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Lecture 03: Endogenous Risk Dynamics



Desired Model Properties

around steady state

" Endogenous risk price of risk

= \/olatility paradox
" Financial innovation
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Two Type Model Setup

Expert sector Household sector
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Two Type Model Setup

Expert sector Household sector

at > al al

Friction:



Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes



0. Postulate Aggregates and Processes
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0. Postulate Aggregates and Processes

Same Brownian




0. Postulate Aggregates and Processes
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0. Postulate Aggregates and Processes

capital gain rate




The Big Picture
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Solving MacroModels Step-by-Step

1. Forgiven C/N-ratio and SDF processes for each i
a. Realinvestmentt + Goods market clearing (static)



1a. Individual Agent Choice of ¢, 0, c

= Goods market clearing: A(k)

I



Solving MacroModels Step-by-Step

1. Forgiven C/N-ratio and SDF processes for each i
a. Realinvestmentt + Goods market clearing (static)

b. Portfolio choice 68 + Asset market clearing or



1a. Individual Agent Choice of ¢, 0, c

experts

households



1a. Individual Agent Choice of ¢, 0, c

Martingale Approach



Solving MacroModels Step-by-Step

1. Forgiven C/N-ratio and SDF processes for each i
a. Realinvestmentt + Goods market clearing (static)

Asset allocation k & risk allocation y
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem



1b. Asset/Risk Allocation across I Types

" Price-Taking Planner’s Theorem:

friction



1b. Asset/Risk Allocation across I Types

1. Fisher Separation Thm:

2. Aggregate
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1b. Allocation of Capital/Risk: 2 Types

. Debt
Physical
capital 6% oF
equity
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1b. Allocation of Capital/Risk: 2 Types




1b. Allocation of Capital/Risk: 2 Types

AS




1b. Allocation of Capital/Risk: 2 Types

or



1b. Allocation of Capital/Risk: 2 Types

" Example 1: no outside equity (a¢ = 1)

friction



1b. Allocation of Capital/Risk: 2 Types

" Example 2: with outside equity

impossible

N 32



1b. Allocation of Capital/Risk: 2 Types

" Example 2: with outside equity

impossible = g/



1b. Allocation of Capital, K, and Risk, ¥

Cases | X = ak{ |k{ <1 |(a®—a") (sf—st)(o+al)=0
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Solving MacroModels Step-by-Step

1. Forgiven C/N-ratio and SDF processes for each i
a. Realinvestmentt + Goods market clearing (static)

= Toolbox 3: Change in numeraire to total wealth (including SDF)



Toolbox 3: Change of Numeraire

= Price of risk ¢ = ¢¥* — ¥



Toolbox 3: Change of Numeraire

= Price of risk ¢ = ¢¥* — ¥



Solving MacroModels Step-by-Step

2. Evolution of state variable n (and K)



2. GE: Markov States and Equilibria

map

net worth share



2. Law of Motion of Wealth Share n;

" Method 2: Change of numeraire + Martingale Approach



2. u'Drift of Wealth Share: Many Types

= New Numeraire
= “Total net worth”



2. u'Drift of Wealth Share: Many Types

\

due to change
INn nuMmeraire



2. u'Drift of Wealth Share: Two Types

net worth share dynamics

I



2. o'l Volatility of Wealth Share

2 types example



2. Amplification Formula: Loss Spiral

0+0tq=
1—

" | 0ss spiral



2. Amplification Formula: Loss Spiral
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Solving MacroModels Step-by-Step

3.

Value functions

a. Value fcn. as fen. of individual investment opportunities w
= Special cases: log-utility, constant investment opportunities

. Separating value fen. V¥(n';, k) into v (n)u() (n'/n!)
c. Derive C/N-ratio and ¢ price of risk

N 47



The Big Picture
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3a. CRRA Va ‘ ue Function Applies separately for each type of agent

” Vi(ntl;i Ne Ke)

w (Mg,Kt)

- a),i: Investment opportunity/ “net worth multiplier”

e 49



3a. CRRA Value Function: relate to w

= (py Y ()Y

l
ng

Next step:

a) Special simple cases
b) replace w¢ with
something scale invariant

e -



3a. CRRA Value Function: Special Cases

S
L= (o) (Y
ng

log utilityy =1



3a. CRRA Value Function: Special Cases
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ng
log utilityy =1
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3a. CRRA Value Function: Special Cases
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3b. CRRA Value Fcn. & State Variable n

Martingale approach



3b. CRRA Value Fcn: De-scale by K;

56




3b. CRRA Value Fcn: De-scale by K;

define v}
5/




3b. CRRA Value Function



3b. CRRA Value Fcn BSDE

backward stochastic differential equation (BSDE)

evolution ¢



The Big Picture
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3c. Get ¢s from Value Function Envelop

W i (nt:Kt)



3c. Get % from Value Function Envelop



Solving MacroModels Step-by-Step

4. Numerical model solution

a. Transform BSDE for separated value fcn. v*(n) into PDE
b. Solve PDE via value function iteration

N 63



4. Value function Iteration - Big picture

\

Note in 2 type model we only
use 1€ as state variable

e 64
——’1/<:’—’,’<:;’j><:
\\ SSee—" ~ ] =~ . |



4. Value Function Iteration — Big Picture



4. Value Function Iteration — Big Picture
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4. Value Function Iteration — Big Picture
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4. Value function Iteration - Big picture
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4a. PDE Value Function Iteration

“growth equation”

m;%w 69



43a. PDE Value Fcn: Replacing Terms
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4a. Replacing 4



4a. Replacing y, obtain k for good mkt clearing

Cases | xi = aki |k{ <1 | (a®—a")
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4a. Replacing y, obtain k for good mkt clearing

¢f —¢f

(- o+o) >0 x> apt s



4a. Replacing y, obtain k for good mkt clearing




4a. Market Clearing




4a. Market Clearing







4b. Algorithm — Static Step
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4b. Aside: Newton’s Method




4b. Aside: Newton’s Method

“ondition Tor x¢ "



4. Value Function Iteration — Big Picture
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given vt(n®, T)
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4. Value Function Iteration — Big Picture
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4. Value Function Iteration — Big Picture

/ %T)




4b. Pseudocode
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Financial and Monetary Economics
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Volatility Paradox




Risk Sharing via Outside Equity




Market Liquidity




From ,u"e(r]e) & a° (n) to Stationary Distribution

“Steady state” n”,

©
@\
)
(2]
©
O

Case 1a
Case 1b




Solving MacroModels Step-by-Step

5. KFE: Stationary distribution, Fan charts/(m 92



5. Kolmogorov Forward Equation

of m,t) _ olf(n, Hu(m)]  10°[f(n,)a*(m)]

ot on 2 on?

stationary distribution

N 93



5. Kolmogorov Forward Equation



5. Kolmogorov Forward Equation

forward



5. Stationary Distribution
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5. Stationary Distribution




5. Fan chart and distributional impulse response




5. Fan chart and distributional impulse response




5. Density Diffusion

Stationary Period
s Shocked Distribution Shock Period
Stationary Distribution Transitional Period
Shocked Distribution
— Stationary Distribution

B

s

Density f(n".1)

Time ¢

101




5.Density Diffusion Movies
















5. Distributional Impulse Response

Median State




Solving MacroModels Step-by-Step

I L



Recent Macro-finance Literature (in cts. time)

=== 108
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