1. A Simple Real Macro-finance Model

2. Endogenous (Price of) Risk Dynamics

3. A Model with Jumps due to Sudden Stops/Runs

Money Models

1. A Simple Money Model

2. Cashless vs. Cash Economy and “The | Theory of Money”
3. Welfare Analysis & Optimal Policy

1. Fiscal, Monetary, and Macroprudential Policy

International Macro-Finance Models
1. International Financial Architecture

Digital Money



Simple Two Sector Model: Basak Cuoco (1998)

" Expert sector Household sector

Net worth

Capltal tht _ Nt

q: K¢

See Lecture Notes, Chapter 2 or
Handbook of Macroeconomics 2017, Chapter 18



Financial Frictions and Distortions

= Belief distortions
= Match “belief surveys”

" Incomplete markets
" “natural” leverage constraint (BruSan)
= Costly state verification (BGG)

" + Leverage constraints

(no “liquidity creation”)

= Exogenous limit (Bewley/Ayagari)

= Collateral constraints
= Next period’s price (KM)
Rby < q¢11ke
= Next periods volatility (VaR, JG)
= Current price

can depend on
prices/volatility

= Search Friction (DGP)



Two Sector Model Setup

"Qutput: y; = aky
"Consumption rate: c{l

»Consumption rate: ¢/

"|[nvestment rate:  if
el 3 .
Ak =(@(1f")-8)dt+odze+dafte
X t t t
r

agent T of type i (expert, HH)



Two Sector Model Setup

"Qutput: y; = aky
"Consumption rate: c{l

»Consumption rate: ¢/

"|[nvestment rate:  if

dkf’i—(cb( el)_5)dt+odZ+d Ak
kte'i_ Lt) ) +0 t+
“Eolf, e Pt qr] Eolf;” e ree Y gy

1=y

Log-utility in Basak Cuoco 1998



Two Sector Model Setup

"Qutput: y; = aky
"Consumption rate: c{l

»Consumption rate: ¢/

"|[nvestment rate:  if

dk?i—(cb( o1)-68)dt+odz +dAfte
kte,i =Pk ozt t

o0 . e\1—y o0 _ h 1-y
Eo[f e Pt gy "Eo[f, e Pttt —dt]

Can only issue
"Risk-free debt



The Big Picture
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Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)

" Toolbox 1: Martingale Approach, HB-vs—Stechastic-Maxdratr-Reneciple-Approach

b. Portfolio choice 8 + Asset market clearing

: oo AEOAATAGN

2. Evolution of state variable n (and K) forward equation

3. Value functions backward equation
a. Value fcn as fcn. of in' 'dual investment opportunities W

V(n n, K) into v‘(n)u(l{)(n‘/n )
c. Derive p = C/N-ratio and ¢, ¢ prices of risks

4. Numerical model solution

a. Transform BSDE for separated-vatue-femr (7)) into PDE
bh___SetrePDEVIa value function iteration

5. KFE: Stationary distribution, Fan charts




0. Postulate Aggregates and Processes

" |ndividual capital evolution:
dkb - ki
k}fi = (®(M) — 8)dt + 0dZ, + dA,
= Where A" is the individual cumulative capital purJhase process
" Capital aggregation: 3
= Within sector i: K¢ = [ ki'di
= Across sectors: K: =YK}
= Capital share: ki = K} /K; -
dK ; L
—L = (d(d) —§)dt + odZ, c
Kt g
= Net worth aggregation: 3 O
= Within sector i: N{ = fné’l_di ?3
= Across sectors: Ne = X, Nf c
= Wealth share: n: = N{/N; D
)

= Value of capital stock: q;K;

Postulate dq:/q; = ,ugdt + thdZt
(c is numeraire)



0. Postulate Aggregates and Processes

" |ndividual capital evolution:
J1cb B -
= (®(H) = 8)dt + odZ, + dAg™

~ t
= Where A" is the individual cumulative capital purchase process

" Capital aggregation:

= Within sector i: Ki = [ ktdi
= Across sectors: K: =YK}
= Capital share: ki = K /K,
th _ l
e (@(d) — 6)dt + odZ,
= Net worth aggregation: 3
= Within sector i: N{ = fné’l_di
= Across sectors: Ne = X, Nf
= Wealth share: n: = N{/N;
= Value of capital stock: q;K;
Postulate dq:/q; = ,ugdt + thdZt
dét L . .
= Postulated SDF-process: —it = ,uf dt + o; dZ, (c is numeraire)
St — ——

