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I Towards the | Theory of Money

" One sector model with idio risk - “The | Theory without |”
(steady state focus)

= Store of value
" |nsurance role of money within sector
= Money as bubble or not
" Fiscal Theory of the Price Level
= Medium of Exchange Role = SDF-Liquidity multiplier = Money bubble

= 2 sector/type model with money and idio risk

Last week

= Generic Solution procedure (compared to lecture 03) ~

= Real debt vs. Money >
. = |mplicit insurance role of money across sectors 2
=m " The curse of insurance
ke = Reduces insurance premia and net worth gains A
= . . Q
g = I Theory with Intermediary sector S
£ " |Intermediaries as diversifiers §
5| = Welfare analysis ©
« . : : : Q
2l = Optimal Monetary Policy and Macroprudential Policy =



I Two Sector Model w/ Outside Equity & Money

Outside money

= Expert sector Household sector
Money Money/ Money/
| Nominal Debt Nominal Debt
Real Debt
: Net worth
Capital Real Debt Claims N
Diversification —t

Qutside :
N; : Capital
equity (1= ,)a.K

)

> o

Households hold portfolio of experts’
outside equity and diversify idio risk away

= Experts must hold fraction Xt (ll/)t (skin in the game constraint)

Expanded on Handbook of Macroeconomics 2017, Chapter 18
- Includes now money and idiosyncratic risk
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I Two Sector Model Setup

Eco 529: Brunnermeier & Sannikov

Expert sector Household sector
" Qutput: vy = ak; . " Output: vy = ak;
a=d — __

" Consumption rate: ¢; ~ = Consumption rate: ¢

" [nvestment rate: " [nvestment rate:

dick dky
kt ki
=(P(1p) - 5)dt+adZt+JdZt+%A =(®(1p)-8)dt+odZe+5d 7} +d A}
0 1-y 5SE ptc Y
— tC —
-Eo[fo e~ P Ldt] p=p=E f e £ t_ t]

Friction: Can only issue
= Risk-free debt
" Equity, but most hold y; = «

k1



I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio 6
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c.  Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation

= “Money evaluation equation” ,u19

4. Value function iteration & goods market clearing
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I O. Postulate Aggregates

" Individual cap|ta| evolution:

dkt 1 l 51,1 ki1
i = = (®() = 8)dt + adZ, + G'dZ," + dA;
. Where A’,f” is the individual cumulative capital purchase process

= Capital aggregation: N
= Within sector i: K} = sz’l'di'
= Across sectors: Ky = ),; K}
= Capital share: ! = K}!/K,

th _ i .
e J (®(d) — 8)di dt + adZ,
= = Networth aggregahon N
= Within sectori: N{ = [ ni'di
= Across sectors: Ny = Y, N/

* Wealth share: nt = N}/N,
" Value of capital:  q;K;
" Value of money: p:K;
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I O. Postulate Processes
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" Value of capital:  q:K;

" Value of money: p:K;

" Postulate
dqe/qe = 1 dt + o/ dZ,
dp: /D = pdt + adet

dgl /gl = ut dt + af dZ, + ¢° dZ}

—_Tt ——gt =— E

= Derive return processes
{ [4

;7 a —1 ~ S
drtt = ( ” C+d() -5+l + aa,?) dt + (6 +0)dZ, + 6 dZ}

dr = (0@) — 6+ ul + o0 —pM)dt + (o +a))dZ,




I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio @
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c.  Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)
= “Money evaluation equation” ,u19

4. Value function iteration & goods market clearing
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I 1a. Agent Choice of ¢, 6, ¢
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= Portfolio Choice: Martingale Approach

= Let x be the value of a “self-financing trading strategy”
(reinvest dividends)

" Theorem: ftxt follows a Martingale, i.e. drift = 0.
dxt

" et x—_tht+0 dZ, + 64dZ,,
= Recall % = —rdt —¢tdZ, — ¢tdZ!
t
= By [to product rule
dg’;xt = (—rt +uft —clof — f‘%'&f) dt +volatility terms
t*t ~ —

