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LECTURE 06: SHARPE RATIO, BONDS, &
THE EQUITY PREMIUM PUZZLE
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Money, Bonds vs. Stocks
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Sharpe Ratios and Bounds

* Consider a one period security available at date t
with payoff x;,1. We have

pr = E lmep1xe44]
or
pe = Eelmesq|Ee[xe1] + covimeyq, xe44]

| 1
* Foragiven my,q we let R[+1 ~ Eilmesd]
t t+1

— Note that R{+ will depend on the choice of m;; unless there exists a
riskless portfoj[io

— R;;q isthereturn from t to t + 1, typically measurable w.r.t. F; 1. (An
exception is R’ , which is measurable w.r.t. ¢, but we stick with
subscriptt + 1.)
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Sharpe Ratios and Bounds (ctd.)

* Hence
1
Pt = Rf_Et[xt+1] T Eov[mt-l-l:xt+1l
UL, ~  Risk Adjustment
Expected PV

— Positive correlation with the discount factor adds
value, i.e. decreases required return
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In Returns

Eilmey1xe41] = by
— Divide both sides by p; and note that —=
Eilmey1Repq] =1
f

—Using R, ; = 1/E¢[m¢44], we obtain

Et[mt+1(Rt+1 t+1 ] =0

— m-discounted expected excess return for all assets
IS zero.

Xt+1

=R
De t+1
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In Returns

— Since Et[mt+1(Rt+1 — R[+1)] =0
COV¢ [mt+1» Revq — R[+1
— _Et[mt+1]Et[Rt+1 — R[+1
* That is, risk premium or expected excess return
covy[meyq, Reyql

Ei[mesq]
is determined by its covariance with the
stochastic discount factor

E¢[Res1 — RL,4] =
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Sharpe Ratio

 Multiply both sides with portfolio h

COVt [mt+1' Rt+1h]
E[(R h
e[ (Re+1 — t+1)(] Igt[r(ntﬂ]h) ( )
p(Meyq, Rep1h)o(Rep1h)o(meiq
Et[(Rt+1 t+1)h] Et[mt+1]

— NB: All results also hold for unconditional expectations E|[-]

* Rewritten in terms of Sharpe Ratio = ...

o(Mey1) E[(Rt+1 t+1)h]
— Msyq,Rip1h) =
Elm;44] plmery, Reiah) o(Rey1h)
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Hansen-Jagannathan Bound

— Since p € [—1,1] we have

o(Mgy1) > sup E[(Rez1 — t+1)h]

Elm¢44] h 0(R¢41h)
 Theorem (Hansen-Jagannathan Bound):
The ratio of the standard deviation of a
stochastic discount factor to its mean exceeds

the Sharpe Ratio attained by any portfolio.
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Hansen-Jagannathan Bound

— Theorem (Hansen-Jagannathan Bound):
The ratio of the standard deviation of a stochastic
discount factor to its mean exceeds the Sharpe
Ratio attained by any portfolio.

— Can be used to easy check the “viability” of a
proposed discount factor

— Given a discount factor, this inequality bounds
the available risk-return possibilities

— The result also holds conditional on date t info
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Hansen-Jagannathan Bound

expected

return O

D o slope 6 (m) / E[m]

R
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Assuming Expected Utility

* o ER,c; ER®
* Ulco 1) = Xs T[su(CO: Cl,s)U(Corc1)
Oy = (au(cg, ci1)  ou(cs, CI,S))
oU = .

5C0 S aCO
9.1y — ((?u(ca‘, Cil) 6u(c3, Cf,s))
1 U = ) aen
acl,l acl,s

e Stochastic discount factor
MRS _ alu

S
T E[0yu] €R

m =
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Time-Separable

e Digression: if utility is in addition time-separable
u(co, ¢1) = v(co) + v(cy)

* Then
ov(cy) ov(cy)
dou —< aco " T dc )
N (61}(61‘,1) av(ci‘,s))
1 dci1 0 Ocpg
 And

N 1 nsv’(cljs) B v’(cljs)
Sooms v(ce) v'(co)
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A simple example

. S=2,n1:%

* 3 securities with x! = (1,0),x% = (1,0),x3 = (1,1)

teem=(31).0=1= 13- 412
1
2

3

* Hence, pl = %,PZ = - = p3 =Zand

+ R'=(4,0),R? = (02),R® = (%,%)
« E[R'] = 2,E[R?] = 1,E[R®] =§
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Example: Where does SDF come from?

* “Representative agent” with
— Endowment: 1 indate 0, (2,1) in date 1
— Utility EU(cg, ¢1,¢3) = Xsms(Incy +Incy )

— i.e. u(co, Cl,s) = Incy + In ¢q ¢ (additive) time separable u-
function

d{u(1,2,1 C c 11 1
R 1u(1,2,1) 0. o :(_,_):(_’1)
E[aou(lrzrl)] Cl,l C1,2 2°1 2
since endowment=consumption

— Low consumption states are high “m-states”

— Risk-neutral probabilities combine true probabilities and
marginal utilities.
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Equity Premium Puzzle

* Recall E[Ri] — R = —R/cov

* Now: E[R/|—R/ =

RS cov

m, R'

E[aou]

e Recall Hansen-Jaganathan bound

o(m) -
Elm] —

o(m) =

E|R —R/]
o(R)
1 |E|R —R/]

' E

R/ o(R)

[m] =

RS
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Equity Premium Puzzle (ctd.)

Oju \ _ 1 E[R - R]
U(E[%u]) ~ Rf‘ o(R)

U a U a

C1 C2 C1 C2
Equity Premium Puzzle
* high observed Sharpe ratio of stock market indices

* low volatility of consumption
= (unrealistically) high level of risk aversion

v

v
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Equity Premium or
Low Risk-free Rate Puzzle?

* Suppose we allow for sufficiently high risk
aversion s.t (al_u) ~ 1 |E[R-R/]
g E[oqu]l/ — R/ | o(R)
* New problem emerges:

— Strong force to consumption smooth over time
(low intertemporal elasticity of consumption (IES))
due to concavity of utility function

— vNM utility function

* smoothing over states = smoothing over time
 CRRA gamma =1/ IES

— Model predicts much higher risk-free rate
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Equity Premium or
Low Risk-free Rate Puzzle?

e Solution:
— depart from vNM utility preference representation
— Found preference representation that allows split

* Risk-aversion
* Intertemporal elasticity of substitution

* Kreps-Porteus (special case: vNM)
* Epstein-Zin  (special case: CRRA vNM)
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Digression: Preference for the timing of
uncertainty resolution

$100 » $150
T

\\\\\\\\\\\* $100

» S 25
0

$100 <<:::::::::
Kreps-Porteus S 25

Uo(x1,x2(s)) = W(xy, E[Uy(x1, x2(5))])

Early (late) resolution if W(P,,...) is convex (concave)

Do you want to know whether you will get cancer at the age of 55 now?



