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I Desired Model Properties

=" Normal regime: stable around steady state
= Experts are adequately capitalized
= Experts can absorb macro shock

" Endogenous risk
= Fire-sales, liquidity spirals, fat tails
= Spillovers across assets and agents
= Market and funding liquidity connection
= SDF vs. cash-flow news

= VVolatility paradox
® Financial innovation less stable economy
" (“Net worth trap” double-humped stationary distribution)
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I Two Type/Sector Model with Outside Equity

BruSan 2017: Handbook of Macroeconomics, Chapter 18, Section 3
" Expert sector Household sector

A L A L

Debt Loans

. Net worth
K — N

Capital

Capital

Y1q:K;

(1 —Y)qcK;

> ay,

u Experts must hold fraction Xt = C(l/)t (skin in the game constraint)

" Return on inside equity N; can differ from outside equity
" |ssue outside equity at required return from HH

" |n related model, He and Krishnamurthy 2013 impose that inside
and outside equity have same return
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I Two Type Model Setup

Expert sector Household sector

= Output: Ve = akta " Output: Ve = ak;

AG) = pa+ (1 —p)a
/

Capital share
of experts

Poll 4: Why is it important that households can hold capital?
a) to capture fire-sales
b) for households to speculate
c) to obtain stationary distribution
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I Two Type Model Setup
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Expert sector Household sector

= Output: Ve = akta " Output: Ve = ak;

AG) = pa+ (1 —p)a
/

Capital share
of experts

Poll 5: What are the modeling tricks to obtain stationary distribution?
a) switching types
b) agents die, OLG/perpetual youth models (without bequest motive)
c) different preference discount rates



I Two Type Model Setup

Expert sector Household sector
= Output: Ve = akta " Output: Ve = ak;
» Consumptionrate: ¢, " Consumption rate: ¢
" [nvestment rate:  (; " [nvestment rate:
dkt dkt
t —t

capital evolution absent market transactions/fire-sales
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I Two Type Model Setup

Expert sector Household sector

= Output: Ve = akta o Output: Ve = ak;

= Consumption rate: ¢; ~ = Consumption rate: ¢;

" [nvestment rate:  (; " [nvestment rate:

dkk; = (®(;) — 6)dt + odZ; dgt = (CD(tt) 5)dt + odZ;
p=p

1— (0 0 BN C
[ emPte_dt] e ([, e S dt]

|
X!
o
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I Two Type Model Setup

Expert sector Household sector
= Output: Ve = akta o Output: Ve = ak;
= Consumption rate: ¢; ~ = Consumption rate: ¢;
" [nvestment rate:  (; " [nvestment rate:
dkk; = (®(;) — 6)dt + odZ; dgt = (CD(tt) 5)dt + odZ;
>
- = EO[fo e ~ptce :dt] " B- Eo[foooe_ﬁtct dt]

Friction: Can only issue
» Risk-free debt
" Equity, but most hold y; = ay;
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static
a. Realinvestment, (portfolio 8, & consumption choice of each agent)
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w
= Special cases

b. De-scaled value fcn. as function of state variables n
= Digression: HIB-approach (instead of martingale approach & envelop condition)

c. Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)

4. Value function iteration & goods market clearing
a. PDE of de-scaled value fcn.
b. Value function iteration by solving PDE
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Il O. Postulate Aggregates and processes

= |ndividual capital evolution:
Akt - .
= (@() - 8)dt + odZ, + dA™
o t
= Where A’f’l’l is the individual cumulative capital purchase process

(c is numeraire)
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Il O. Postulate Aggregates and processes

" Individual capital evolution:

dk"t = (®(i) — 6)dt + odZ, + dAFY

= Where A’f’i’i is the individual cumulative capital purchase process
= Capital aggregation:

= Within sector i: Ki = [ k'di

= Across sectors: K: =Y, K}

= Capital share: Vi = K} /K;
th

D( 8)di dt + odZ; since A" add up to zero
=J (o(¢) - 9) t ¢

(c is numeraire)
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Il O. Postulate Aggregates and processes

" Individual capital evolution:

dk"t = (®(i) — 6)dt + odZ, + dAFY

= Where A’f’i’i is the individual cumulative capital purchase process
= Capital aggregation:

= Within sector i: Ki = [ k'di

= Across sectors: K: =Y, K}

= Capital share: Vi = K} /K;
th

= [ (®(') — §)di dt + 0dZ,

. Networth aggregation:

. = Within sector i: NE= [nidi
= Across sectors: Ny =2 Nt
= Wealth share: ng = N /N,

(c is numeraire)
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Il O. Postulate Aggregates and processes

" Individual capital evolution:

dk"t = (®(i) — 6)dt + odZ, + dAFY

= Where A’f’i’i is the individual cumulative capital purchase process
Capital aggregation:

= Within sector i: Ki = [ k'di

= Across sectors: K: =Y, K}

= Capital share: Vi = K} /K;
th

= [ (®(') — §)di dt + 0dZ,

. Networth aggregation:

%_ = Within sector i: ﬂt‘ = fni'i_di

& = Across sectors: Ny =X N{

°q£j = \Wealth share: ng = N /N,

£l = Value of capital stock: q:K;

= Postulate dq:/q: = uf!dt T thdZt

g (c is numeraire)
O



Il O. Postulate Aggregates and processes
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Individual capital evolution:
= (®(i*) - §)dt + 0dZ; + dAF

= Where A’f’i’i is the individual cumulative capital purchase process

dkt
Kyt

Capital aggregation:
= \Within sector i:
= Across sectors:

= Capital share:
th

K. =Y, K}
Y = K{ /K,

= [ (®(') — §)di dt + 0dZ,

Networth aggregation:

= \Within sector i:
= Across sectors:
= \Wealth share:

Value of capital stock:
Postulate

— Ll g~

PEPN:
n¢ = N¢ /N,

q:K:

dq:/q: = u

Ki= [ kIdi

ldt + odZ,

Poll 14: How many Brownian

motions span prob. space?
a) one
b) two
c) one + number of sectors
d) two + number of sectors

(c is numeraire)



Il O. Postulate Aggregates and processes

" Individual capital evolution:

dkt k,i,i
= (d(i¥) — 8)dt + 0dZ + dA,

ar = (@() - 9) :

= Where Ak” is the individual cumulative capital purchase process

= Capital aggregation: | »
= Within sector i: K = fké’l.di
= Across sectors: K. = X K{
. Cap&n}a{l share: Vi = K} /K;
—L = [(®(}) — §)di dt + 0dZ,

. Networth aggregation:

Same Brownian

. = Within sector i: Ni = [ny'di
= Across sectors: Ny =2 Nt
= Wealth share: ng = N /N,
" Value of capital stock: q;K; l
Postulate dq:/q; = ,uf!dt + thdZt

(c is numeraire)
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Il O. Postulate Aggregates and processes