=0

Expected return:[,u,‘f1 =1, +¢lof + ¢iaf J

= For risk-free asset, i.e. 0! = 8 = 0:

th - T't
= Excess expected return to r|sk3/ asset B:
ug —uf = ci(of —of) +c1(af — a7)



I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio 6
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c.  Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation

= “Money evaluation equation” ,u19

4. Value function iteration & goods market clearing
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I 1b. Asset/Risk Allocation across Types

" Price-Taking Planner’s Theorem:
A social planner that takes prices as given chooses an
physical asset and money allocation, ¥, and risk
allocation y¢, 7, that coincides with the choices implied
by all individuals” portfolio choices.

G = (ks
Xt — (Xfi‘l) )X{)

o oW, x) = (xio" (Vo) e, xt0" (1)
Return on total wealth (including money)

= Planner’s problem F(Wexe) = (6" (0 X0, 6™ (e 7))
N L~ ~
max E¢[dry (We)] — ¢eo(We, x¢) — G0 (W, X1)
{‘/Jt»)(t;)(t} — drFin
subject to friction: F (W, x¢ ¥¢) < 0 equilibrium
= Example:

1. x: = Y, (if one holds capital, one has to hold risk)

2. Xt = ay, (skinin the game constraint, outside equity up to a limit)
Note: By holding a portfolio of various experts’ outside equity HH can diversify idio risk avvax}1
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I 1b. Allocation of Capital, ¥, and Risk, y
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Cases | x: = ay;

1a =
1b =
2a >

Impossible

Y <1

If you shift one capital unit from

HH to experts

- Dividend yield rises by LHS,

- Change the aggregate required
risk premium (alpha fraction due
to skin of the game constraint)

- HH reduce their risk by one unit,
sell back (1 — a) and
diversified away

Note that HH, which hold
a portfolio of different
experts’ outside equity
can diversify idiosyncratic
risk away

gt(a + atq) + (0
> St(a +a,l)




I 1b. Allocation of Capital, ¥, and Risk, y

Cases Y <1 gt(a &5 atq) + ¢.0
1a <

= — >
1b = = > >
pr: > = > =
Impossible

HHs’ short-sale constraint of
capital binds, Y, = 1
l : \
Case 1a I Case 1b Case 2a

| "

Y
Experts’ skin in the game
constraint binds, y; = ay;
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio 6
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c.  Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation

= “Money evaluation equation” ,u19

4. Value function iteration & goods market clearing
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I 2b. CRRA Value Fcn: Isolating Idio. Risk

" Rephrase the conjecture value function as

Vv 1 (wen)'™ 1 ( Nt)l_y (nt>1_y K1Y
— j— w —_— —_—
Cp 1y p(-n\ K N, ;

o e
2 g

=" N: 1_4
i =7
" v, depends only on aggregate state n;

" [to’s quotation rule
dﬁ% _ d(n./Ny) _
it ne /Ny

= |t0’s Lgrqr_na
d(m)"

~i\1~V

(Ut — uly + (eM)? — oNo™)dt + (ot — o])dZ, + 6"dZ} = 6"dZ}

1 .
= _EY(l —y)(EM)4dt + (1 —y)é"dZ;
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I 2b. CRRA Value Function
av, d(ve(i1t) K77

~i\17Y ,1-
Ve vt(n,ﬁ) K, !
" By |[to’s product rule

1
= (u? + A=W -8 -7y~ y)(o?+ (M) + (1 - V)MZ’) dt

+ volatility terms

= Recall by consumption optimality Poll 16: Why martingale?
av c a) Because we can “price”
—t — pdt + = dt follows a martingale networth with SDF
Vi Nng b) because p and c; /n;

: cancel out
" Hence, drift above = p — —

Still have to Solve for ug, o¢ 16
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I 2b. CRRA Value Fcn BSDE
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" Only conceptual interim solution

= We will transform it into a PDE in Step 4 below
From last slide
Ct

1
p+ A =N@Q = 0) =5y =p)(0? + (")) + A =pIoo? =p—

.V
=:Ut

Can solve for uf, then v; must follow
dv
v_t = f(e, vp, 0f)dt + o7 dZy
t
with

1 ~
fOv00) = p =L = (1= P@O = 6) + 571 =N (0% + (5)7) = A~ )oo?

