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Goals

* Build some theoretical tools for finding and
analyzing optimal policy
* One side: inefficiencies / tradeoffs
— insurance vs. investment (one agent type)
— allocation of assets / risk (across sectors / types)
» Other side: policy space
— (1) controlling money growth rate
— (2) risk redistribution
— (3) macroprudential tools / wealth redistribution



Welfare with log utility

 Class of models: price capital q,, value of
money p,K,, two types of agents | and H, have
wealth shares n, and 1 — n,, idiosyncratic risk
exposures
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Welfare with log utility

« The welfare of | is
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Welfare

We see that policy can affect welfare in several
ways

E fe"”logntdt +E fe‘ptlog(a(wt)—L)dt +
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Investment vs. consumption
allocation of capital — idiosyncratic risk, total output

n — the distribution of consumption and risk absorption
capacity



One at a time: policy tools and
equilibrium features

. Generally, idiosyncratic risk exposures 0, and &’
are stochastic (depend on n, risk absorption
capacity, allocation)

* |If intermediaries help reduce idiosyncratic risk,
these may rise when n declines

» Let's see, how this matters with a simple model



Stochastic idiosyncratic risk

* One type of agents H, idiosyncratic risk of capital
Is stochastic (hence it is a state variable)

dG, = i(6,)dt + (6, )dZ,
e.g. as in Di Tella, CIR process
d6. = MG -G, )dt+v4G, dZ,

* Global wealth as numeraire, agents’ entire
portfolio has return p (just the consumption rate)

¢ Money has return . rate of money printing, which

Mdt is distributed to capital

Mrﬁdt'l'atﬁdzt _ﬂt



Remarks

* Printing money to distribute

1) proportionately to money holdings
2) proportionately to capital holdings
3) proportionately to net worth

4) per capita



Remarks

* Printing money to distribute

1) proportionately to money holdings
« this has no real effect, only nominal
2) proportionately to capital holdings
— money return goes down by &,"
— capital return goes up by 9" / (1-19)
— pushes people to hold more capital, invest more
3) proportionately to net worth
. with printing rate &,", &, =(1-¥)u," goes to capital
(effect same as in 2) rest goes to money (same as 1)
4) per capita
— no real effect — people simply borrow against the
transfers they expect to receive



Stochastic idiosyncratic risk

* Global wealth as numeraire, wealth has return p
Money has return

u’dt+o’dzZ, - " dt
* Money valuation equation
p-(u' -@")= (1-9)6, (1-9)5, -0/ O

! e .
idiosync. risk of wealth rice of idiosync. r1sk agg.risk PO
’ P ’ of wealth ~ 388-1isK

rel. to money

* Without policy, equation
p-u =1-9,)6;

has a unique solution in 9(o, ) € (0,1) (if
idiosyncratic risk is sufﬂClentIy large)



Optimal Policy

. Market-clearing for output
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Optimal policy

* If the planner could control 4, directly, she
would set9, =9 (G7)

» Controlling indirectly by choosing " the . s
planner can achieve any function - including ¥ (0;)
- by solving

p-(u' —i")=(1-9,)6;
for "

» Optimal policy is easier to find than even the
equilibrium outcome (differentiation vs. integration)

 Risk-freerate ®(1)-6+u’ - =p-(1-9,) 6" +®(,)-5
declines as 67 increases
 Nice relationship b/w baseline and dynamic model



» The relationship between idiosyncratic risk level O,
and optimal insurance ¢ (&7) is quite pervasive
« Let's consider another model, with heterogeneous

agents but when monetary policy cannot change
wealth distribution



Switching types

S
" A \switching infinitely fast
intermediaries households

e
share of agents

also wealth
share n 1_n

idiosyncratic ¢6 9¢ S= (091) ~

risk of capital . . . o
diversification

output per unit

of capital the same, independently of the allocation

Policy maker can choose the money growth rate ﬁ,M



Remarks

» Policy-maker cannot affect wealth shares
(exogenously fixed by the switching process)

« Welfare weights on intermediaries and
households, n and 1 — n, follow from the setup

* The policy-maker may have tools to affect the
allocation of capital (but will she choose to?)



Equilibrium capital allocation

* Fraction p of capital is held by the
intermediaries

« Capital allocation must be such that

o =D o (-0)1-y)S
1dlosyr:f;sk of I k 17 y llesyn::'JISk of H N 1 — n ,
I's price of i\cqiosync. risk H's price of }aiosync. risk
= Y = > d
o-(I-m)+n

* Policy maker may try to affect y...