" Individual capital evolution:

dk"t = (®(i) — 6)dt + odZ, + dAFY

= Where A’f’i’i is the individual cumulative capital purchase process
Capital aggregation:

= Within sector i: Ki = [ k'di

= Across sectors: K: =Y, K}

= Capital share: Vi = K} /K;
th

= [ (®(') — §)di dt + 0dZ,

. Networth aggregation:

= = Within sector i: Ni = [ny'di

s = Across sectors: N; =¥, N¢

p = Wealth share: nt = N} /N,

£l = Value of capital stock: q:K;

£ Postulate dq:/q; = dt + oy dZt

g " Postulated SDF-process: ;t = f + at dZ; (c is numeraire)
LN t —r

8 =Tt =-¢



Il O. Postulate Aggregates and Processes

= .. from price processes to return processes (using Ito)
= Use Ito product ruIe to obtain capital gain rate (in absence of purchases/sales)

= Define E% V” (CD(t ) — 5)dt + odZ; /without purchases/sales

d(qckly)

D|V|dend yleld E[Capital eain rate = —
(Capital gain ratel= ~ ¥

|

. A
drX (i) = (l/)t) + O(iL) -6+ ul + ool | dt
t q t t
+ (o +0/])dZ,

= Postulate SDF-process: (Example: E,f = e‘ptui’(ct))
Tt = —rdt —cldz,
St
f

Price of risk
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Il O. Postulate Aggregates and Processes

= .. from price processes to return processes (using Ito)
= Use Ito product ruIe to obtain capital gain rate (in absence of purchases/sales)

= Define E% V” (CD(t ) — 5)dt + odZ; /without purchases/sales
D|V|dend V|e|d E[Capital gain lrate]= %
i A, - \
drf (") = p + CD(Lt) §+ul + o0 |dt

+ (o +0/])dZ,

= Postulate SDF-process: (Example: E,f = e‘ptui’(ct))

A&l .
—g-t — —Tt dt — CédZt Poll 18: Why does drift of SDF equal risk-free rate
ft a) no idio risk
! b)e ™" = E[SDF]*1
Price of risk c) no jump in consumption
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I The Big Picture
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static
a. Realinvestment, (portfolio 8, & consumption choice of each agent)
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w
= Special cases

b. De-scaled value fcn. as function of state variables n
= Digression: HIB-approach (instead of martingale approach & envelop condition)

c. Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)

4. Value function iteration & goods market clearing
a. PDE of de-scaled value fcn.
b. Value function iteration by solving PDE 20
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I 1. Individual Agent Choice of ¢, 8, ¢

» Choice of t is static problem (and separable) for each t

" max drK(ti)

A — .
— max( (l/JZI + Cb(t‘) — &+ ul + 00‘1)
Ll
. "FOC: é = ®'(1") Tobin's g
= All agents ! =t = % = (®() — ) dt + odZ;
t

= Special functional form:
= O() = log(kt+1)=>Kki=q—1
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I 1a. Optimal Portfolio Choice

" Of experts with outside equity issuance (after plugging in
households” outside equity choice)

a;t +®() — 8 +ul + o0 —1 =
t
= [Sexe/We + 6e(1 = xe/Pe)](o + o)

= Of households’ capital choice
g;tt + D) — 6 + ug + aatq —1: < ¢(0+09)
. >
with equality if Y, < 1

=" New Approach replaces this step with
Fisher Separation Social Planners’ choice (see below)
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I 1a. Individual Agent Choice of ¢, 8, ¢
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= Consumption Choice: Martingale Approach

= Consider a self-financing trading strategy consisting of agent’s
networth with consumption reinvested.

d (&} .
o dline) | e g (—rt +ul —clol + ;—’;) dt + o ..

§ine ng . t
=0
. ﬁ_r — oy + io.n
n, 't Ut T CtO¢

= (only) useful for steady state characterization



I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static
a. Realinvestment, (portfolio 8, & consumption choice of each agent)
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w
= Special cases

b. De-scaled value fcn. as function of state variables n
= Digression: HIB-approach (instead of martingale approach & envelop condition)

c. Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)

4. Value function iteration & goods market clearing
a. PDE of de-scaled value fcn.
b. Value function iteration by solving PDE 27
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I 1b. Asset/Risk Allocation across I Types
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" Price-Taking Planner’s Theorem:
A social planner that takes prices as given chooses a
real asset (capital/production) allocation, Y, and risk
allocation y, that coincides with the choices implied by all
individuals” portfolio choices. ¢ =0(cl..ch
xe =Qdxd)

o(x:) = (Ul(Xt)» ---;UI(Xt))
" Planner’s problem

max_E; [d?"g{(l/)t)] — g'tO'(Xt) = drf in equilibrium
Wexe}

subject to friction: F(¥,, x¢) < 0
= Examples:
1. x¢ =Y (if one holds capital, one has to hold risk)
2. X = ay, (skinin the game constraint)



I 1b. Asset/Risk Allocation across I Types

m Sketch of Proof of Theorem

1. Fisher Separation Thm: (delegated portfolio choice by firm)
= FOCyield the martingale approach solution

* Each individual agent (i, 7) portfolio maximization is
equivalent to the maximization problem of a firm

] e

« ar"™ = 3. 0)idr] = ¥, 0 E[dri] + ¥ ;07107 dZ,
is linear in s

= Either bang-bang solution for s s.t. portfolio constraints bind
= Or prices/returns/risk premia are s.t. that firm is indifferent

2. Aggregate

" Taking n-weighted sum to obtain return on aggregate wealth
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3. Use market clearing to relate 8s to s & ys (incl. 8-constraint



I 1b. Allocation of Capital/Risk: 2 Types
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= Expert: @ = (8%, 0°¢,0%) for capital, outside equity, debt
= Restrictions: 0k >0,

0°¢ <0, only issue outside equity

Physical Disloi 0°¢ > —(1 — a)@* skinin the game

capital 8% | . O-
equity

A

Il_

maximize
OKE[dr¥] + 6°¢E[dro¢] + 697/ — ¢, (6% + 6°¢)a™"

30



I 1b. Allocation of Capital/Risk: 2 Types

= Expert: @ = (8%, 0°¢,0%) for capital, outside equity, debt

. = Restrictions: 0k >0,
L . . .
0°¢ <0, only issue outside equity
Physical 0°¢ > —(1 — a)@* skinin the game

capital 8% | . O-
equity

maximize
OKE[dr¥] + 6°¢E[dro¢] + 697/ — ¢, (6% + 6°¢)a™"

= Household: 8 = (8%, 6°¢,8%)

maximize
QRE[dfk] + Qer[droe] + erf _ St(gk + Qoe)o_rk
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I 1b. Allocation of Capital/Risk: 2 Types

" Aggreate n-weighted sum of expert + HH max problem
nt..}+ @ —ni..}
" 7.0f E[drtk] + Sl — nt)Qt’iE[dgk] +

Y= :iftél—wt
(:607° + (1 —n)B7°)E[dro¢] +

=0
(68 + A —n)oHr!