Together with terminal condition vy (possibly a constant for 1000 periods ahead),
this is a backward stochastic differential equation (BSDE)

A solution consists of processes v and g?
Can use numerical BSDE solution methods (as random objects, so only get simulated paths)

To solve this via a PDE we also need to get state evolution

17



I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio 6
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c. Derive g, ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation

= “Money evaluation equation” /,119

4. Value function iteration & goods market clearing

Eco 529: Brunnermeier & Sannikov
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I 2c. Get ¢s from Value Function Envelop
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= Experts value function

1-y Y
K N1y K 5
t l t l
Ve o, (771:) Vel (Qt
. dVr(n N 1 n
* To obtain 2 e K; = t—=——
ang Ne(@e+re) 1 Ne(qetve)
1-y 1—
n; ' /Me(qetp)) Y
Vi(n) = v, 1—
14
L oVi(n ou(c
= Envelop condition en) _ dulcr)
ant aCt
n—Y
v, t —c. 7/
(nt(qlt+pt))1_y t )
. Nng
= Using K; = — Cr=—cC
Bt T e @erpy T Lt
Ut —Y 4
K."=C
ne(qe+pe) b t .
% n q+p A, ~C v 1 q+p
o, —0, —0, = —Y0=—Y0¢, o, — 0, — 0,
= —Ct = —GCt

HH’s value function

)1—y

1-y




I 2c. Get ¢s from Value Function Envelop

= Experts value function HH'’s value function
_ 1-y _
- Ktj_l y(~i 1-y . Kt _("'i)l 14
t 7o, Ul Yty Nt
. th(Tl) Nt 1 Nng
= To obtain use K; = = —
ang Ne(ac+ve) 7 ne(qet+ve)
1-y 1—
ne /Me(qetp)) Y
Vi(n) = v, -
14
i dVe(n du(c
= Envelop condition en) _ oulce)
ant aCt
-y

> 1Y ' —_ C_y
= L meCag+p)tY t
5 'UsingK =1~ ot C =l~C Bv Ito’s L
; Ao e yhoslemma
s vy kY =Y (q: +p)o, " = qi0, + pio;
= (ge+p,) t  — Tt
@ Ne\de+Pe .
S v n q+p _ c v n q+p _ c
| of —op —oy = —yo=—yoy, o, —0; —0, — YO =-Y0,
°

= —Ct = —GCt 0



I 2c. Get ¢s from Value Function Envelop

» Experts risk-premia

v
-y

¢ = Y0 =

+
—o +a +al'" +yo

" For G;

note that from

-y
U _

Ve Me(@e+pe)t™r

N — =N
Hence, ¢ = YOy

Eco 529: Brunnermeier & Sannikov
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1-y _
K¢ (~i 1=y
Nt

-y =N _ =C
c, = follows ;" = 6

HH’s risk premia

Kél_y ~i 1_y
Uy 1—y (Ut)

Gt = Yo, =

21



I 2c. Get &£ & from Value Function Envelop

= Experts Households

-y
U ol 4

= C
(77t(CIt+pt))1 14 t
¢ _ me(@etp )™t

" Recall vy

N¢ :/]/
Cr _ Me(qerp))t/Y1 _ (- _n)(qprp) Y1
N¢ ”:/y ﬂt _tl/y

C, +C, Ce oy C,

Nt + N T nt Nt ( r’t) _t

Plug in from above
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio 6
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c.  Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation

= “Money evaluation equation” ,u19

4. Value function iteration & goods market clearing

Eco 529: Brunnermeier & Sannikov
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Il 3. u"Drift of Wealth Share: Two Types

= Asset pricing f%rmula (relative to benchmark asset)
t .~
e+ — 0 = = (g — oM (0" — M) + ¢6T