Welfare

« Law of large numbers: switching risk does not matter.
Everyone’s wealth growth averages out to d(¢ ) -6
and idiosyncratic risk exposure, to

NG +(1-n)(Gc") =1-9)° 52(%2 + (1_w>2)
n 1-n )
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Money valuation

 Numeraire: global wealth

* Global portfolio weights: money ©
capital held by I, (1-9)y,

capital held by H, (1-9)(1-p)

* Money valuation equation

I price of risk H price of risk

-’ -i") =(1-Nyps &' +1-N-y)6 6"

_/

~ '
difference in global wealth and money returns (1-9)* (61 =n(6" 2 +(1-n) (6T )?



Optimal allocation

« Average idiosyncratic risk of capital

(6,A)2 =62(1/J2¢2 + (1_?/})2)
n 1-n

IS minimized when

yp -y
n 1-n

1
o (L-m+n

This is the equilibrium allocation already!!! Wow!

=Y =



Remarks

The trade-off between insurance and
investment is the same even with
heterogeneous agents when wealth shares
correspond to welfare weights

Equilibrium allocation is efficient as it minimizes
the cost of risk exposure

Policy space (1) money growth rate and (1) +
(3) (also macroprudential tools) leads to the
same outcome

(2) risk redistribution is irrelevant here because
no aggregate risk



A bit about the optimal policy function (%)

it pops up everywhere...
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Endogenous law of motion of n

» Wealth distribution can change endogenously
due to (1) risk exposure of intermediaries and

households (2) risk premia and (3) consumption
rates

« Consider the following relative of the last model



Fixed types (no switching)

types fixed

intermediaries households L
(no switching)
wealth shares N 1-N
welfare weights A 1-\
idiosyncratic ~ ~
risk of capital ¢Oa¢ S (0,1) O
aggregate risk O O

output per unit

of capital the same, independently of the allocation

Two policy classes:
(1) policy maker can choose the money growth rate M;W

(1) + (3) policy maker also choose allocation (macroprudential)
and transfer wealth between groups



Welfare of | and H

 Intermediaries (weight A)
()-8 o (1-9) ¢’¢’6 ) »
o 20 20 M
* households (weight 1 — A)
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Equilibrium

intermediaries households

wealth shares N 1-1

idiosyncratic ~ ~

risk of capital ¢Oa¢ S (0,1) O
(as last model) intermediaries hold fraction of capital ) =—; d

o~ (1-m)+n
d ~ ~ 1-y)’
D _ (1=m((5!Y ~ (6t = A=) - 8,)°6 2("’? ( "’)z)dr=
n n- (d-n)
2 ~2
(- =890 1-¢) ,,

In the long run, n convergesto1anddto |1 - —

(p°(L-m)+n)’
P
PO



Optimal policy, (1) + (3)

 Planner would like to maximize the disc.
integral of

OU3) -0 o

Alogn, +(1-A)log(1-n,)+log(a—t(3))+

P 2p
1 0 2(),2 1 not the
_( ) A 4 ¢ +(1=-21) (1-y) competitive allocation
20 \ 77 (1- 77) (unlessn = A)
A(1-2)¢ . . . -y’
7 (e e (1A given the optimal choice of ¢ = 7 (A=) + (T

* given g and n, optimal to set 9 to

ﬁ=0*(62 2 )L(l—z)t)¢2 2)
Ap~(L-m)"+(1-A)n")

-
welfare weighted average risk exposure

.




Competitive g vs. minimizing cost of risk

1 | | | | | | * T I
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021 ... but this is important because when n can move |
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Optimal policy, (1) + (3)

* Finally, optimal n (given 9) — let’s look at terms containing n
(1-9)06° A(l-A)¢
20 Ag*(l-n)" +(1-)n°

2
)2L¢ <A
APT+1-A

max Alogn+(-A)log(l-1n) -
noN v g

concave, max at = A, goes to - at 0 and 1

concave (!) also, max at

* hence, it is optimal to set n > A (unfortunately | could not
get a closed-form expression for the optimal n)

* push more risk to intermediaries than they'd take under
competitive outcome

* relative to previous infinite switching model

— it is optimal to give intermediaries more wealth, because they are
more efficient at absorbing risk

— overall risk is reduced and the value of money is lower (more
intermediation)



Optimizing over n p=005k=2,6=03,¢$=05,A=02
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Optimal policy, (1) only

What about monetary policy alone?

