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I Problem 1 — Cash-in-advance Constraint
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" One sector money model of lecture 5 (,,| theory without
|I()

" No idiosyncratic risk

" No money growth

" CIA constraint: must hold a fraction 1/€ of consumption
expenditures in money

® Tasks:

1. HJB of individual agent, derive liquidity-adjusted choice
conditions

2. Solve model. Does constraint bind? Equilibrium Uniqueness?

3. How do velocity (€) changes affect equilibrium allocation? Is
there crowding in/out?



I Problem 1 — Choice Conditions

» Take generic returns:
dr® = u"*dt + o™*dZ
dr' = pu""dt + o""dZ
= HJB equation:
pV(n) = max (u(c) +V'(n) (—c+ Onp™™ + (1 — 0) nu"™*) + %V”(n) (6o™™ + (1 - 6) a'ﬂk)Q nz)
= Constraint: ¢ < {0n
= ] Lagrange multiplier and 1 = /T/V'(n) ,price of
liquidity”
" FOCs: u' (¢) = (1+ X)) V' (n)

V" (n)n
.k romo__ n r,m rk
uot — __V’('n,)g (o™™ — o) + N
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I Problem 1 — Model Solution
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= Log utility, thus V' (n) = £ and — L = 1

pn V’(n)
" |n addition:
”’r,k . ”r,m — 2=t and O.r,k: — g™ — 5
" Substitute into consumption and portfolio condition
1 1+A o= P
c  pn 14
a—1L

p =c(c—0g)+M=X\N

» Goods market clearing ((p+q)=a—1

* Divide by g, combine with choice conditions

p 1 P
M e1—9=
T4al—g ¥ (1+ NN




I Problem 1 — Model Solution
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" From lastslide 1_g9—__°
TESNBY

" Two possibilities:
1. Constraint does not bind, thenA=0=>1—-19 = o0
— not possible

2. Constraint binds, then { = 419, thus

_ P
(1+A)¢
* Combine two equations to get , price of liquidity”
p 1 P p
(1+)\)€( +)\> o T

" Recover ¥ and ¢



I Problem 1 — Model Solution

" Remaining steps are standard (see lecture):

(1-9)a-C a—p
1—94+rC 14+rp

1 4+ ka 14+ kra
q:(l_ﬁ)l—ﬁ—l—ﬁzczl—l—h’,p
B l+krka  pl+ka
T 1=+ kC L1+ kp

p
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Il Problem 1 — How Does € Affect Allocations?

" Model Solution (1—-%Na—-¢ a—p
- 1 =9+ k(¢ :l—l—f<;p

q=(1—?9)1 I;I;rm _ 1+ ka

—Uv+r( 14+ Kp
l+ka  pl+ka
1—9+kC £1+kp

p="1

" Only p depends on ¥, investment and consumption are
unaffected

= |f velocity doubles, price level doubles

= No crowding out/in of investment

Poll 7: When would this result change?

a) With sticky prices

b) With idiosyncratic risk

c) Never, with CIA money is always neutral
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Problem 2
(Multiplicity in Money Model)

= Simple | Theory without | (+ simplifying assumption)

dk; .. -,
i:adZé, A=1, G° > p, K — 00
t

= Tasks

1. Steady states
2. All deterministic equilibria

3. Tax Backing of Money and Uniqueness



i Problem 2
General Equilibrium Conditions

" Goods Market Clearing

p+q=

= Capital Market Clearing

_ A= 9 —
. 9_p+q_pq

" Price of (idiosyncratic) Risk

S = pqo
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I Problem 2 — Steady States

" One Steady State without Money
1

q=—, p=20
P

= Steady States with Money
" From portfolio choice and market clearing

1 P | 1
g P Se¢=—Feqg=t——

po? N

" Only positive solution is valid equilibrium
1 G —p

q=—=, p =
VPO p
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I Problem 2 — Deterministic Equilibria

= Postulate

d d
i:ﬂgdt; ﬁ_[,ltdt

dt Pt
® Return processes and portfolio choice

. 1 -
drl = (q— —I—,u,f) dt + odZ;, dri® = uydt
t

1 )
— +pi — pf = pqi6*
qt

* = Differentiate goods market clearing (p+a=3)

| :
0= pf+qt:>ﬁ—&—(1+%)%— 2

qGt Dt pe) @& 1 —pg g
S ~——

=Hg— Iy =Hy
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I Problem 2 — Deterministic Equilibria

" Substitute into portfolio choice condition

" .. and rearrange

Gt = (pgeo” — 1) (1 — pgt) = p*5”

Qi
N
=
+
N

Qi
~—
N

=
|
N

Qi
SN——
AN
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I Problem 2 — Deterministic Equilibria
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q paths for different initial conditions
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I Problem 2 — Deterministic Equilibria
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= Proposition
= Set of possible initial conditions (g°, p°) is

{(m)qe[q,a],p:%q}

= For each (q°, p°) there is exactly one equilibrium path with
_ 0 _ 0
qto - q ’pto - p

= Asymptotic behavior

}5’1‘1 ; — -)*
lim p; = {} - Pto =1 lim q; = {

t—00 0, otherwise t— 00

dt, = 4
otherwise

RS
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I Problem 2 — Deterministic Equilibria
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" Proof of Proposition (idea)
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I Problem 2 — Tax Backing

= Government imposes output tax, tax rate T

= Subsidizes money by
a) Real dividends to money holders
b) Shrinking of money supply

= After-tax return on capital dr¥ = (1 — ﬂﬁ‘) dt

= Return on money
= Policy a) -

-
. i - ~dt = —dt.
dividend yield K o = dr" = (T + ,u,f) dt

= Capital gains d(p:K) = yPdt

= Policy b)
= dividendyield O

dp* dp dM T
= capital gains p;i = -p: — M: = (— +uf) dt | .
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I Problem 2 — Tax Backing

" Asset Pricing Condition

1—7 T _
— — +[if = fy = PGO
qt Pt

" Equilibrium ODE

1 1 1 T

. 2~

G =p 0| q+ ..)(qf ~)(Q’t)+T(1th)+Qt(1th)
( VPO VPa ) \p . Pt

&

W
=T

Pt T
+ —qt =T
Pt t+q  pE Pt G

_
7 (1 — pg:) + ol (1—pg) ="
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|| Problem 2 — Tax Backing
Uniqueness of Money Steady State

i = p°o? + ! _ L +7
qir = p qt \/ﬁf} dt \/,55 p dt

dq/dt

0 20 40 60 80 100 120
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i Problem 2 — Can Tax Backing Achieve
Unigueness without ever Taxing?

= Capital taxation to back the money stock may be undesirable
from a welfare perspective
(in this model for high idiosyncratic risk want to
inflate/subsidize capital, compare Brunnermeier, Sannikov
2016)

" |[f government can credibly commit to future taxation:
= Start taxing as soon as value of money falls below some threshold

p € (0,p"):

0, p=p

= Eliminates all equilibrium paths withp < p
(same argument as before)

= Sufficient to eliminate all equilibria other than (q,p*)
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