=0 k k
—Ct yt(gf + 91:0820[ - Stgl - Ut)(th T Qtoelgg

=1)(t =Xt
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I 1b. Allocation of Capital/Risk: 2 Types

" Aggreate n-weighted sum of expert + HH max problem

nt 3+ (@ —mi..}
. nth E[drtk] + (1 —1,)0," E[dr k] +

ll)t = == =1 — 1/Jt Poll 33: Why =0 ?
oe oe oe ' '
(771:@ + (1 — nt)H )E[d?" ] + a)_becaus.e marginal bengf/ts
4/ ’ = marginal costs at optimum

b) due to martingale behavior
(ntgt + (1 T]t) % d)’l"t c) because outside equity and
/ debt are in zero net supply
k oe\ .1k
Ct’?t(gt +9 )Gt — 1_77t)(Qt + 0; )Ut —

=11t =1x¢
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I 1b. Allocation of Capital/Risk: 2 Types

" Translate constraints:

" ¥e < Y, experts cannot buy outside equity of others

only important for the case with idio risk
— k oe
"Xt =Nbr + 107 = ayy
Y 2—(1-a)

" Price-taking social planers problem

l/)ta + ‘/)tg - lt
g - + @) -6~ CXtU{k — CtXtUgﬂk
{¢D£t=1_lpt,)(te[al/)t,ll)t],ltz1—Xt} qt 243

End of Proof. Q.E.D.

" | inear objective (if frictions take form of constraints)
= Price of risk adjust such that objective becomes flat or
" Bang-bang solution hitting constraints
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I 1b. Allocation of Capital/Risk: 2 Types

" Example: 2 Types + no outside equity (a = 1)

Yra+ (1—yYp)a—
{ij(t} 7 tCt(U + 0y ) —(1- Xt)Ct(U + th)

s.t. friction y; = Y, if no outside equity can be issued

"FOCy: q_g—(gt_gt)(0+0 )

* May hold only with inequality (=), if at constraint Y, = 1

Eco 529: Brunnermeier & Sannikov
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I 1b. Allocation of Capital/Risk: 2 Types

" Example: 2 Type + with outside equity

Ya+ (1 —Yp)a—1

{5232} 7 —XtCt(U + th) -(1- Xt)St(U + th)
" FOC,: Case 1: ¢ (0+aq) > ¢ (0+aq)=>)( = ay
X t t St t t t
Case 2: — Xt > a¢t

" Case 1: plug x¢ = ay, in objective
a. FOClp:aq;tQZa(gt—gt)(a+af):mptz 1

b. = ﬁl/)t<1
m Case 2:
a. FOC¢:“q;9>0 =, =1
t

b. = 0= 1Y, <1 impossible
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I 1b. Allocation of Capital/Risk: 2 Types

" Example: 2 Type + with outside equity

Ya+ (1 —Yp)a—1

{5232} 7 —XtCt(U + th) -(1- Xt)St(U + th)
" FOC,: Case 1: ¢ (0+aq) > ¢ (0+aq)=>)( = ay
X t t St t t t
Case 2: — Xt > a¢t

" Case 1: plug x¢ = ay, in objective
a. FOClp:aq;tQZa(gt—gt)(a+af):mptz 1

b' — 21,bt < 1
m Case 2:
a FOC;, ==>0 => P =1
¥ de l/)t Y <1 Y =1
b. = 0= Y <1 impossible T g ‘
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I 1b. Allocation of Capital, ¥, and Risk, ¥

=" Summarizing previous slide (2 types with outside equity)

1la <

= = >
1b = = > >
pr: > = > =
impossible

HHs’ short-sale constraint of
capital binds, Y, = 1
l A \
Case 1a Case 1b Case 2a

| | -

Y
Experts’ skin in the game
constraint binds, ¥, = ay;
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static
a. Realinvestment, (portfolio 8, & consumption choice of each agent)
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w
= Special cases

b. De-scaled value fcn. as function of state variables n
= Digression: HIB-approach (instead of martingale approach & envelop condition)

c. Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)

4. Value function iteration & goods market clearing
a. PDE of de-scaled value fcn.
b. Value function iteration by solving PDE 39
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I The Big Picture

=
/ \

v |

allocatioﬁ of
W A L

bl

physical assets Dbt risk
dCCU- Outsid . e .
/ mulation e;ﬁft'ye E ami)llflcatlon
~
o
S

output A(¥) capital k J price of risk ¢\«--.
/ \ / [growth d) =&

consumption + investment.

\W{ wealth J
U

_»

distribution

precautionary

quation Forward equation

Rackward e
with expectations

o



I 2a. CRRA Value Function: relate to w

Applies separately for each type of agent

" w; Investment opportunity/ “networth multiplier”
cl=v-1

= CRRA/power utility u(c) =

= increase networth by factor, optimal consumption for all
future states increases by same factor

C . .. . .
= (—)—ratlo IS INnvariant iIn n

n
» = value function can be written as pt t), that is
1— 1-y_1-Vy
o _1(wmy) V-1 1wy "'np "1
p 1y o 1y

OV _ou by optimal consumption (if no corner solution)
on dc Next step:

1-y_ -y a) Special simple cases
w n — C 1-1 _
t t Y t _ 1 /Y
= ¢, Q[_ =p /th J b) replace w; with

P something scale invariant
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I 2a. CRRA Value Function: Special Cases

Ct 1y, 1=1/y
_ 0
[nt g t

" For log utility y = 1:
& =e P /e, = e Pt /(pn,) forany w, = of* = of = ¢,

" Expected excess return: ,ufl — rtF = ag’latA

= Recall &% = —2dt + (1 - 0)drf + dr,
t

ng

Eco 529: Brunnermeier & Sannikov
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I 2a. CRRA Value Function: Special Cases

Ct

_:p

1/yw1—1/]/
ng t

" For log utility y = 1:
sc=e P e =e pt/(pnt)foranya)trxat =0; =Gy

" Expected excess return: ,ut — rt = ag’latA

= Recall &% = —ﬁdt + (1 — 0)dr¥ + 6dr,

ng
m For constant mvestment opportumtles a)t = W,

= Zis constant and hence of =o"

n
= Expected excess return: uf — rf’ = yol'af

Poll 43: Which term refers to (dynamic/Mertonian) hedging demand?
a)y
b) al*
c) hidden in risk-free rate
d) none of the above
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I 2a. CRRA Value Function: Special Cases