Planner cannot alter the comp. allocation, y =— d|
Welfare is the disc. integral of ¢-(1-n)+n

Alogn+(1-A)log(1-n)+log(a—1())+ d(())-0 Y

P 2p
_(1_0) G’ /'ngb +(1- )L)(l I/J)
20\ 7w (1-n)")
12 +(1-1)¢*
S.t. (9> (1-n)+n)*
dy__p (=959’ 1-¢")
n (9 (L-m)+n)’

the planner can select any path of 9 by choosing ﬁ,M



-(1-4)

Optimal policy, (1) only

|t can be useful to decompose into initial wealth allocation
+ growth

[ e (Alogn, +(1- M)log(1-n,))d: =
0
_ _ % n 1-n
Alogn, +(1-A)log(l n0)+fe_pt()t‘u—t+(1—)t)‘ut )dt
P 0 P Y
* In the long run, n goes to 1 under any policy. Then

D1y EOLT OO0 gy 1 0,7 (1957921~ )
1 (@"(A-m)+n)

 |et’s see if we can characterize opt. policy analytically in
the long run. Our welfare objective is

(A +(1-21)¢")

(1—0)252¢2(1_¢2)+10g g, Pug)_ (1-9)6"
P -0 p 2p



Optimal policy, (1) only
* In the long run, n goes to 1 and the planner maximizes

=9V o124 19y 2L@) (=075

-(1-4)
P -9 p 2p

(Ag” +(1-21)¢")

 jtis optimal to set 9 to

9 (57 (Ap? +(1- 1)g*)+2(1- )G9 (1~ §7)

weighted average risk exposure

* planner cares about H, who become very poor in the long
run. But planner has only monetary tools. Planner can
help H by raising ¥ (which increases the return on money,
slows down the rate at which H get poorer). Fiscal policy
iIs much more efficient here. Using only monetary policy

like hammering a nalil with a screwdriver.



Optimal monetary policy

« Law of motion of n

dn_ (=975 a-97) ,
? (@*(A1=m)+n)

Payoff flow
log(1-9) pk+1

f(m,)=Alogn+(1-A)log(1-n)+ log(px +1-1)

oK 0K
(1 ﬁ)20,2 ;qub +(1 A«)( —UJ) ’ I/J= . n
2p n’ (1-n)’ o~ (1-n)+n

HJB equation

OV () = max £ (9)+ V')’ 4V ()0 ")



Optimal 3

log(1-9) px+1

f(m,)=Alogn+(1-A)log(1-n)+ log(px +1-1)

PK PK
(- ﬂ)zaz(,tw pon A=) ) yo— M
20 n (1-1)° ¢p"(1-m)+n

1— 19,277(1 77)(7¢(1 ¢) | n l " 124)\2
un=>1-9) G- en) max f(n,9)+V'(mu 77+2V(7’1)(0 n)

« 9 does not affect the allocation but it affects the drift of n.
Hence optimal to choose

510 (1-) (=66 (- ¢°)
9 A 1-4 2
( ( A >) VD ey




Example: using 9 to push n

p=005k=2,0=03,0=051=0.2
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Risk of money: stochastic money growth

* Money return (global wealth as numeraire) in the
absence of policy

dr =u’dt+0’dZ

* (Stochastic) money growth: monetary authority prints
money to transfer to capital. Money return becomes

dr = (u’ - a")dt+ (o’ -6")dz,
« Capital must have return

P o Y g
-9 1-9

* Notice that a portfolio of 1-9 capital and © money (i.e.
world wealth) has return p!




Monetary policy and risk transfer

 Money and bonds

Value bth
|

Value‘pth VaIuquth
portfolio weight 1
| B, _ wrarvotaz
« Value of bonds in money Ir = U, at+0, az,
4
« With bonds, the risk of money is not (O‘tﬁ — (3‘tM YdZ,

n b
put (o —-0¥ —=0")dZ,

P;



Monetary policy and risk transfer

Value of money and bonds: pK;
Value of bonds: b/K,

Cff _WPdi+o”dz

4
4

Portfolio of money and bonds (value p,K,) has risk

Value of bonds in money

(O?_(%tM)dZt =

- b A b b N b
P2 (6P -6" - CigPyaz + 2 (07 -6Y -6t of  )dZ
——
J/t_/ P EL P risk of bonds
weight on money weight on bonds relative to money
n b b
(o’ -o"-—+oMdz + - of 4z,
P, , P risk of?(’):ds

—

risk of money weight on bonds relative to money



Monetary policy and risk transfer

If 0B < 0 (bonds appreciate when Z goes down,
because interest rate is cut) and o"> 0O (intermediaries
suffer losses when Z goes down), then intermediaries
can hold bonds and use them as a hedge