=—Tt =—¢;



0. Postulate Aggregates and Processes

= .. from price processes to return processes (using Ito)

= Use lto prOdUCt rule to obtain Capital gain rale (inabsence of purchases/sales)

, > dib ii .~
= Define k{i: ’v(i,ti = (CD(L;J) — 5)dt + O'dZt L7 without purchases/sales
t v
Dividend yield E[Capital gain rate]= d(Lit)
l A \ | (qtky)

l l |
~ - a —1 .
k( LI\ _ t | i\ _ q q
drt (l't ) o ( q ' q)(tt) 0 T 'ut T O-O-t ) dt For aggregate capital return,

Replace at with A(k)
+ (o +0)dZ,

1

= Postulate SDF-process: (Example: && = e~ PtV (n}).)
Ui _pigr — cidz
7 Tt Ctlit
Price !)f risk
Recall discrete time e = E[SDF]



0. Postulate Aggregates and Processes

= .. from price processes to return processes (using Ito)
= Use lto prOdUCt rule to obtain Capital gain rale (inabsence of purchases/sales)

vy dkY L g
= Define k{i: Ivcz’ti = (CD(L;J) — 5)dt + O'dZt L7 without purchases/sales
i i : : _d(qekty)
| D|V|dencil yield | E[Capital gain rate]— kD)
l l | |
= a — :
L1 L
dr¥(y') = FP(if) — 8+ p +o0)dt

q For aggregate capital return,

Replace at with A(k)
+ (o +0)dZ,

= Postulate SDF-process: (Example: & = e~ PtV'(n}).)

i . :
d_Eit — tldt _ Cédzt Poll 14: Why dqes drift of SDF equal risk-free rate
Y ' a) no idio risk
_q.F
Price of risk b)e™" = E[SDF]*1

Recall discrete time ™" = E[SDF] ¢) no jump in consumption



The Big Picture
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Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)

= Toolbox 1: Martingale Approach, HB-vs—Steehastic-Maxrdr-Rrnciple-Approach
b. Portfolio choice 8 + Asset market clearing or

: oo AEOAATAGN

P i (o, .° _ M oy N Py P 124
. C — C C

C. I\/Ioney evaluatlon equatlon v,
. ToolberaCl weatthfinciding SOF
2. Evolution of state variable n (and K) forward equation

3. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w

= Special cases: /og URNeOaBNt investment-eppertarTities

LVt (n n, K) into v‘(n)u(K)(n‘/n ) o
c. Derive C/N ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated-vatse-ferU*(77) into PDE
bh___SetrePDEVIa value function iteration

5. KFE: Stationary distribution, Fan charts




1a. Individual Agent Choice of ¢, 0, ¢

" Choice of ¢ is static problem (and separable) for each t

. max dr; (tt)

at — i .
= max d(it) — 6+ ul + g0
L dt

" FOC: — = d'(iL) Tobin's g

dt
= All agents it = 1, = % = (P(;) —6) dt + odZ;

= Special functional form
= D) = %log(¢t+ D=>¢pt=qg—1

= Goods market clearing: (a® — ,)K, = CE + C/.



1a. Method 3: Martingale Approach — Cts. Time

e _
max _E f e Plu(c,)dt
in, {Lt»etict}t 0 0
S't'n_t: ntdt+2 6/ drt +|abor|ncome/endow/taxes
Ny given
- Portfolio Choice: Martingale Approach

= Let x{! be the value of a “self-financing trading strategy” (reinvest dividends)

n & x follows a Martingale, i.e. drift = 0.
" Let GE _ L Adt + 6AdZ,)
= Recall dg—gt = —rldt — ¢tdZ,
t
= By Ito product rule
d L
(ixt ( ‘rt + uf — gtat ) dt +volatility terms
Eixt
=0
" Expected return:l,l,lt:1 = Ttl g‘éo'tA]
= For risk-free asset, T.€. O'fﬂ‘ =0U: rtf — Tti

= Excess expected return to risky asset B: uf —uf =cl(cf — of)



1a. Optimal Portfolio Choice - back to our model

. Using M{l — th — g'éO'{l for capital return (instead of generic asset A)

a—Lg
dt

FO@E) — 8+ u! + oo/ —rtf =¢f(o+ )