N '\
Seignorage due to money supply growth leads to transfers

= Add up across types (weighted),

(capital letters without superscripts are aggregates for total economy)

n, ., Ct
ey + A —m)p)+ = — 0 =1t =

=0 t

= nt(gt - O-I,N)(O-Zl - O'tlw) + (1 — T]t) (St — thv) (O-tz — O-tlvl) + ntca_tn n (1 o nt)gtgtﬂ

Subtract from each other yields wealth share drift
n

W = (@ =n)(se = o) (ol = o) = (L= no) (50— o) (o2 = o)

o o C Ct+C
+(1 — 150t — (1 — m)gtﬁtﬂ — (Ni - (qtipjxt)

Eco 529: Brunnermeier & Sannikov
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I 3. o Volatility of Wealth Share

- L — nNLU/N
" Sincen; = 1\%i/Nt, . - i ;o
— — E l
O-t — O-t - O-t — O-t - r]t 0]

= (1-n)al" - ) n ot

[~ #1

= Note for 2 typeS examp|e Change in not::t.ion in ?Vt‘ype setting
n _ naType-networthisn = N*
O = (1- T]t)(O't — 0,
ot = (0 +0) +2(1-9) (o ~0]), o = (0.4 o) + 2 (1 = ) (o] ~ o])
—9k+eoe

Xt=1
0-27 = tntt(l_ﬁ)(?_t _Ut)

=" Hence,

__ 0
=70t Apply lIto’s Lemma on 99

n n
= Note also, ntaf + (1 — nt)at— =0=0 =— 177:7 027
It

Eco 529: Brunnermeier & Sannikov
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio 6
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c.  Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation

= “Money evaluation equation” ,u19

4. Value function iteration & goods market clearing

Eco 529: Brunnermeier & Sannikov
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I 3. “Money evaluation equation” u?

s
=Recall == — 1M — 9, uM =

N _
ntt(ct — o} (01,37 __ULM) .
+ (1 —1n¢) Ct_UéV)(UF_UéVI)‘FUtC&gl

~_~n

+ (1 —n)Ged,

" |f benchmark asset is money
i M_,9 _ M M _ 9 , .
Replace T = Ug U §ﬂd Ot = Of (inthe total wealth numeraire)

C' —
—ul=—(1-9)u" - ﬁi + nt(Ct - Ugv)(atn - Gtﬁ)

=0 (5= ) (o = ) + it + (1 - n25?

. . . d?
= \Why is return on money in new numeriare ?t — uM?
t

= 9, = p.K, /N, is the value of money stock in total networth units

Eco 529: Brunnermeier & Sannikov
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I Solving MacroModels Step-by-Step

0. Postulate aggregates, price processes & obtain return processes

1. For given SDF processes static

portfolio 6
= Toolbox 1: Martingale Approach

b. Asset/Risk Allocation across types/sectors & asset market clearing
= Toolbox 2: “price-taking social planner approach” — Fisher separation theorem

2. Value functions backward equation

b. De-scaled value fcn. as function of state variables n

c.  Derive ¢ price of risk, C/N-ratio from value fcn. envelop condition

3. Evolution of state variable n forward equation
= Toolbox 3: Change in numeraire to total wealth (including SDF)
= “Money evaluation equation” ,u19

4. Value function iteration & goods market clearing

Eco 529: Brunnermeier & Sannikov
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I 4. PDE Value Function lteration

Eco 529: Brunnermeier & Sannikov

" Postulate vy = v(n, t)

Short-hand notation:

d,f fordf /ox
" By [to’s Lemma
n,1 72 n
dv 0tVt+0pven iy +50 Vt(UtU ) 0nveno
Ut \ vyt J \ vyt J
* That is, U ot

1 2
" Uy v = 0cvp + anvtnu? + gﬁnnvt(mﬂf)

1% —_—
" 0y Uy = 0pVN)0;

" Plugging in previous slides drift equation =“growth equation”

n

\_

1 2
0V + (77#? + (1 - V)Gntﬁ,?vt)@nvt + Eannvt(nt%") =
Ct

1
(p — (1 =py)(PQW)—6) + 5)/(1 -y)(o° + (5”)2)) Uy — —

ng

~

J

29



I 4a. Algorithm

= Dynamic steps involves now iterating v(n), v(n), and 9(n)