The effect of this hedge on o"is
., b,
——O’
n, P,

Equivalently monetary authority can offer to sell a
derivative (money-bond swap) backed by money

Money risk increases by o* = -b/p oB > 0, while the
direct effect of the derivative on the risk of n is -9/n o”.
Monetary authority can also sell opposite derivatives,

which households would buy. Money risk decreases by
o~ > 0; the direct effect on the risk of 1 —nis 9/(1-n) o



Remarks

This captures the general idea that monetary policy can
transfer risk

Important that bonds cannot be shorted (or else markets
become complete wrt aggregate risk)

If markets are complete wrt aggregate risk, then
stochastic money growth or risk transfer have no bite
(fully undone by private markets)

If limited supply of 2 types of derivatives are issued, one
pays when dZ goes up and another when dZ goes down,
H buy the former and | buy the latter assuming c" > 0
(and so g’ < 0)... until the gap between o" and o'
closes (both become 0)

If backed by money, these derivatives affect the risk of
money (and there is also an effect on the agents’
portfolios). This risk can be transferred to capital
(through stochastic money growth)



To sum up...

« Denote the risk of money by oM (global wealth as
numeraire).

| sell off risk 90" through derivatives, H buy risk do-.
* Risk of the global portfolio is

do! - 9o +90; +(1-9)o) =

where oK is the risk of capital. Hence,
V)
o'=——(0'-0 -0").
1-0



Let’s come back to the last model

intermediaries households
wealth shares N 1-N
welfare weights A 1-\
idiosyncratic ~ ~
risk of capital ¢Oa¢ S (0,1) O
aggregate risk O O

output per unit

of capital the same, independently of the allocation

Two policy classes:

types fixed
(no switching)

(a) policy maker chooses stochastic money growth ,ut Mdt+ UMdZ

(b) policy maker can also provide hedges



Capital allocation equation

« Can choose any risk of money oM and any 9 9

« Without hedges/derivatives, the risk of capital is ——o'
| - -9 -9
 I's portfolio weight on capital is n
SO _ _
o"=0"+ 4=y (—iatM —atM) =—MGZM
n \ 1-9 n
—G_—’]:;, risk of capital relative to money

« Capital allocation equation
o' y-n oM, 1= Nyep's® o) w—naMJr(l—ﬁ)(l—w)éz:>

1-9 n N 1-91-n ' 1-n
Y- ,  (1-9)y¢’6” _(1-9)(1-y)5°
T oMy +
n-mn) n 1-n
» Higher oM pushes y from o = d ton

¢ (1-m)+n



Driving n with monetary policy

« Recall that in general, the drift of n can be expressed in
terms of risks

dn=no"dZ + 1( 2")(na") di=no" o di+n(1-1)(G)) ~ (6" )di
77 —

(w (1-) )
" (1-n)

where (from the last slide) ©"'=-—-0,

and y and oM are related through

Y1 puyp (=979 6" (-9 (1-y)6”
nl-n) n l-n



Welfare

2
f(m,0,y)=Alogn, +(1-A)log(l1-n,)+log(a—t,)+ ®)-0_o
P 2p
1-9) 52 2 2 1— )
_( i (Aw §215 +(1_)L)( W)z) higher than
2p v (1-m) 4 equilibrium
minimum ;(l_k)d)z when y = (1—1,)172 n
Ap* (1-n)*+(1-A)m*’ ApPA-n)+(1-2n g *(1-m)+7n
iffn>A

drift of n ( L-2n (l/J—n)2+(l/J—T]))(OM)2+
nd-n)

(1—0)26277(1—77)(1/}? —(1_1/’)2)
n- (d-n)



Law of motion of n
Mo =@ -n) (0" ) =(1-9)*(y-m)(n-ypmn+¢*(1-n)
w'n =

( 1=2n <w—n>2+<w—n>)<aM>2+<1—ﬁ>252n<1—n)(”’? —““/’)2)
n-mn) n (I-n)
=(1-9°0" (Y-n(yp* +1-9)

these and welfare “payoff flow” are functions of 3 and

n
ye|n, : ical
[ ¢2(1_77)+77] NICE
log(1-9) px+1
PK PK

fm,y)=Alogn+(1-A)log(l1-n)+ log(px +1-17)

_(1-9)6° (szfz +(1_M(1—¢)22)
20 n (1-1)



HJB equation and the optimal 3
(a"y =(A-8)’G*(p-m(n-yo +¢*(1-n))

un=>1-9 6" (Y-n)(yp* +1-9)
log(1-9) px+1
OK 0K

fm,y)=Alogn+(1-A)log(l1-n)+ log(px +1-17)