= Recall
= 0, portfolio share in risk-free bond (if negative = debt/short position)
" (1 —26;) portfoliosharein (physical) capital k;

= Asset markets clearing:

. K
= Capital market 1 —0¢ = 1=t
L

=1/M¢

= Debt/bond market (by Walras Law)



Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)

" Toolbox 1: Martingale Approach, HB-vs—Stechastic-Maxdratr-ReRcile-Approach:

b. Portfolio choice 8 + Asset market clearing or

: oo AEOAATAGN

2. Evolution of state variable n (and K) forward equation

3. Value functions backward equation
a. Value fcn as fcn. of in' 'dual investment opportunities W

V(n n, K) into v‘(n)u(l()
c. Derive C/N ratio and ¢ price of risk

4. Numerical model solution

a. Transform BSDE for separated-vatue-femr (7)) into PDE
bh___SetrePDEVIa value function iteration

5. KFE: Stationary distribution, Fan charts




2. GE: Markov States and Equilibria

= Equilibrium is a map

Histories of shocks -------- > prices qy, ¢t ik, 08

{Z;,s €10,t]}
\ /

net worth distribution

e N¢
e (0,1
t qeKt ( )

net worth share

n

= All agents maximize utility
" Choose: portfolio, consumption, technology

" All markets clear
= Consumption, capital, money, outside equity



Recall: Basics of Ito Calculus

= Geometric Ito Process dX; = uf X, dt + o7 X, dZ,

" [to's Lemma:
1
df (X¢) = f’(Xt)lig(Xtdt + Ef”(Xt)(UtXXt)Zdt + f’(Xt)UtXXtdZt

" |[to product rule:
d(X:Y:)

= (ui +ui +oiop)dt+ (of +o;)dZ,
Xelt

" [to ratio/quotation rule:

d(Xt/Yt) X Y Y .Y X X Y
— — — — /
X, /Y, (Ht ui + a; (o7 — ot ))dt + (of —o; )dZ,




2. Law of Motion of Wealth Share n;

» Method 1: Using Ito’s quotation rule n; = Nf /(q:K;)

NG _ AN S gt 4opdt + (1 — 68)[drK — rydt)

e e e
Ny ny ng

dN§ (a— _
Net = —pdt + r dt + (1 —67) ( 0 LD -6+ ul + oo, — rt) dt + (o +0.)dZ,
t
da-K I =qf(&+aq)
2t o W+ () -6 +ooh)dt + (0 +08)dz, ~ ——  Using portfolio
qQeKe - — - choice equation
=rt—a Lt+g‘g(0'+0'q)

dt <

" |[to ratio rule:

d(X,/Y,)
X:/Yt = (¥ — ¥ + 0¥ (6} — o)) dt + (o — o¥)dZ,

n dn”t — (a;? o+ Hf((a + atq) — gf)(a + af)) dt — 67 (0 + th)dZt
£ -/
<0




Solving MacroModels Step-by-Step

Postulate aggregates, price processes & obtain return processes

For given C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)

" Toolbox 1: Martingale Approach, HB-vs—Stechastic-Maxdratr-Reneciple-Approach

b. Portfolio choice 8 + Asset market clearing or

: oo AEOAATAGN

Evolution of state variable n (and K) forward equation

Value functions backward equation

a. Value fcn. as fen. of individual investment opportunities w
" Special cases: log-utility, constgnt investment opportun/t/es

b. Separatmg value |
- V-ratio and ¢ pr|ce of risk

Numerical model solution

a. Transform BSDE for separated-vatse-ferU*(77) into PDE
bh___SetrePDEVIa value function iteration

KFE: Stationary distribution, Fan charts
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3a. CRRA Value Function

Applies separately for each type of agent

= Martingale Approach: works best in endowment economy

" Here: mix Martingale approach with value function (envelop condition)

= Vi (nk;m,, K,) for individuals i
(cp*r-1
1=y

= increase net worth by factor, optimal ct for all future states increases

Cl

by this factor = | =% }-ratio is invariant in nt
ng

= For CRRA/power utility u(c{l) =

Kt) _ u(w (1Z;Kt)nt)