Ct 1y, 1=1/y
_ — 0
[nt g t

" For log utility y = 1:
sc=e P e =e pt/(pnt)foranya)trxat =0; =Gy

ng Y

" Expected excess return: ,ut — rt = ag’latA
d
= Recall —% = —ﬁdt + (1 —0)drX + 6dr, &
ne Q/Ao
= For constant mvestment Opportunltles W = W, OO
N \(J
S ~ is constant and hence of = o" &
3 NP
= = Expected excess return' ,ut — rtF = )/at 0,;4 ?\f')oé@}@
& S
3 . Now——ert+ “dt +5S dZt “tdt
2 ne Y ne
g F CZ Ct) y+1 CZ ¢\ v—1¢?
) u = - =p+ylr ——|+——=
: rf p+y(r +y e >y PV( nt) y 2

c —1 2
:>—t=p+y ('rF—p+C—>

44



I 2a. CRRA Value Function: Special Cases

Ct 1y, 1=1/y
_ — 0
[nt g t

" For log utility y = 1:
sc=e P e =e pt/(pnt)foranya)trxat =0; =Gy

ng Y

" Expected excess return: ,ut — rt = ag’latA
d
= Recall —% = —ﬁdt + (1 —0)drX + 6dr, &
ne Q/Ao
= For constant mvestment Opportunltles W = W, OO
N \(J
S ~ is constant and hence of = o" &
3 NP
= = Expected excess return' ,ut — rtF = )/at 0,;4 ?\f')oé@}@
& S
3 . Now——ert+ “dt +5S dZt “tdt
2 ne Y ne
g F CZ Ct) y+1 CZ ¢\ v—1¢?
) u = - =p+ylr ——|+——=
: rf p+y(r +y e >y PV( nt) y 2

c —1 2
:>—t=p+y ('rF—p+C—>

45



I 2a. CRRA Value Function: Special Cases

" For log utility y = 1:
sc=e P e =e pt/(pnt)foranya)trxat =0; =Gy

" Expected excess return: ,ut — rt = ag’latA
d
= Recall —% = —ﬁdt + (1 —0)drX + 6dr, &
ng Q/Ao
= For constant mvestment opportumtles W = W, .KG‘%\A
N \(J
S ~ is constant and hence of = o" &
3 NS
Zm = Expected excess return' ud —rf =yolof v*’oé,@}@
3 S
3 'Now——ert+ “dt +5S dZt “tdt
2 ng 14 ng
S — __ﬁ)_y_-l-lg_ o4yt +Ei
: p+y(r + e >y PV( nt) Yy 2
@ Ct y—1 L gz Way to compute ¢;/n; if one can
a =>—=0p —p+— 5 obtain from some other source rf
3 n¢ 14 14 (omega can we avoided) 46



Il 2b. CRRA Value Fcn. & State Variable i

" Recall Martingale approach: if x; is the value of a portfolio

. d .
with return ==t 4 £ dt, then ¢ xemust be a martingale

Nng Nng
d(émn C
(eme) = — L dt + martingale
SeNg ng
| S _ 1 (weng)™ 7Y
= Optimal consumption implies with CRRA-V;(n;) = 1oy
: r v _1 1y v t ,—pt.~Y L iy 1r
WO = Vi) & ¢ =i et e m =0t
=St b (1-Y)V¢ B

" Hence,

dV, d(ef*&mny) Ct :
7 = P E = | p —— | dt + martingale

ng
, . dV;
= Next, let’s compute the drift OfT
t
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Il 2b. CRRA Value Fcn: De-scale by K;

(weng) ™Y

1
p 1y

av
" Drift of —= * we could use Itoon V, = , but

= Poll 48 What could be the problem?

a. Networth n; is unbounded

b. Networth n,(n;) and N-multiplier w:(n;) are not differentiable
(if g(n) have a kink).

c. N-multiplier is not scale invariant
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Il 2b. CRRA Value Fcn: De-scale by K;

1 (wnp)'™?

p 1y

av
" Drift of —= * we could use Itoon V, = , but

= Poll 49 What could be the problem?

a. Networth n; is unbounded

b. Networth n,(n;) and N-multiplier w:(n;) are not differentiable
(if g(n) have a kink).

c. N-multiplier is not scale invariant
= Answer: b.

" Let’s de-scale the problem w.rt. K;

V., =— = —
“Tp 1-y p 1-y
vtvzz
and define v; (which is twice differentiable in n¢)

" state variable K; is easy to handle due to scale invariance

Eco 529: Brunnermeier & Sannikov



I 2b. CRRA Value Function

av, d(vk, ™)
Vi vtl{tl_y

" By [to’s product rule

1
= (u't’ + A =y)(@W -6 -7y - Y)(6?) + (1 - V)GGS’) dt

+ volatility terms

= Recall by consumption optimality Poll 51: Why martingale?
th a) Because we can “price”
— pdt + dt follows a martlngale networth with SDF
t b) because p and c;/n;
" Hence, drift above =p—= cancel out

ne
Still have to solve for uf, of

Eco 529: Brunnermeier & Sannikov



I 2b. CRRA Value Fcn BSDE

Eco 529: Brunnermeier & Sannikov

" Only conceptual interim solution
= \We will transform it into a PDE in Step 4 below

" From last slide
Ct

1
ue + A =M(@W -8 -5yl - (62 + (1 —y)aat =p — -

—nY
* Can solve for u{, then v; must follow

dv
v_t = f(Me, v, 07 )dt + 0/ dZ,
¢
with

1
fO1,v,00) = p = 1= (L= 1)@ = 8) + 571 = N(o?) = (1 = Yooy

= Together with terminal condition v (possibly a constant for 1000 periods ahead),

this is a backward stochastic differential equation (BSDE)

= A solution consists of processes v and gV
= Can use numerical BSDE solution methods (as random objects, so only get simulated paths)

= To solve this via a PDE we also need to get state evolution



I Bellman Equation?

Poll 53: Where have we used the Bellman equation?
a) nowhere
b) it is hidden in the Martingale Approach
c) only needed in discrete time

Eco 529: Brunnermeier & Sannikov
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I Digression: HIB Approach

" Alternative to Martingale Approach
® Start from continuous-time analogue of Bellman equation

T
Vin,w) = En%)}(E U e P Dy(c)ds + e PT DV (np, wp) [N =N, 0 = w
C, t

_ _ & J 4..J
s.t. — = ntdt+2j0tdrt

= Subtract V'

T
0 = max E; f e P=Dy(cy)ds +§‘p(T_t)V(nT,a)T) — e PU-DY(n,, W¢)
t

{c,6}

=ftT d(e‘P(S"t)V(ns,ws))

" Divide by T — ¢, take ImitT = ¢

pV(ng, w;)dt = r{na9§<u(ct)dt + E [dV(n;, w;)]
c,

Eco 529: Brunnermeier & Sannikov
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I Digression: HIB Approach — the HJB Equation

= \What is Et [dV(Tlt, a)t)]? If V is differentiable in n, w

m Jse [to’s Lemma

Eav] _ov . oV, +1azv( . )2+1azv( ow) + 92V
dat ont " T YT 292 Y T 2502 Y T H0an

" Pluginu™, o™

c®wo™n

= Hence HJB equation becomes
2

aVv P d 102V P )
V = — ([ — 2: " 4+ - — .0 T
P rggx(u(c)+a ( Cc + ]9 U Tl) 23 2(2:]9 o Tl) +
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Il Digression: HIB Approach —the Value Fcn BSDE