(- WOQ@M rons w>)
2p n (1-n)’

n;ngf(nﬁHV'(n)u”m%V”(n)(a”n)z

n (1-1)°

=20V’ (Y- +1-4) - pV' (S (=) (n -y +¢* (1 =)




Optimal Poicy

It turns out that (perhaps not too surprisingly) while the
policy maker could affect the allocation by making money
risky, she would not want to do it. The optimal policy is
the same as before

—_

>
-38 f 2
o
08¢t
c 40 5
5, o6t
B g
(EU -44 = 0.4
S c
0
-46 8 0.2
©
-48 = 0 .
1 0 0.2 0.4 0.6 0.8 1
Ui
0.5 8 %107
0.45} 7t _
myopic
0.4} ] 6f yop
035t taking into account the effect on 7| ~5l
= 03¢} g 4t
0.25} G 3t
0.2+t . ol
myopic
0.15} yop 1
0.1 - - - - 0 - - - -
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1

n n



Including aggregate risk

intermediaries households types_ ﬁXE_}d
(no switching)
wealth shares N 1-N
welfare weights A 1-\
idiosyncratic ~ ~
risk of capital ¢Oa¢ S (0,1) O

aggregate risk: fraction 1 of capital has aggregate risk o, the rest risk 0

fraction of capital 9/ < ¢/ only capital which has aggregate risk

output per unit

of capital the same, independently of the allocation



Calculating risk

« Can choose any risk of money gV
« Without hedges/derivatives, the risk of capital is

_ V) —
- -0 and ~fo-—" o
= 1-9 1-79
fgﬁdgziggﬁt?i erﬁglof I capital | ﬁ —
* |'s portfolio weight on capital is (1- )w,
SO d
a”’=0f4+(1_ﬁ)w((l—1/7)0—$05\4“7% =
- -9
1y PP Y1 o
n n

« With hedges, keeping oM fixed, can get any o" between
0 and this level



Capital allocation equation

» Capital allocation equation, equality if 1y <y

o), A=Dy’st (o \-no]  (1-9)(1-y)5°

((l Y)o l_ﬂ)Uﬁ - —((l Y)o 1_0)1_77+ I

0)1//(1—1/2) Y- _u
n n

where 07 = (1-

« The allocation equation simplifies to

M

((1—1,5)0— 9, )"fn +(1—ﬂ)52("’¢2 —1""”)=0

1-9)1-n n 1-n
or N
_ o
Y(-P)o - (y-1)-"" y _
1—19((1_1/_])0-_ Gt )+62(7~/}¢ _1 lp)=0
n(-mn) 1-9 n 1-n

Given aM/(1-8), this gives us g (independently of 9)



Driving n with monetary policy

+ We have 50" =(1-9)(y(1- o - y-n )

' = (1= (1 =)o - (- nm)(”’ 2V (- o - 2)- . (1—1700)

n-mn)
m(l_m(l_ﬁ)z&z(w _(1—w>)

2

n (1-n)*

where

((l Y)o - Gﬂ;)+62(lp¢2 —1"’”)30

n(l-n)
with equality if y <y



HJB equation

V)= max  fa1.0)+ V' apun+ D (g

9 y0™ I(1-9) 2

pV(n) = max Alogn+(1-A)log(1-n)+ ogl-0)_ prel
9.0 1(1-8) PK PK

_(1-9)'6°
2p

log(pxk +1-179)

(Aw (215 +(1_)0(1—1,0)2 )+(1_ﬂ)2M(1/}(1—1/7)0—(111—77)%)2
n (1-n) 2

+(1-9)°V'(n)

(Y9’ A-y)
1_ —_

+(zp(1—l/_})0—(1/1—77) ii)(w;i?jﬂn:" (I-y)o - f‘_ﬂg)‘ 117 (1—1/7)0))



0.01

0.005

Ui

-0.005

-0.01

0.5

0.5

0.8

0.7}
0.6}
0.5}
0.4}
0.3}
0.2}
0.1}

0.03

0.025
0.02
=
© 0.015}
<
0.01}

0.005 |

magenta:

alloc. which minimizes

—

/
/

idiosyncratib risk cost

0 0.5

09¢}
0.8}
0.7 f
< 0.6}
0.5}
0.4}
0.3}
0.20

Example: myopic choice of 0
p=005 0=02,65=03, =05, k=2, P=0.75, A=0.2

planner pushes
| 9 very high to
| protect H from
idiosyncr. risk

0.5 1



Example: forward-looking choice of ©
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Example: optimal 9 and oM
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