= = value function can be written as V"(n,‘:; N,

- a),‘; Investment opportunity/ “net worth multiplier”
= w'(n,, K;)-function turns out to be independent of K,
= Change notation from w'(1n,, K;)-function to wi-process



3a. CRRA Value Function: relate to w

= = value function can be written as ( ; t), that is
.. 1— . 1— . 1—
_1(elmd) 11 (e T(m)
Cpt 1y p 1-y
aVv ; : : . .
"= u'(c') by optimal consumption (if no corner solution)
1=y, =Y ;
(w)  (ni) N — Ct N1 iN1—1
B = ey e L= (o) iy
Next step:

a) Special simple cases
b) replace wg with
something scale invariant



3a. CRRA Value Function: Special Case log —utility

[C— = <pi>1/y<wi>1-1/ﬂ

Nng

" |[to for volatility term: atci = a,}”i + (1 — 1/)/)O'lf‘)i
" For log ut|||tyy = 1.

nt ct

Sb=ePl/ci=e Pt/(pnt)foranya)t = 0p =0; = Ct
- Expected excess return ,ut — rtF = g/ 0,;4
" Recall dn"f gt + (1 - 0V)drK + Oldr,

t t

= Consumption choice: ¢} = p'nt
" w; does not matter = income and substitution effect cancel out

= Portfolio choice: myopic (no Mertonian hedging demand)

= Volatility of investment of opportunity/net worth lmultlpher
does not matter = Myopic price of risk ¢; = o/t = of



Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. Forgiven C/N-ratio and SDF processes foreachi finance block
a. Realinvestmentt + Goods market clearing (static)

" Toolbox 1: Martingale Approach, HB-vs—Stechastic-Maxdratr-ReRcile-Approach:

b. Portfolio choice 8 + Asset market clearing or

: oo AEOAATAGN

2. Evolution of state variable n (and K) forward equation

3. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w

= Special cases: log-uti Log atility investment opportunities—
b. Separating : n%n, K) into v'(n)uw(K)

c. Derive C/N-ratio and ¢ price of risk
4. Numerical model solution

a. Transform BSDE for separated-vatue-femr (7)) into PDE
bh___SetrePDEVIa value function iteration

5. KFE: Stationary distribution, Fan charts




Recall: Market Clearing

= Qutput good market
C: = (a — 1)K,
Pq: Ky = (a — lf(CIt))Kt = qs =q,Vi
pq: = (a — 17 (qr))

= Hence f =1, ul! =a,! =0,Vt.
= Capital market
qe K¢
N¢

\——

=1/n¢

1—6¢ =

= Debt/bond market (by Walras Law)



4b. Model Solution

" Using pq; = (a — 1(qs)), di; 1= q: — 1, for o) = 2log(¢t + 1)

pa
q f—
1+ ¢p
= Using portfolio choice, goods & capital market clearing

a — (€
Ty = qtt | @(te)—6+%+%q—qt(a+9%

=p+P()—-6—-(1—-6,)c?
2

o

=p + CD(Le) — 0 — 77_ from capital market clearing
t
1 1 (1 -+ qba) s o P
Ty = p 0g — risk-free rate
¢ ~1+¢p Mt

" Goods & capital market cleaging and n-evolution
d 1 —
e ( 277t) og?dt A odZ,
Nt Nt Nt




Numerical example
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Observation of Basak-Cuoco Model

" 1 fluctuates with macro shocks, since experts are levered

" Price of risk, i.e. Sharpe ratio, is
o p+PW—-86-—1n;

Nt o
" Goes to oo as n; goes to zero
= Achieved via risk-free rate
=p+®0)—-6—-0*/n > —
= Rather than depressing price of risky asset, g, = q Vt

= No endogenous risk 9 = 0
= No amplification
= No volatility effects
n _ (1-np)?

U, = 2 g% > 0 =in the long run HH-net worth share vanishes
t
= Way out:
= Different discount rates p (KM)
= Switching types (BGG)

= ) types of experts (BruSan)



Desired Model Properties

= Normal regime: stable around steady state

= Experts are adequately capitalized
= Experts can absorb macro shock

" Endogenous risk and price of risk
" Fire-sales, liquidity spirals, fat tails
= Spillovers across assets and agents
= Market and funding liquidity connection
" SDF vs. cash-flow news

= \Volatility paradox
= Financial innovation less stable economy

" (“Net worth trap” double-humped stationary distribution)