® Two possibilities to get backward equation
1. Start from pV(ng, we)dt = u(cy)dt + E [dV (ng, wg)]
= Can write this as
v _ u(c)
e =P V(ng, (Ut)

4
= PluginV(n, w;) = l(wtfti

and pl/”a)tl_l/y

ui =p 1,

= WithV = vK177, get same BSDE for v as before

2. Use HIB equation

1 (wtnt)

* PluginV(n:, wy) = and its derivatives

ZH] TJ“(ZH’ rj) + (1 —y)o® 29’0’"’+u ——(cr“’)2

. Th|s is a BSDE for w (instead of v)
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I The Big Picture
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consumpt
4

precautionary
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v
llocation of
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physical assets
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growth ®() — 6

lon + investment «

N
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distribution
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amplification
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Il 2c. Get ¢s from Value Function Envelop

= —6t = —6t

= Experts value function HH'’s value function
1-y 1=y
K, Ke
t Ve -
Y Y
. dVi(n N n
= To obtain 2™ se K, =—F=—"-
ong ) Ntdr  Mede
-y 1-
ne ' /(Meqe) Y
Vi(in) = v, -+
() t 1—y
i dVe(n du(c
= Envelop condition ) _ oulce)
aTlt aCt
n Y —_
> v L =C 4
e, (mqt)1 vt
sy "UsingK, =—,C, =c¢
3 g e = meqs -t t
Q 4 —
g d K Yy _ C —Y
3 Ntedt .
c % n q _ c v A q _ (4
2 o, —0, —0; —Y0 =—Yyog, o, —0, — 0y —Y0 =—Y0,
°



I 2c. Get £, & from Value Function Envelop

Eco 529: Brunnermeier & Sannikov
[ |

= Experts
-y
Ny o 4
v = C
Lnegpt—vy — ¢t
Ct (ntQt)l/y 1

1
ng v, /vy

Ce _ (meg)™/v 1

= Recall

N, o v:/y
c.+C G
N.+ N, TN,

Plug in from above

Households

¢ _ (A-npgp !
Nt N 1/y

L4

C;
—77t_+(1_77t)_

_t



I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static
a. Realinvestment, (portfolio 8, & consumption choice of each agent)
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w
= Special cases

b. De-scaled value fcn. as function of state variables n
= Digression: HIB-approach (instead of martingale approach & envelop condition)

c. Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)

4. Value function iteration & goods market clearing
a. PDE of de-scaled value fcn.
b. Value function iteration by solving PDE 60

Eco 529: Brunnermeier & Sannikov



I 3. GE: Markov States and Equilibria

" Equilibrium is a map
Histories of shocks----------- > PriCeS q¢,Ct, Cer by O, Wi, Xt
{Z,0<71<t}

\ /

wealth distribution

_ Ne
e = Qe Kt < (0’1)

wealth share

Eco 529: Brunnermeier & Sannikov
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Il 3. Law of Motion of Wealth Share n;

» Method 1: Using Ito’s quotation rule ny = N;/(q:K;)

= Recall
dl\ll\:t = r;dt + Xﬂpt(a+a ) ES dt
risk prige of
+A%0t (g + Jf)gSZt — Ztdt
Nt N¢
. dnntt = ... (lots of algebra)

* Method 2: Change of numeraire + Martingale Approach
" New numeraire: Total wealth in the economy, N;

= Apply Martingale Approach for value of i’s portfolio

= Simple algebra to obtain drift of n;: ,u?
Note that change of numeraire does not affect ratio n!

Eco 529: Brunnermeier & Sannikov
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3. Aside: Change of Numeraire

-xzfl

= Y, price of €£in S (exchange rate)

dY,
—t=pYdt+aYdz,
Y

= x{1 /Y, value of the self-financing strategy/asset in €

A
- X .
e Ptu'(c,) YtTt follows a martingale

=
Recall uft — uf = E—GEQEUA — o)

is a value of a self-financing strategy/asset in S

-

=gt Tlg'k
AlY B/Y _ $ YN\ ( A B
ue' —p = (o —o )0 — gy —a +o1)
price (3f risk risk
Y

= Price of risk ¢c€ = ¢* — ¢



I 3. Aside: Change of Numeraire

A

= x{" is a value of a self-financing strategy/asset in S

= Y, price of €£in S (exchange rate)
dY; v
_—,thdt‘l'o-t dZt
Y
= x{1 /Y, value of the self-financing strategy/asset in €
A
e —Pty’ (ce) Vi = Zt follows a martingale

=%, g
Recall uft — uf = (-0 )(0 ot )

=Ct risk
AJY B/Y
" =" = (=0, = ot)(a* %jcftdfl

price of risk risk
v Poll 64: Why does the price of risk change,

" Price of risk C€ = C$ — 0 though real risk remains the same
a) b/c risk-free rate might not stay risk-free
b) b/c covariance structure changes

[
\
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Il 3. u"Drift of Wealth Share: Many Types

Eco 529: Brunnermeier & Sannikov

" New Numeraire —

= “Total wealth” in the economy, Nt (without superscript)
= Type i’s portfolio wealth = wealth share

= Martingale Approach with new numeraire
" Asset A = i’s portfolio return in terms of total wealth,
Ct 7 ni
— + ‘th dt + O't dZt

l
t

M. _JS—"}

Dividend E[capital gains]
yield rate

= Asset B (benchmark asset that everyone can hold,
e.8. risk-free asset or MONEY (in terms of total economy wide wealth as numeraire))

rMdt + oM dZ,

= Apply our martingale asset pricing formula
it - uf = ci(af - of)



Il 3. u"Drift of Wealth Share: Many Types

= Asset pricing formula (relative to benchmark asset)

i Ct L = i
pl + =t = (st —off) (o —at')
N; \
due to change
= Add up across types (weighted), in numeraire

(capital letters with bar & without superscripts are aggregates for total economy)

I
zniﬂg +__Tt Znt _(71:)(01,37 _O-tM)

Poll 66: Why = 07

a) Because we have stationary distribution
b) Becausenssum upto 1

c) Because ns follow martingale

Eco 529: Brunnermeier & Sannikov
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Il 3. u"Drift of Wealth Share: Many Types

= Asset pricing formula (relative to benchmark asset)
i C¢ L = i
w4yt = (o= ol) (o - at)
t

= Add up across types (weighted),

(capital letters with bar & without superscripts are aggregates for total economy)
! / C_‘ /
i’ nt t ..M _ il (.0 N n' M
znt e +=—10 = ) N\t —0¢ )|oy —0¢
i, Nt i,

= Subtract from each other yield wealth share dynamics

W= (si=a") (o7 ~ o Z ni (sf —of') (Ut = 05”)

N% Nt 67
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Il 3. u"Drift of Wealth Share: Two Types