» Static step only involve planner’s conditions
(which implicitly includes asset market clearing),

= Solve everything in terms of 9(n)

* gq(n) and p(n) can be easily derived

since we have it as a function of ¥ and Y in closed form
- _ . 1+K'A(l/)t) > e N

qr = (1 —19;) 0T, where ¢, == C¢ /N,
1+KkA(Y¢)
1_79t+KZt

" pr =Y,

= Remark:
One can obtain the moneyless equilibrium with 9(n) = 0
by setting P = —a (in models with real risk-free debt)
= Why? recall dr™ = [(® (1) — §) — uM]dt + (o + oP)dZ
= \We never used the drift to solve the model.
= To make money, risk-free asset we have to set P = —o
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I Roadmap

" Changes in solution procedure in a setting with
idiosyncratic risk and money

= Compare to lecture 03 without idiosyncratic risk and money

= Simple two sector model
1. Real Debt

2. Money/Nominal Debt

Eco 529: Brunnermeier & Sannikov
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I Two Sector Model Setup

Eco 529: Brunnermeier & Sannikov

Expert sector Household sector
" Qutput: vy = ak; " Qutput: vy = ak;
a=a — —
" Consumption rate: ¢; ~ = Consumption rate: ¢
" Investment rate: " Investment rate:
ke ki

=(D(1p)-8)dt+0dZ+FAZL+dAY  =(D(1p)-8)dt+odZi+FdZi+d AN

7]

I
|

. Eo[foooe‘pt log ¢, dt] . Eo[foooe_ﬁt log c; dt]

p

|
IS

Friction: Can only issue
» Risk-free debt

32



I Two Sector Model with & without Money

= Idif\) risk without moneY and real /cglebt

Real Debt
Capital Real Debt Claims Net worth
YeqiKe N;
N Capital
t (1-v.)q.K

Poll 33: Increasing experts idiosyncratic risk ¢

a) Lowers experts wealth share drift u"

b) Increases experts wealth share drift u", as
they earn some extra risk premium

c) Hurts the households, as it depresses rtf

Eco 529: Brunnermeier & Sannikov
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I Two Sector Model with & without Money

Eco 529: Brunnermeier & Sannikov

Capital

Yiq: K

A

= Idiﬁ\) risk without moneY and real /cglebt

Real Debt

Real Debt
Claims

Nt

L

Capital

(1-v.)q.K

A

Net worth
N;

" |dio risk with money (and nominal short-term debt)

Outside Money

Capital

Yiq: K

- Inside Money/

Nominal Debt

Outside Money

N

Nominal Debt
Claims

Capital

(1—-vy,)q.K
= Value of money covaries with K-shocks = implicit insurance

Net worth
Ny

34



I Solution Procedure for Both Settings

" Goods market clearing

p(pt + qt) = a4 — ly dividebyganduseq =1+ Kkt

a-—I1
p 1 - 19t B 1 + Kl
.y — (1-9¢)a—p
t 1-9¢++kp
1+Ka
qt — 1 + Klt — (1 - 19t) 1—19t+1€p
It 1+ka

| — =
pt qt 1—19t t 1—l9t+l€p

Eco 529: Brunnermeier & Sannikov



I Solution Procedure for Both Settings

" Goods market clearing

p(pt + qt) = a4 — ly dividebyganduseq =1+ Kkt

a-—1
p —
1— 19t 1+ ki
.y = (1-9)a-p
t 1—1.9t+l€p
1+ka
"qr=1+r,,=(1-79,) Poll 36:
1—19t+Kp H Id , b '
9 141a ow would equations change if a # a
"Dt = qt — = '9t a) Replace a with A(i)
I 1= 1=O¢+Kp b) Nothing

c) Whole approach has to be different.

Eco 529: Brunnermeier & Sannikov



I Solution Procedure for Both Settings

" Goods market clearing

p(pt + qt) = a4 — ly dividebyganduseq =1+ Kkt

a—1
p 1 - 19t B 1 + Kl
.y — (1-9¢)a—p
t 1-9¢+Kp
1+ka
qt — 1 + Klt — (1 - 19t) 1—19t+1€p

. _ 9 1+ka
pt qt 1—19t t 1—l9t+l€p

" Capital market clearing (defines Y for planner)
(1-6) =21 -9,) (1-6) =151 -9

Eco 529: Brunnermeier & Sannikov

" Money market clearing by Walras law
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I Solution Procedure for Both Settings

" Price-taking Social Planner Problem
= max 9. E[rM] + (1 — 9.)E[r{]

Yt
—(See +6e(1 =) (0 + ol
— (e + §(1 —)6)

Poll 38: Does E;[r{] depend on y?
a) Yes
b) No

Eco 529: Brunnermeier & Sannikov



I Solution Procedure for Both Settings

" Price-taking Social Planner Problem
= max 9. E[rM] + (1 — 9.)E[r{]

Yt
—(See +6e(1 =) (0 + ol
— (e + §(1 —)6)

=" FOC; CtO + 6,55' = CtO0 + fg (prices of risks adjust for interior solution)

Eco 529: Brunnermeier & Sannikov



I 1. Real Debt Setting: g, ¢, Planner’s prob.

'Setﬁt=0,$p=0

"q = 1::; Vt = 09 =¢P*1 =0 (asin Basak Cuoco)
= Prices of Risk
_ N _ (1 _ _ Y _n_ 4 _ 1Yy
N AN o (1 _ ~_ Y~ ~ _ N . ~ _ 1Y
e =0p =(1—0)6 = 0 St T 0 T (1-6,)d = -

= Plug in planners FOC: ¢,0% + .6 = ¢;0 + (G
P, = ne(o” +G%)
© 02+ (1 —np)E? + 1,67
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I 1. Real Debt Setting: n-Evolution

- 027=(1—77t)(0tN—atﬁ)=(1—77t)(;/;:—1_¢t)a=

1-m¢
_ Yt o
Nt
el = (=10~ o) (o7 — o) — (L =n0) (50—~ o) (oF — ot
o ~ N C Ci+C
+(1 — m)CtUt" — (1 o nt)gt_t B (Ni - (qtj—p;)tl(t)

" Benchmark asset is risk-free asset in N-numeraire

v . C
= gM = —¢ because g = o (since 69 = 0), ~=p

wl = (A=) —0)(of +0) = (1 =n) (5. — ) (o7 +0)
+(1 —n)Gedy — (1 - m)g’"tétﬂ

a1 — Ve Ye=2ncPetni 2 . [ Yt 2 2 (1Y 2 ~2]
e Nt Ne(1-1¢) o + ({1 =n) (nt) d (1—771:) Z )

Eco 529: Brunnermeier & Sannikov



I 1. Real Debt Setting: risk free rate

a

q_t-l‘(b(l,) _6 —_ th +gt0-+§t5-

vr) = p+ (D) — 8) — (02 + 62), where ¥t = T2

N¢ Nt oZ+(1-n)F2 41,5
f (62 +6%) (0% + &%)
R =p+ (@0 —6) —— ] = —
0%+ (1—=n)6% + 1.8
= Proposition: rtf is decreasing in 62
= HH suffer from experts’ idiosyncratic risk exposure via a lower rtf

= Experts have more idio risk, but benefit from lower rtf

(since they have to earn risk premium for idio risk)

® Difference to

" Basak-Cuoco: limited participationy =1,
HH fully at mercy of experts’ ability to hedge idio risk

" Here: HH participate in capital holding
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I 2. Money/Nominal Debt Setting: ¢s

" Experts’ price of risk
gt=0ﬁ=a+atp+(1—9t)(atq—af)

=0+0f+%(1—19t)(0tq—0f)
t

6o =o' = (1-6)6 =24(1-9,)3
" Households’ price of risk

gt=0§=a+ap+(1—gt)(atq—ap)
> T
=0+ ol + Ve (1—19t)(0tq—0p)
1—n

1_1lyt o

5, = (1—-6,)6 =

| v
~
||
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I 2. Money Setting: Planner’s Problem

Eco 529: Brunnermeier & Sannikov

= Conjecture: g, = o} = 0Vt

" Proposition: Aggregate risk is perfectly shared!