= Asset pricing formula (relative to benchmark asset)

L
pl + =1t = (s = of') (o = o™

= Add up across types (weighted),

(capital letters without superscripts are aggregates for total economy)

C,
mﬁ+u—mmwt—¢=
=0

Ut(Ct _Ut_)(gt — Ot )_ (1 _Ut)( Ct — O¢ )(Utz_gzy)

Subtract from each other yields wealth share drift
N N n
=@ =15 — o) (o) =) = @ =1 (sc = o) (o7 — o

(Ct Ct+gt)
N¢ dcKt
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I 3. o Volatility of Wealth Share

Eco 529: Brunnermeier & Sannikov

= Since nt = N}/N;,

nt _ N

— (1 _77t)

= Note for 2 types example

027 = (1 —ng(al

o = Xe/Nt (U+th)

=gk +goe
" Hence,

U
= Note also, ntﬁp +(1—-ngo, =0=>0; =

— 0

Change in notation in 2 type setting
Type-networthisn = N

n 1Xt

(0+th)

n
— Nt O.TI




I 3. Amplification Formula: Loss Spiral

= Market illiquidity (price impact elasticity)

= Recall o! = 1 (c+a)
Nt
leverage
!/
" By Ito’s Lemma on q(n) atq = Mntatn
’ q(Me) .
q (M) Xe— e
atq = (a + atq)
q/Me N
N———
elasticity
. = Total volatility
2 q _ o
3 0t 0 = 1 Mxe=nt
&
T a/mt Nt
g| = Loss spiral

70



I 3. Amplification Formula: Loss Spiral

= Recall o, = A (o + a.)
Nt
leverage -
" By Ito’s Lemma on q(n) atq = 2((7;“)) ntat
/
g M) xe— q
a/me e
N———
elasticity
= = Total volat|l|ty
g + O' — o Poll 71: Where is the spiral?
t _q’(nt)xt—nt a) Sum of infinite geometric series (denominator)

q/Mt Nt b)in q', since with constant price, no spiral

" Loss spiral
= Market illiquidity (price impact elasticity)

Eco 529: Brunnermeier & Sannikov
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static
a. Realinvestment, (portfolio 8, & consumption choice of each agent)
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w
= Special cases

b. De-scaled value fcn. as function of state variables n
= Digression: HIB-approach (instead of martingale approach & envelop condition)

c. Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)

4. Value function iteration & goods market clearing
a. PDE of de-scaled value fcn.
b. Value function iteration by solving PDE 72
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I 4. Value function Iteration - Big picture

» Add time, t, as an additional state variable v(n, t), v(n, t)
= Convert BSDE into PDE

Eco 529: Brunnermeier & Sannikov
[ |



I 4. Value Function Iteration — Big Picture

v, t) 1 D

= = e = = = e = e = e = = e e e e ey -

Eco 529: Brunnermeier & Sannikov
[ |

74



I 4. Value Function Iteration — Big Picture

V(’?» t) ! N

Eco 529: Brunnermeier & Sannikov
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I 4. Value function Iteration - Big picture

» Add time, t, as an additional state variable v(n, t), v(n, t)
= Convert BSDE into PDE using Ito’s Lemma

1 2
" UV = 0V + ntu?f?nvt T3 ( 77t0-27 ) Oyyy  Oxf Torof/ox
v 1 2
"YU v = 0tV + Ut#?anﬂt T3 (nea,) -

" Propose any arbitrary value function v(n, T) and v(n, T)
(far in the futuret =T)

= anditerate backtot =0
" |n each step use

" From Step 2: u7 vy, utzyt

= From Step 3: ntu? and ntatn (n-evolution)

= Portfolio choice, planners’ problem, (static conditions)
= Market clearing

Eco 529: Brunnermeier & Sannikov

= To calculate all terms in these u7_Av;_a, nt_A,u?_A and nt_Aap_A



Il 4a. PDE Expert Value Function Iteration

Eco 529: Brunnermeier & Sannikov

" Postulate vy = v(n, t) gh;r;é?aaf}f/gztatiom
" By [to’s Lemma
04 ve+0, el +20 ) n
. % _ tVt 0Vl +5 nnvt(nto't) dt + OnVeN oy A7
Vt \ va ) \ v VUt t
» That is, He of
" ufve = 0vp + Oyuenuy + - annvt(nto-t )

u O-t vt — anvtrla-:'

" Equating with Step 2 = “growth equation”
(
0V + (77#1; + (1 — )/)Untdt )0 U + > nn”t(’?t%)

2 \

1
=< -1 =-y)(@QW)—96) +3 V(l )/)(02)>vt—n—vt
t

77

\_




Il 4a. PDE Expert Value Fcn: Replacing Terms
2

a4 1
0. + (nen) + (1 —y)on,o, )(3‘ Ve + 5 5 annvt(ntgt )

1
= ( — A=W -0 +5yd- V)(Gz)) v — v,
\_ e J
1. Replace “blue terms” using results from Step 3.

i = (A =n)(c, —of — o) ga:—qg
q n =0 C Ct+C
_(1—77t) (St—O't—O' (O't—&)_(N_z_ t t)

qeKt
n o _ XeTMt q . e 57
o =~——(0c+o0 0, = — 0
3 ‘ Nt ( ) ‘ 1-n¢ ¢
=x 2. Replace “tanned terms” using results from Step 2c.
ol v, 1, 4
: ¢ = —af +O't-|-0't +)/O'<<\<<\a Gt = a +0 to, +yo
A o _ mean \“o«\\‘a a0 G _ (- nt)qt)”y 1
i Nt v:/y re® S ﬂt ;/y

3. Replace “red terms” (g, atq,)(t,)(t (see below) 78



I 4a PDE HH Value Fcn: Replacing Terms

. )
atvt + (nen] + (1 = y)on,o; )(3‘ Ve + 5 5 0 n”t(']t% )
C
=(p-(1-7) @O - +3y1-P(D)) v~ L.
\ — J
1. Replace “blue terms” using results from Step 3.
ul = i
Xe=1 n n
o't’7= o t(a+atq) o; =—1_;t0tn
2. Replace ”tarmed terms” using results from Step 2c.
n
- g=—-0+0'+0]l+y0, gt=—02+0—+atq+y0
[ 1/y—-1 ‘%‘e«\“ 1/y—1 B
Ce _ (Mqe) ,‘(O«\ ooy G ((1-71)qe)
N¢ v: At ?\e@\;«mt o Nt _:/ 14

3. Replace “red terms” (s, at , Xt> Xt (see below)

Eco 529: Brunnermeier & Sannikov
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Il 4a. Replacing i,

= Recall from optimal re-investment ®'(1,) = 1/q;
" Ford(1) = ilog(m + 1) :[ra =q—1 ]

Eco 529: Brunnermeier & Sannikov
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Il 4a. Replacing y, obtain i for good mkt clearing

= Recall from planner’s problem (Step 1b)

1la <

1b = = > >

Za > = > =

HHs’ short-sale constraint of
capital binds, Y, = 1
l A \
Case 1a Case 1b Case 2a

| | -

Y
Experts’ skin in the game
constraint binds, y; = ay;

Eco 529: Brunnermeier & Sannikov
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Il 4a. Replacing y, obtain ¥ for good mkt clearing

" Need to determine diff in risk premia (qt — St) (0 + th):

" Recall
e . . v ol
» diff in price of risk: ¢t — ¢ = —0f + o, + -
- It
!/ !
" By Ito’s lemma of = v—nta,? and atz = %nta?

Z . q
v (1 — Ut)’?t) ad: (a o )

(v
_( s Ty T A n)n)()(t nt)(a+a)
v v 1
= Note, smce——+ + > 0,
% (1-1e)ne

Eco 529: Brunnermeier & Sannikov
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Il 4a. Replacing y, obtain ¥ for good mkt clearing

Eco 529: Brunnermeier & Sannikov

" Determination of

g v v 1 2 A
(a—a)/q:= Q(— 5t _2 T 1= Ut)ﬂt) (e —ne)(o +af)
with equality if Y, < 1
\ .
" Determination of y;
4 )
Xe = max{ay, 0}
\. J

83



I 4a. Market Clearing

" Qutput good market
Ce = (lpta + (1 —yYpa - ‘t)Kt

= ... jointly restricts ¥, and g

4 1/y B 1/1\
Ya+ (1 -y a—1i(qg) = (?) n ((1 nt)qt>

t Ut
Ce/K¢ Ce/Ky
a \L y,

Eco 529: Brunnermeier & Sannikov
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I 4a. Markest Clearing

" Qutput good market
Ce = (1/Jta + (1 —yYpa— ‘t)Kt

" Capital market is taken care off by price taking social
planner approach

" Risk-free debt also taken care off by price taking social
planner approach (would be cleared by Walras Law anyways)

Eco 529: Brunnermeier & Sannikov



Il 4a. 0%(q,q")

" Recall from “amplification slide” — Step 3

q o)
0+ 0, = p
1T Xe =M
o q/n: M
q' (N q
gl = — o+o
[ Q(Ut) (Xt Ut)( t)

Eco 529: Brunnermeier & Sannikov
I e [ |

= Now all red terms are replaced and we can solve ...
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I 4b. Algorithm — Static Step

= Suppose we know functions v(n), v(n) , have five static conditions:

1. Kly = (¢ — 1
2. Planner condition for Y,
3. Planner condition for y;

4. Ya+ A —vYa—u(q) = (M)l/y n ((1—Tlt)qt)1/Z

Ut Ut
A e — y —
Ce/Kt Ct/K¢
q’' (n¢)
5. ol = 2 (Xt_nt)(0+0tq)

q(m¢)

depending on y:
1.  Whiley < 1, solve ODE for q(n):

= Planner conditions (2) and (3) give (o + d?)(n)
= Risk equation (5) gives derivative q'(n)

Eco 529: Brunnermeier & Sannikov

= For given q(n), goods market clearing (4) and opt. investment (1) yield ¥(n)

—

— =>Get

q(m),
Y(m),

—_—

2. Wheny =1, (2)is no longer informative, solve (1) and (4) for g(n)

a'(n)

= Start at q(0), solve to the right, use different procedure for two 1 regions



I 4b. Value Function Iteration

v, t) 1 _—  ——ran

= = e = = = e = e = e = = e e e e ey -
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I 4b. Value Function Iteration

Eco 529: Brunnermeier & Sannikov

v, t) 1 D

= = e = = = e = e = e = = e e e e ey -

/
* For given v(n, T), derive SDF &
» Optimal investment, portfolio, consumption, at T as fcn. of n

4. Market clearingatT  obtain PDE coefficientat T
(pretend they are constant between T & T — A)

89



I 4b. Value Function Iteration

Eco 529: Brunnermeier & Sannikov

v, t) 1 D

= e e e e e e e e e e e e e ey e

/|

= For given v(n, T), derive SDF &7

= Optimal investment, portfolio, consum%on at T as fcn. of n

4. Market clearing at T

obtain PDE coefficientat T
(pretend they are constant between T & T — A)
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I 4b. Value Function Iteration

v, t) 1 D

e T I e e e e i T i

A N ]

* Obtain descaled value function v(n, T — A)

Eco 529: Brunnermeier & Sannikov
[ |

" Repeat previous steps
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I 4b. Value Function Iteration

V(’?» t) ! N
v(n, T

Eco 529: Brunnermeier & Sannikov
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I 4b. Algo-code

= System of ODE (vector): solve backwards in time
" pisavector onn-grid [0, A, 24, ... 1] same for v

= UJse MatlLab ODE solver to solve vector ODE
= Sequence of steps to find u”, an,y”,%, b)) -6
= £.g. ODE45

= Explicit vs. Implicit ODE solver
= Explicit
= Spatial step for ODE is A
» To be stable time step dt = 0(A?) for explicit solver (1000 steps 1076 time steps)
= |mplicit

= How to obtain v' and v'' from grid points
,,(n) __v(n+1)-2v(n)+v(n-1)

| v AZ
(v(n+1)—v(n)
for Ty >0
- v,(n) =9 v(n)—ﬁ(n—l) o
k A for un <0

2
" Solve uf vy = v{,uz.’nt + %v”(a{’nt) using Yuliy’s growth CODE

Eco 529: Brunnermeier & Sannikov



I Solution

" Price of capital Amplification
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I Volatility Paradox

» Comparative Staticw.rt. o =.1,.05,.01

1.6+
Y S 0.06
1.4} 0.05 ¢
004}
oci12t =
L 0.03}
0.02
1
0.01
0.8 : : : : ' 0
)] 01 0.2 0.3 0.4 0.5

n

0.15
0.04

0.1 0.03 ¢

S 0.02 p
0.05

0.01

0.1 0.2 0.3 0.4 0.5
n

-
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I Risk Sharing via Outside Equity

=" Comparative Static w.r.t. Risk sharinga = .5,.2,.1
(skin the game constraint)

167

e —

1.4}

o1.2

1

nat i i L L i
0 0.1 0.2 0.3 04 0.5
n

03¢ 0.05¢
0.25 0.04 ¢ /
0.2
o / ?-'-‘“D'US /
b D.15X "2 0.02 /
0.1
0.01 :
0.05¢ ’H/L
oL _ e —————

0.1 0.2 0.3 0.4 0.5 0 01 0.2 03 0.4 0.5
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I Market Liquidity

Eco 529: Brunnermeier & Sannikov

= Comparative staticw.rt. a = .03,—-.03,—.09
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I From u(n) & ¢"(n) to Stationary Distribution

" Kolmogorov forward equation

0.05¢ 0.08¢
0.07 }
0.04 }
0.06
003 B 005 L
= 002} - 004}
= b
0.01 0.03}
kk/ 0.02}
o — — e — — — —_ —
0.01

0.4 0.6 0.8 1

|
=
=

" Obtain stationary distribution

Eco 529: Brunnermeier & Sannikov
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I Kolmogorov Forward Equation

= Given an initial distribution f(n,0) = fo(n),
f(n,t) satisfies the following PDE

of(n,t) _ olf (n,)r(m] , 10°[f(n, ) ()]
ot on 2 on?2

" “Kolmogorov Forward Equation” is in physics referred to
as “Fokker-Planck Equation”

= Corollary: if stationary distribution f (1) exists, it satisfies
the ODE

o = I, Ou(m] | 19°[f(n, )" ()]
B on 2 on?