= \/ia inflation risk

= Stable inflation (targeting) would ruin risk-sharing
= Example: Brexit uncertainty. Use inflation reaction to share risks within UK

. Planner’s FOC: (6 = ¢

Ve () )5t = Ve (1 )50

l/)(n,ﬁ) does not depend on I ]
() =

ng
(1—-n)é2 +na?




I 2. Money Setting: n-Evolution

vl = (- (- 50 4 -9 - o”)

Ve-n¢
Nt
s [f g9 = gP =0, then 027 = 0 Vt, ifa,? =0,theng?9 =P =0

By Ito’s lemma on q(n) and p(n)

el = (=1 — o) (o7 — o) — (L =n0) (50— o) (oF — ot
o ~ N C Ce+C
+(1 — T]t)CtO_tn — (1 o nt)gt_t B (Ni - (qtj—p;)tl(t)

" Benchmark asset is risk-free asset in N-numeraire
. a,f":Oandatﬁza,%zp

n ~ ~ ~ 1- ~
" u /(=) = (5 — 0)a] —(gt—0)0;+ctl,f—:(1—t9t)0—gt ; l,/;f(l—ﬁt)g

A [ =
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I 2. Money Setting: Money Evaluation

« Recall —uf' = —(1 =" — L+ n.(se — o) (o7 - of)
£ 1 =) (se = o) (o0 = o) + ezt + (1~ n)g,at

C J—
"Plugin p =0, =p,¢e =g =0,00 =0
. AW . .n 1- 9\
n —9.)2 2 —_ 20 _ 1 _ 92 2
¢ag = (1 —19;) (Ut) o, Ct F =1 -=9) (1_77t> o
- 9= _ _ 2 ﬁz 2 . 1—¢’t2~2]
ur=-p+ Q1 19;) [m (nt) 6- + (1 nt)(l_m) g
= where Y, = 12

(1-1¢)82 4152

Eco 529: Brunnermeier & Sannikov



I 2. Money Setting: Adding Real Debt

" Adding Real Debt does not alter the equilibrium, since

= Markets are complete w.r.t. to aggregate risk
(perfect aggregate risk sharing)

= Markets are incomplete w.r.t. to idiosyncratic risk only

»" Note: Result relies on absence of price stickiness

" Both Settings: Real Debt and Money/Nominal Debt
converge in the long-run to the “l Theory without |”
steady state model of Lecture 05.
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Example: Real vs. Nominal Debt/Money

"q=.15,p=.03,0 = .1,k

Blue: real debt model
Red: nominal model

1.5

.y
T

q (solid) / p (dashed)
o
»

= e e e e e e e e o o e
— e e e = -

0 0.1 0.2 0.3 04 0.5 0.6 0.7

n

I I I 1 1 1
0.2 0.3 04 0.5 0.6 0.7
n

I
0 0.1

I 1 1 1 ]
0.6 0.7 0.8 0.9 1

1 1 1 1 I
0.1 0.2 0.3 0.4 0.5

! ! ! ! It It ! ! !
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

n

48



I Towards the | Theory of Money

" One sector model with idio risk - “The | Theory without |”
(steady state focus)

= Store of value
" |nsurance role of money within sector
= Money as bubble or not
" Fiscal Theory of the Price Level
= Medium of Exchange Role = SDF-Liquidity multiplier = Money bubble

= 2 sector/type model with money and idio risk

Last week

= Generic Solution procedure (compared to lecture 03) ~

= Real debt vs. Money >
. = |mplicit insurance role of money across sectors 2
2 " The curse of insurance
O&,C; = Reduces insurance premia and net worth gains "
s| =1 Theory with Intermediary sector <
£ " [ntermediaries as diversifiers s
2 , QO
5| ® Welfare analysis E
2l = Optimal Monetary Policy and Macroprudential Policy =
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