Eco 529: Brunnermeier & Sannikov
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I Stationary Distribution

" For different parameter settings

10
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I Fan chart

Eco 529: Brunnermeier & Sannikov

= .. the theory to Bank of England’s empirical fan charts

 Start at 1y = .7 and suffer a shock by one standard dev.
" Co

]]'

0.8

0.78

0.7

0.85

0.6 -

nvergence back to stationary distribution
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I Distributional Impulse Response

= Difference between path with and without shock
= Difference converges to zero in the long-run

Distributional Impulse Response (Difference to Unshocked Path) at nﬂ=ﬂ.7
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static
a. Realinvestment, (portfolio 8, & consumption choice of each agent)
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation
a. Value fcn. as fen. of individual investment opportunities w
= Special cases

b. De-scaled value fcn. as function of state variables n
= Digression: HIB-approach (instead of martingale approach & envelop condition)

c. Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)

4. Value function iteration & goods market clearing
a. PDE of de-scaled value fcn.
b. Value function iteration by solving PDE

Eco 529: Brunnermeier & Sannikov
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Recent Macro-finance Literature (in cts. time)

" Core

= BrunSan (2014), Basak & Cuoco (1998) He & Krishnamurthy
(2012,13), DiTella (2013), Isohatala et al. (2014)

" Intermediation/shadow banking

= Phelan (2014), Adrian & Boyarchenko (2012,13), Huang (2014),
Moreira & Savov (2014), Klimenko & Rochet (2015)

= Quantification
= He & Krishnamurthy (2014), Mittnik & Semmler (2013)

" International
= BruSan (2015), Maggiori (2013)

= Monetary
= “The | Theory of Money” (2012), Drechsler et al. (2014)



	Macro, Money and Finance�Lecture 03: Macro-Finance Solution Technique�Markus Brunnermeier, Lars Hansen, Yuliy Sannikov
	Desired Model Properties
	Two Type/Sector Model with Outside Equity
	Two Type Model Setup
	Two Type Model Setup
	Two Type Model Setup
	Two Type Model Setup
	Two Type Model Setup
	Solving MacroModels Step-by-Step
	0. Postulate Aggregates and processes
	0. Postulate Aggregates and processes
	0. Postulate Aggregates and processes
	0. Postulate Aggregates and processes
	0. Postulate Aggregates and processes
	0. Postulate Aggregates and processes
	0. Postulate Aggregates and processes
	0. Postulate Aggregates and Processes
	0. Postulate Aggregates and Processes
	The Big Picture
	Solving MacroModels Step-by-Step
	1. Individual Agent Choice of 𝜄, 𝜃, 𝑐
	1a. Optimal Portfolio Choice
	1a. Individual Agent Choice of 𝜄, 𝜃, 𝑐 
	Solving MacroModels Step-by-Step
	1b. Asset/Risk Allocation across 𝐼 Types
	1b. Asset/Risk Allocation across 𝐼 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital/Risk: 2 Types
	1b. Allocation of Capital, 𝜓, and Risk, 𝜒
	Solving MacroModels Step-by-Step
	The Big Picture
	2a. CRRA Value Function: relate to 𝜔
	2a. CRRA Value Function: Special Cases
	2a. CRRA Value Function: Special Cases
	2a. CRRA Value Function: Special Cases
	2a. CRRA Value Function: Special Cases
	2a. CRRA Value Function: Special Cases
	2b. CRRA Value Fcn. & State Variable 𝜂
	2b. CRRA Value Fcn: De-scale by  𝐾 𝑡 
	2b. CRRA Value Fcn: De-scale by  𝐾 𝑡 
	2b. CRRA Value Function
	2b.  CRRA Value Fcn BSDE
	Bellman Equation?
	Digression: HJB Approach
	Digression: HJB Approach – the HJB Equation
	Digression: HJB Approach – the Value Fcn BSDE
	The Big Picture
	2c. Get 𝜍s from Value Function Envelop
	2c. Get   𝐶 𝑡   𝑁 𝑡  ,    𝐶  𝑡    𝑁  𝑡   from Value Function Envelop
	Solving MacroModels Step-by-Step
	3. GE: Markov States and Equilibria
	3. Law of Motion of Wealth Share  𝜂 𝑡 
	3. Aside: Change of Numeraire
	3. Aside: Change of Numeraire
	3.  𝜇 𝜂 Drift of Wealth Share: Many Types
	3.  𝜇 𝜂 Drift of Wealth Share: Many Types
	3.  𝜇 𝜂 Drift of Wealth Share: Many Types
	3.  𝜇 𝜂 Drift of Wealth Share: Two Types
	3.  𝜎 𝜂  Volatility of Wealth Share
	3. Amplification Formula: Loss Spiral
	3. Amplification Formula: Loss Spiral
	Solving MacroModels Step-by-Step
	4. Value function Iteration - Big picture
	4. Value Function Iteration – Big Picture
	4. Value Function Iteration – Big Picture
	4. Value function Iteration - Big picture
	4a. PDE Expert Value Function Iteration
	4a. PDE Expert Value Fcn: Replacing Terms
	4a. PDE HH Value Fcn: Replacing Terms
	4a. Replacing  𝜄 𝑡 
	4a. Replacing 𝜒, obtain 𝜓 for good mkt clearing 
	4a. Replacing 𝜒, obtain 𝜓 for good mkt clearing 
	4a. Replacing 𝜒, obtain 𝜓 for good mkt clearing 
	4a. Market Clearing
	4a. Markest Clearing
	4a.  𝜎 𝑞  𝑞, 𝑞 ′  s
	4b. Algorithm – Static Step
	4b. Value Function Iteration
	4b. Value Function Iteration
	4b. Value Function Iteration
	4b. Value Function Iteration
	4b. Value Function Iteration
	4b. Algo-code 
	Solution
	Volatility Paradox
	Risk Sharing via Outside Equity
	Market Liquidity 
	From  𝜇 𝜂 (𝜂) &  𝜎 𝜂  𝜂  to Stationary Distribution
	Kolmogorov Forward Equation
	Stationary Distribution
	Fan chart
	Distributional Impulse Response
	Solving MacroModels Step-by-Step
	Extra Slides
	Recent Macro-finance Literature (in cts. time)

